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FURTHER RESULTS ON GENERALISED ITERATION OF
ENTIRE FUNCTIONS WITH FINITE ITERATED ORDER

DIBYENDU BANERJEE AND BISWAJIT MANDAL

Abstract. We consider generalised iteration of two entire functions and study further growth
properties of generalised iterated entire functions of finite iterated order.

1. Introduction and definitions

If f(z) and g(z) be two transcendental entire functions, Clunie [4] showed that
lim Z:/%8) _ o and lim% = . After this several authors [7, 8, 9, 10, 11, 14]

r—o0 T(rvf) F—oc0
made close investigations on growth properties of composition of two entire functions

with finite order. In 1987, Bernal [3] introduced the notions of finite iterated order and
finiteness degree of the order as follows.

DEFINITION 1.1. [3, 6] The iterated i order p;(f) of an entire function f is
defined by

. log™ U M(rp) log! 7(r,.f)
pi(f) Hrn sup logr 1rrn sup logr

, (ieN).

Similarly, the iterated i lower order u;(f) of an entire function f is defined by

1 [i+l]M 1
wi(f) = 1irnlg;f°gTJ("ﬁ = liminf—2 log(rr log T(nf) ;e
where following Sato [12] we write log[o]x =X, exp[o]x = x and for positive integer
m, log" x =log(logx), exp x = exp(exp!™1lx).
DEFINITION 1.2. [3, 6] The finiteness degree of the order of an entire function f
is defined by

0 if f(z) is a polynomial;
i(f) =< min{k € {1,2,...}, pr(f) < oo} if f(2) is transcendental;
oo when py(f) = oo for all k.

Recently, Jin Tu et. al [13] investigated the growth of two composite entire func-
tions of finite iterated order. In 2012, Banerjee and Mondal [2] introduced a new type
of iteration called generalised iteration defined as follows .
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DEFINITION 1.3. [2] Let f(z) and g(z) be entire functions and o € (0,1] be any
real number. Then the generalised iteration of f(z) with respect to g(z) is defined as
follows :

fie(z) =(1—a)gos(z) + af(z), where go r(z) =z,
(@) = (1 —a)g1,£(2) + 0 f(81,£(2)),
fg(2) = (1—a)gar(z) + 0 f(82,1(2)),

Jng(2) = (1= )gn—1,¢(z) + 00 f (gn-1,¢(2))
and so are

g1.r(2) = (1 — &) foe(z) + ag(z), where fo,(z) =z,
82,1(2) = (1 — @) f1,4(2) + 0g(f1,¢(2)),
83,7(2) = (1 — @) f2,4(2) + g(f2,4(2)),

8nf(2) = (1= ) fu1,4(2) + 008 (fa-1,4(2))-

Clearly all fy ¢(z) and g, f(z) are entire functions.

With this iteration process introduced by Banerjee and Mondal [2], in a recent
paper Banerjee and Mandal [ 1] proved some results of Jin Tu et. al [13] for generalised
iterated entire functions with finite iterated order. In this paper we investigate further
growth properties for generalised iterated entire functions with finite iterated order.

Throughout we assume f(z) and g(z) are entire functions having finite iterated
orderif p,(f) <o, py(g) < o= and positive iterated lower order if 1, (f) >0, uy(g) >
0. Clearly a function having positive iterated lower order must be transcendental. Also
we use the standard notations and definitions of the theory of meromorphic functions
which are available in [5].

2. Known lemmas

The following known lemmas will be required in the sequel.

