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A SUBCLASS OF ANALYTIC FUNCTIONS
RELATED WITH CONIC DOMAIN

MAMORU NUNOKAWA, SAQIB HUSSAIN, NAZAR KHAN
AND QAZI ZAHOOR AHMAD

Abstract. In this paper, we introduce a new subclass of analytic functions by using the concept of
conic domain. We prove inclusion relations, a characterization theorem, coefficient inequalities,
a distortion theorem, a covering theorem, and the radii of close-to-convexity, startlikeness and
convexity for this class of functions.

1. Introduction and preliminaries

Let 7 be the class of all analytic functions of the form
fR)=z+ and", (D
n=2

defined in the open unit disc E = {z: |z| < 1}. We denote by .7 the subclass of .
consisting of functions which are univalent in £ and normalized by the conditions
f(0)=f(0)—1=0.

For 0 < n <1, ¥*(n) and € (1) denote the classes of functions in . which
are, respectively, starlike and convex of order n in E, (see [7, 2, 16]).

Let .7 denote the subclass of . consisting of functions given by

f@=2- S ad,  an>0, @)
n=2

with negative coefficients. Silverman [20] introduced and investigated the following
subclasses of the function class 7.

T*m) =" MNT andK(n):=¢n)NT, (0<n<1).
For two functions f, g € <7, the convolution or Hadamard product is given by
(f*8)(2) =2+ Y, anbn?",
n=2
where f is given by (1) and g(z) = z+ Yo, bu?".
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A function f is said to be subordinate to a function g, written as f < g if there
exists a Schwarz function w analytic in E and satisfies Schwarz lemma (i.e, w(z) =0
and |w(z)| < 1) such that

f(@)=8(w()), z€Ek.

In particular if g is univalentin E, then f(0) = g(0) and f(E) C g(E).

Uniformly convex and starlike functions were first introduced by Goodman [5, 6],
and were studied subsequently by Rgnning [17], Ma and Minda [13] and Kanas and
Sugawa [11].

Kanas and Wisniowska [8, 9] studied the class of k-uniformly convex functions,
denoted by k — UCV and the corresponding class of k — ST related by the Alexander
type relation. For k > 0 define the conic domain €; as follows, see [10].

Qk:{u+iv:u>k (u—1)2—|—v2}.

For fixed k, € represents the conic region bounded, successively, by the imaginary
axis (k=0), the right branch of hyperbola (0 < k < 1), a parabola (k = 1) and an
ellipse (k> 1), see also Noor [14, 15].

Noor et-al. [14] defined the generalized conic domain € ,, as,

Qp=1-n)X+n, (O<n<I).

The functions which play the role of extremal functions for these conic regions are
given as:

1+(11:Z2n)z’ k=0,
1+ ( <10g H\/—) , k=1,

Ghn (3) = 1+ il k'27> sinh? { (2 arccosk) arctanh/z} , 0<k<l, @
1+]i2—lsm<%(t)f0”9 ﬁmdx)-i-klz—nl, k> 1.

A function & such that 4(0) = 1 is said to be in the class P(gy ) if it is subordinate to
iy (z) with z € E, thatis, p(E) C gxn(E) = Qiq-

The classes k —ST(n) and k —UCV (1), the class of k-uniformly starlike func-
tions and k-uniformly convex functions of order 1 respectively are defined as follows.

B on (R of (2)
k—ST(n)—{fed.Re ( 1o ) >k i 1 +n,k>0},
and
_ , o (2) 2f (2)
k—UCV(n)_{fed.Re <1+ {0 ) >k o) +n7k>0},
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or equivalently

k—ST(n) = {f e : Z;(S) < qk,n(z)} : )

and

k—UCV(n):{fEM:l—i-% <qk7n(z)},

where g (z) is given by (3). For detail study about these classes, see [18].
By virtue of (3), (5) and the properties of the domains € ;;, we have

k+n

>k+1' ©

Re(p(z)) > Re(qrn(2))

ForajeC (j=1,2,3,....,]) and B; €C (B; #0,—1,-2,...; j=1,2,3,...,m), the
generalized hypergeometric functions ;F;,(z) is defined by

1Fn = 1Fn(00,00,...,005B1,B2,. .., Bu;z) = i Wi—n“
= (B (Bu)n !