LEMMA 2.1. [9] Let f(z) and g(z) be entire functions. If M(r,g) > £ |g(0)]
forany € >0, then

T(r,f(g)) <(1+&)T(M(rg),f)-
In particular if g(0) =0, then T(r,f(g)) < T(M(r,g),f) forall r > 0.
LEMMA 2.2. [4] Let f(z) and g(z) be entire functions with g(0) = 0. Let f3

satisfy 0 < B < 1 andlet ¢(B) = %. Then for r > 0,

M(r,f(g)) = M(c(B)M(Br.g). f)-

Furthermore if B = %, for sufficiently large r

1 r

_M(_7g)7f)'

M £(9) > MM (S
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LEMMA 2.3. [5] Let f(z) and g(z) be transcendental entire functions. Then

T(rf)

—————— —0asr— oo

T(r.g(f))

3. Preliminary theorem

THEOREM 3.1. [1] Let f(z) and g(z) be entire functions of finite iterated order
and positive iterated lower order with i(f) = p, i(g) = q.

(i) If n is odd, then i(f,) = "$-p+"5+q and pug,,u1,(fag) = Pp(f)-

(i0) If n is even, then i(fug) = H(p+q) and py(y g () = Pale).

COROLLARY 3.1. If f(z) be an entire function of finite iterated order and posi-

tive iterated lower order, then pyy(fn.r) = pp(f), where f,  denotes the n-th gener-
alised iteration of f (z) with respect to itself.

This follows from Theorem 3.1 by putting g(z) = f(z). O

COROLLARY 3.2. Let f(z) and g(z) be entire functions of finite iterated order
and positive iterated lower order with i(f) = p, i(g) = q.

(i) If n is odd, then 1,(f) < P%H%q(fn,g) <pp(f),

(i) if n s even, then 11y (8) < Py (pvq) ) < Pale):

Since u,(f) < pp(f). this follows from Theorem 3.1. [

4. Main results

THEOREM 4.1. Let f(z) and g(z) be entire functions of finite iterated order and

positive iterated lower order.
()Ifnisoddand p <i(f)<l, i(g) =q then

n+1 n—1 n+1 n—1

<i(fug) < [
P54 i(fug) it

and

Puityynsty (fag) 2 Pi(f)s Pugiyyncsy (fag) <pp(f)-
(ii)If nis evenand i(f) =p, q<i(g) <, then

n

2@+@<Kﬁ@<

and

P%(erq)(fn,g) = Pq(g)a p%(pH)(fmg) < pq(g)-

Proof. Case (i). Suppose n is odd.
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Let i(f) =k (€ N). So from Theorem 3.1, we have

n+1 n—1

i(fag) = ——k+—

g and p%k«k%q(fn:g):pk(f)'

Now p<k<lie.,

n+1 n—1 n+1 n—1 n+1 n—1
<" < I
p Pras pktas i

ie.,

n+1 n—1 n—|—1 n—1
——q < i(fug) < ——I
5P T 5 S ilfug) < +—

Also, p;(f) < p(f) <pp(f) and consequentlywe have Puilyynst 4 (ng) 2 pi(f) and
p"+11+ (fmg) (f)

Case (11) Suppose n is even. Let i(g) =k (€ N). So from Theorem 3.1, we have
i(fug) = 5(p+k)and pa(, 4 (fug) = pqg(g). Againsince ¢ <k <1, so

(p+k)<5(p+1)

[NSRE
[NSRN

n

= <
5P +a)
ie.,

g(p"‘CI) < i(fn.,g) < g(P—i—l).

Also pi(g) < pe(g) < py(g) and consequently Py, ) (frg) > Pylg) and py pep)(fig) <

pq(g). O

THEOREM 4.2. Let f(z), g(z) be entire functions of finite iterated order and

positive iterated lower order.
(i) If n is odd, then

o 1og P ) () pulf)
<1 f < s
pole) S = e ) e

< max(Fel) Py o Toe ST AT () py(f)
T e(8) pg(8) T T e 10g T (1, g) T g(g)”

(ii) If n is even, then

(7 (p+q)]
Uq(g) < limianOg T(r,fng) < min{ Ug(g) Py(g) }

pp(f) r—ee log[p T(r,f) wp(f) pp(f)

Hq(g) Pal8)y . 1023 P DIT (1 ) py(g)
L) Pt SIS T ) )

~

Proof. By definition, for sufficiently large r and for given € (> 0), we have

(1g(g) — ) logr < log ! T(r,g) < (py(g) + ) logr. (4.1)
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Case (i). Suppose n is odd. For sufficiently large r, we have

T(r, fag) ST(r8n-1,0) +T(rf(8n-1,£)) +O(1)
=(14+0(1))T(r,f(gn-1,r)), using Lemma 2.3
<2T(M(r,gn—1,¢),f), using Lemma 2.1

Lexp {M(r, gn_l,f)}p”(f)”g
< exp”[(py(f) +2€){logM(r: f-2,6) +10gM(r,8(fu-2.6)) + O(1)}]

< exp?[(p,(f) +2€) {logM(M(r, fu2).8)
+1logM(M(r, fu—2,),8) +O(1)}]
< expl?{3(p,(f) +2€) logM(M(r, f—2,).8) }
< exp”![3(pp (f) +2€) log{expl {M(r, f 2, } o) T}]
<exp [p+dl73 [3(py(g) +28)log{exp[p]{M(r,g,,_gﬁf)}pf’(f)“}}
< exp Pt I3 (p, () + 2€) log{expl {M(r, f,—4,4) P18}
< expPP 2 (py(g) +2¢)logM(r, fy—sg)} 4.2)

<explT 7T (py(g) +2€) logM (1, fi )}

<expl'Z H(p, (g) +2¢) {logM(r,2) + logM(r, f) + O(1)}]

< explT PO (py(g) +2€) (14 o(1)) logM (r, )} (4.3)
< expl " P {log (27112}, 44

On the other hand for sufficiently large r and chosen £ (0 <2e < min{u,(f),uy(g)}).
we have

T(r, fog) 2 T(rf(8n-1.5)) = T(r,8n-1,5) +O(1)
=(14+0(1))T(r,f(gr—1,r)), using Lemma 2.3

1
> (1 —|—0(1))logM(gM(é—’;,gn_l’f),f), using Lemma 2.2

1
3
> expl?flog (M(7.gu1,0)}7 )7

> expl[(uy(f) - 2e>T<§,gn71,f>}

P (1 () = 26){T (. 8(fu-26)) = T (5 fr2.6) + O]

= expl { (1) —~28)(1+ 0(1)T (2,8 2,))}, using Lemma 2.3

WV

> expl? {5 (11 (1) — 26)(1+ (1) logM(GM( 5. fu-24),8))

> expl”fexpl {log{M( 5, fu-2.0) 14182}
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= expP " (1g() — 2€)logM (5. fu-2)) (45)

> expl "7 9 (1 (g) — 28) logM (357 f1.0)}
> expl“T 9 1y (g) — 26) (1 +0(1 ))10gﬂ4(Z{;T7f)} (4.6)

= q]{log(r’“‘f’(f) ). 4.7)

[n+l

WV

ex

From (4.1), (4.4) and (4.7), for sufficiently large r and for chosen € such that 0 < 2¢ <
min{i,(f), q(g)}, we have

up(f) —2¢ < IOg[%p-‘i}lq] T(r, fug) < pp(f) +28.
pq(8) +¢€ logl! T'(r,g) Hq(g) —

Since € (> 0) is arbitrary, we get

logl"2 P2 T (1, £, ) - ()

liminf >
r—eo log[q] T(r g) Pq(g) (4.8)
("5 5t ' '
limsupIOg AT (r fug) < pp(f)
r—oo IOg[q] T(V,g) ”q(g)

By definition, there exist two sequences {r;} and {r,,} tending to infinity such that

{ 10gI T (r1, g) > (pg(2) — &) logr,

u (4.9)
log ' T (rm, g) < (q(g) + €)logrim.