(<m+1:1,m=0,1,2,..., z€E),
and (&), is the Pochhammer symbol defined by

1 n=0,
O ={eerne i nen

Corresponding to the function

h(al7a27'”7061;[317[327"'7[3711) :ZlFm(a17a27'”7al;ﬁlaﬁ27'”7ﬁm;z)a

the Dziok-Srivastava operator [3] H., (o, 00, ...,04:B1, B2, ..., Bn) is defined by

H,ln(ocl,ag,...,ocl;ﬂl,ﬂg,...,ﬂm)f(z) = h(ocl,ag,...,ocl;ﬂl,ﬁg,...,ﬂm)*f(z)

=z+ 2 rnanzn7 (7
n=2

where () o) 1
O )p—1--- (09 )n—1
= B)n-1...(Bn)a-1 (n—1)1" ®)

It is well known [3] that
alHyln((xl + 17(X27'"aal;ﬁlaﬂZa"'7ﬁm)f(Z)
=2z (H,éq((xlaaZa"'7(Xl;ﬂl7ﬁ27"'aﬂm)f(z)>
+(on — 1) Hy (0, 00,003 81, By - B £(2)- ()]
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To make the notation simple, we write

Hrln[al}f(z) :Hrln(alva27'”7al;ﬁlvﬁ27'”vﬁm)f(z)'

For special values of o's and f's, this operator contains many operators which were
extensively studied by several authors, see [1, 3, 12].

Using the operator defined in (7), we define a new class k — % .7 (o, A, 1, )
as;

DEFINITION 1. A function f given in (2) is said to be in the class
k—U%S T (oq,A,n, 1) if it satisfies the following inequality:

. <Z(J£q[a17/l7u]f)'> .

Jhlou, A, ulf

Z(‘Irln[ahzwu]f)/

1
Jhlon, A, ulf

+n, (10)

where (0<u<A<1;0<Nn<1;k>0)and
Tnloa, A 1) f = Apz [Hy (o) f1" + (A = w)e[Hy,(oa) f]' + (1= A+ w)H, f. - (1D
An inequality (10) can be written equivalently as

2(J[ou, A, u)f)

Tl dlf %) @

where g, (z) is given by (3).
For convenience, we write J! [oq]f = J., [0, A, u]f.

LEMMA 1. [19] Ler g be convexin E and Re (11q(z) + tp) > 0, where Uy, Uy €
C\ A0}, z€ E. If h(z) is analytic in E with q(0) = h(0) and

7' (z)

he)+ pih(z) + po

<q(z), zZ€E,
then h(z) < q(z).
2. Main results
In this section, we will prove our main results.

THEOREM 1. Let R(ay) > }(_Trl', and f € /. Then
k=% Tow+1,A,n,ul Ck—U%S T ou,A,n, U,

where 0 < U <A< L;0<Nn<1;k>0).
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Proof. Setting
< (len[al]f)/

=H
Tuloalf @),
using the identity (9), we have
ouplon +11f  z(hloal]f) L 3
JLToulf = TS +(a1—1)=H(z)+ (oq — 1). (13)
Differentiating (13), yields
Uplon 1)) () "

J,ln[OCl-f—l]f H(z)+(a1—1)'

From this and argument given by (12), we may write

H(Z)+ ZH/(Z) 1) '<5]k7n(z)~

H(Z)+ (og —

Therefore the theorem follows by Lemma 1 and the condition (6), because gy is
univalent and convex in E and Re (i) > }C_T';’ O

THEOREM 2. A function f € T given by (2) belongs to the class
k—% .S Toy,A,n, U] if and only if

Y Anlk+1) = (k+mHn—1)(nAu+A —pu)+ 1} [Tola, <1—=n,  (15)
n=2
where (0 < u<A<L;0<n<1;k>0).

Proof. Since f € % . T oy, A,n, 1] if and only if it satisfies the condition (10).
Since it is easily verified that

Re (w) > k|jw— 1|41 < Re (w(1 +ke®) —ke'®) > 1
(—r<O0<m0<n<1;k>0).

The inequality (10) may be written in the following form:

2 (nleal )’ i0 i0

or, equivalently,

Re (Z(Jrln[aﬂf)/(l +ke'®) — (J!,[eu]f) keie) .