Also, there exists a sequence {r;} tending to infinity such that we have from (4.6)

Tt fua) > e P4 1 <waau+mmmyaﬁéfn

[n+l

> expl"? P17 U {log(r])Pr()2€). (4.10)

Further there exists a sequence {r},} tending to infinity such that we have from
(4.3)

T (1 ) < expl™ PH0{(py(g) + 2€) 1+ o(1)) logh (. f)}
< expl"T PHT U log (s, () +2e) @.11)

From (4.1), (4.11) and (4.4), (4.9) we have

log“ T P T AT (1), fug) _ Hplf)+2
loglT(r}.8)  Hal8) =



FURTHER RESULTS ON GENERALISED ITERATION... 19

and n+l n—1
log™> P> T (1, fug) _ ppls) +26
logl T'(r;, g) T opglg) g
Since € (> 0) is arbitrary,
logl 5t p+25td -
liminf 0g (r7f7g) gmln{nup(f)7pp(f)} (412)
roee 10gl T (r, ) 1y(8) " Pq(8)

Also from (4.7), (4.9) and (4.1), (4.10) we have

logl" = P4 T (1 £ - Hp(f) —2¢

log[q]T(rm,g) - Hq(g) +€
and L
log" T P AT (1], ) S Polf) = 2¢
log[q]T(r;,g) Pq(8)+3 '
Therefore,
1 [MP'*'";IQ]T -
limsup og 2 2 (r,f,g) >maX{uF—m’pp(f)} (413)
rseo logl! T'(r,g) Hq(8) " Pq(g)

Combining (4.8), (4.12) and ( 4.13), we obtain

“p—(f) < liminflog[%ﬂ%q] T(r,fng)
Pqlg) ~ = logl T (r, g)
tp(f) Pp(f )}
.Uq(g)’Pq( )
tp(f) p (f)}
Hq(8) " Pqa(g)

ntl o, nl
< limsup log! AR q]T(’?fmg) < pp(f)
F—o0 log[q] T(r7g) ,L«Lq(g)

< min{

< max{

Case (ii). Suppose n is even. By definition, for sufficiently large r and for given
€ (>0), we have

(1p(f) —€)logr <1og” T(r, f) < (pp(f) +€) logr: (4.14)
In this case, for sufficiently large r, from (4.2) we get
T(r,fog) < expl37 79 {(p, (f) +2¢) logM(r.g1.1)}
<expli "2 (p, (f) +28){logM (1,2) + logM (1,g) + O(1)}]
<explt 4T (p, () +22) (1 + (1)) logM (1,9)} (4.15)
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< expl3(PHal{]og(rPal8)+2€)) (4.16)

On the other hand for sufficiently large r, from (4.5) we have

T(rfug) > expl ¥ 7 ]{wp(f)—28>logM(M%,g1.f>}
> expl T Ty () - 26) (1 +o(1) loght (75.8)}  (4.17)
> expl2 (PO {log(rHa(8)-28)} (4.18)

From (4.14), (4.16) and (4.18), for sufficiently large r and for chosen € such that
0 <2e <min{i,(f), Uq(g)}, we have

Ho(g) —2e _1og 8P IT (1 fug) _ pyls) +2¢
pp(f)+e = log[p]T(r,f) S oup(f)—¢€°

Since € (> 0) is arbitrary, we get
[5(p+a)]
limin flOg T(n fng) > Hq(8)
r—ee log[l’ T(r,f) Pp(f)
(

limsu IOg[ (p+q]T(”7fn,g) < Pq g)
T 0d? T () Hp(f)

(4.19)

By definition, there exist two sequences {r;} and {r,,} tending to infinity such that

og” T(r1, £) = (pp(f) — €)logr, and 1og” T (r, ) < (up(f) +€)logr, (4.20)

Also, there exists a sequence {r]} tending to infinity such that we have from (4.17)

/

T (1}, fng) 2 expl¥ =70y (F) = 26) (1 +0(1)) logM (Z557.)}
> expl3 (PHOl{1og(r))Pal8) =261 4.21)

Further, there exists a sequence {r},} tending to infinity such that we have from (4.15)

n

exp 2720 {(p, (f) +2€)(1+ o(1)) logM(7),.g)}
expl? P+‘11{1og( ! \Halg)+2e) (4.22)

( 1117an>

<ex
<

From (4.14), (4.22) and (4.16), (4.20) we have

loglf PN T (1, fog) _ Halg)+2e  Mog8 " T (. fu0) _ py(e) +2¢

log! 7 (1) Hp(f)—e log” T(r,f)  Pof)—
Since € (> 0) is arbitrary,
[5(p+q)]
liminf 10g 2 T(rvfnag) < mm{ ”q(g) Pq(g) } (423)

v log!”! T(r,f) wp(f) pp(f)™
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Also from (4.18), (4.20) and (4.14), (4.21) we have

tog 8T (1 fog) _ pale) =26 0B VIT(] f)  pyle) ~2¢
log[p T(rm, f) - up(f)+e log[p T(r},f) pp(f)+
Therefore,

log!5 (P+a)] -
lim sup 28 T(r fug) Zmax{uq(g),pq(g)}.
= log” T (r,f) (1) pp(f)
Combining (4.19), (4.23) and (4.24) we get the required result for case (ii). [

COROLLARY 4.1. Let f(z), g(z) satisfy the hypothesis of Theorem 4.2.
(i) If n is odd, then

(4.24)

nlpnslg) T(r, fug)

1y (f) pp(f)
Pq(8) ree logld) T(r, g®))

108 pye)

mo(f) o(f)y ol T AT () _ ()
o Hq(8) " Py(8) bs g log! T (r,g%)) s Hg(g)

(ii) If n is even, then

< mm{

to(e) . . log T g ) () pyle)
oo it oy e

Hq(8) Po(8) \ . 10g 3P T (1 ) py(e)

Smad ) o)) S S T ) <L

for k=0,1,2,

Proof. If f(z) is meromorphic in the complex plane, then f(z) and its kth order
derivatives f¥) (z) have the same order and lower order, where k is any positive integer.
By this fact and from Theorem 4.2, we have the conclusion of Corollary 4.1. [

THEOREM 4.3. Let f(z), g(z) be entire functions of finite iterated order and
positive iterated lower order.

(i) If n is odd, then

log! B+ (£, log! F P+ (. £,
up(f) ghmmf Og (raf,g) Slghmsup Og (rafv&) < pP(f)

pp(f) r—ee log[p] T(r,f) F—sco log[p] T(r,f) h up(f)

If n is even, then

logz(PH T (1 £, , logz(P+ (1 £, ,
Uq(g) < liminf 0g2 (raf,g) <1 < limsup 0g2 (raf,g) < pq(g)

pq(8) r—ee log[q] T(r,g) o0 log[q] T(r,g) h g(g)

Proof. Case (i). Suppose n is odd. From (4.7) and (4.14), for sufficiently large r,
we have

togl"s' P59 11 o) o)~ 2
logl7(rf) " pplf)re
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Since € (> 0) is arbitrary, we get

(25 p+ 551 q)
limianOg 2 2 T(’?fmg) > ”p(f)
= log” T (r, f) pp(f)
Also from (4.4) and (4.20), we have

log[mer"T"q] T(ry, fn,g) Pp(f) + 28
1og” T (11, £) Pp(f ) —

Since € (> 0) is arbitrary,

logl" s P+ 54 dl -

liminf—2 (nfug) 4
e log” 7 (r, f)

Similarly from (4.10) and (4.14), we have

[m

log 2 p+%4q] T(r;,fn,g) pp(f) 2¢
e T(f) plfe
Therefore,
("5 5t
lim sup log * KRl 3 g)

F—seo log”! T'(r, f)
Again by (4.4) and (4.14), we have

imsup 0E TG ) _ po)
e log”7(rf) k()

(4.25)

(4.26)

(4.27)

(4.28)

Combining (4.25), (4.26), (4.27) and (4.28) we get the required result for the case (i).

Case (ii). Suppose 7 is even. From (4.1) and (4.18), we have

(3 (p+a)]
limianOg 2 T(”»fn.,g) > [,Lq(g).
r—ee log[q] T(r,g) Pq(8)

Also from (4.9) and (4.16), we have

log 3T (11, fug) _ Pals >+28
logl T (r;, ) Pq(g)

Since € (> 0) is arbitrary,

[5(p+q)]
liminf 08 L(rifng)
r—oo IOg[ ] ( )

Similarly from (4.1) and (4.21), we have

log 3Pl T (1 £, ) pq(> 2¢
logl! T (1), g) pq(g)

(4.29)

(4.30)
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Therefore,
log 2P T (1, £,,)

e 1logT(rg)
Again by (4.1) and (4.16), we have

limsu log[%(erq)]T(’?fmg) < pq(g)
r~>oop log[q] T(r,g) A Hq(g)

> 1. (4.31)

(4.32)

Combining (4.29), (4.30), (4.31) and (4.32) we get the required result for the case (ii).

COROLLARY 4.2. Under the hypothesis of Theorem 4.3
(i) if n is odd, then

nal o on—l
p(f) i dog "t P M fug)
pp(f) = o= log[l’“]M(r f)
n—1
SlimsuplOg[ T qH]M(r Jns) < pp(f),
r—oo IOg p+1 (V f) .up(f)

(ii) if n is even, then

(5 (p+a)+1] pq
< liminf log” M(r, f"’g)
Pe(g) ~ == loglttM(rg)
(53 (p+a)+1]
< limsup log'2 M(’?fmg) < pq(g).
r—oo loglttM(r, g) Hq(g)

COROLLARY 4.3. Let f(2), g(z) satisfy the hypothesis of Theorem 4.3 with u,(f) =

pp(f) and .uq(g) = pq(g)‘
(i) If n is odd, then

n+l1 n—1
. log[%“T’i]T(r,fn,g) _

re log”' T (r, f)

(ii) If n is even, then

logl? (P+a)] )
im ng T(":fn,;,)
r—eo log[q] T(rg)

COROLLARY 4.4. Let f(2), g(z) satisfy the hypothesis of Theorem 4.3 with u,(f) =

pp(f) and uy(g) = py(g)-
(i) If n is odd, then

ntl
lim log[ IH’ 51+l (r7fn7g) L
= loglP M f)
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(ii) If n is even, then

[5(pt+a)+1]
lim 08 M fug) _
= logtiM(rg)

COROLLARY 4.5. Let f(z), g(z) satisfy the hypothesis of Theorem 4.3.
(i) If n is odd, then

[mp+uq]
< liminf &2 2 “T(nfug)
po(F) = logPIT (1 1)
[Mp+uq]
< limsup log' 2 T (r, fog) <Pp(f).
r—oo log[p] T(r7 f(k)) ,Up(f)

(ii) If n is even, then

[53(p+q)]
< liminf log > (7 fng)
Pq(8) e log[‘1] T(r,g®)
[7(p+q)]
< limsuplog 2 T(r, fn,l,) é (g)
roee log¥ T(rg®) = Hy(g)

)

for k=0,1,2,....

COROLLARY 4.6.. Let f(z), g(z) satisfy the hypothesis of Theorem 4.3.
(i) If n is odd, then

nil g, nl
p(f) o Jog TP IM(r £

pp(f) — o log” M (r, f00)

< limsu log[ iy q+1]M(V fn;,) < pp(f)
= I’—>oop IOg p+l (I" f ) h .up(f) .

(ii) If n is even, then

[5(p+a)+1] pq
< liminf log > M, fog)
pq(g) r—00 log[‘ﬁ‘l] M(r’g( ))
(7 (p+a)+1]
glimsupIng M(r7fn,g) < Pq(g)
roe logltt U M(r, g®) Hq(8)

for k=0,1,2,....
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