17
JLloulf (1n
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Now, by setting
G(z) =z (J,ln[al]f)/ (14 ke'®) — (J,ln[(xl}f> ke'®. (18)
The inequality (17) becomes
6@+ (1 =m)fenls] > |60 = (1+milealf| O<m<1), (19

where J.,[oy]f and G(z) are defined by (11) and (18), respectively. We thus observe
that

G@)+ (1=} ou] ]

> |2 =M= | 3+ 1= m){(n— DA+ A — ) +1}Toa?”
n=2
+ |—ke'® i(n— D{(nAu+A—p)(n—1)+1}Ta,7"
n=2

=

> (2—mn)lzl - Z,z(n+1—1‘l){(n— D(nAu+A —p) +1}an ol [2"]

—ki2<n— D{(nAp+ A — ) (n— 1)+ ay [Tl 2]

=

> 2=z = XAl = D)nAu+2A—p)+ 1H{n(k+1) - (k+n) +1}
n=2
Xy [Tyl 2"
Similarly we get,

|G(2) = (14 ) [ou] £

<nlz+ i{(n— D(mAu+A—p)+1H{n(k+1)— (k+n)—1}a,|Tal 7]
n=2

Therefore, we have
G(@)+ (1L =) en] £] = | G2) = (14 [en] £

22(1=n)lz| -2 i{n(kJr D)= (k+m)H(n=1)(nAu+2A — p) + 1}an Lol "]
n=2

> 0.

Which implies the inequality (15) asserted by Theorem 2.
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Conversely, setting 0 < |z| = r < 1, and choosing the values of z on the positive
real axis, the inequality (16) reduces to the following form:

=

(1=m)— Zz(n— M{(n—1)(nAp+2A = p) + 1 Tyanr ™!

Re

—ke'® Y (n—=D{(n—1)(nAp+A—p)+ l}l"nanrﬂ_ll >0.
n=2
Which is in view of the elementary identity Re (—e %) > — ’ew’ > —1, becomes

Re >0. (20)

(1—n)-— i{(n— D(nApu+A—u)+1Hn—n+kn—k}Tha,” !
n=2

Finally letting » — 1 in (20), we get the desired result. [

When =0y =A =1, m=k=pu =0, then we have the following known result
proved by Silverman et-al. [20].

COROLLARY 1. A function f € T given by (2) belongs to the class
0—%.7[1,1,n,0] =C(n) if and only if

THEOREM 3. If f € k—U ./ T (04, ,n, L) is given by (2), then

(1-n) R
an<{”(k+1>—(k+n)}{(n—1)(nlu+k—u)+1}|1“n|’ =2, @D

where (0 < u<A<L;0<n<1; k>0).
Proof. Since fek— % T (0q,A,m, 1), so by Theorem 2, we have
D An(k+1) = (k+n)}H (= D) (nApu+ A — )+ 1}aq |Ta| < (1-1).
n=2

This implies that

(1-mn) Lo
an<{n(k—l-1)—(k—l—n)}{(n—l)(nklu_g_l_u)_'_l}‘rn" (n>2).

This completes the proof. [l

When I =0y =A =1, m=k=pu =0, then we have the following known result
proved by Silverman et-al. [20].
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COROLLARY 2. A function f € T given by (2) belongs to the class
0—%.77(1,1,n,0] =C(n) if and only if

THEOREM 4. If f € k—U ./ T (04, A,n, L), then,

(1-n) 1 (1-n)
“ar e VOISt e me
(el =r<1)

2

r
Tl

Proof. Since fek— % T (ay,A,m, 1), so by Theorem 2, we get

Q+k=m)CAL+A—p+1) Y an|Ty|
n=2

I
M

2+k=—m)2Au+2A =+ )ay [Tyl

3
I
S}

N
DM

{n(k+1) = (k+ 1)} - D)(nAu+2A —u)+ 1}a, Ty

N
—~~ =
=l
| [\S]
=

which gives the following inequality
_ L (1-n)
TSN Q+k—n)QAu+A —pu+1)
Now, from (2) and (21), we have

| = [z= Y a2 | < |zl + [z Y an
n=2 n=2
1-1n)
< rr? ( . 22
R R T TR N 22
Similarly we can find
1-1n)
>r—r ( . 23
= r = S T eAp+ A —p s D) o] 23)
From (22), (23), we get the required result. [
THEOREM 5. If f€k—U ST (o, A, n, 1) (|z| =r<1), then
2(1-n) |f | 2(1-n) ,
S 2+k—n)Au+A - u)\ h (2+k—n>(2w+l—u) F(nz\4;
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Proof. 1t is easily verified from the inequality (2) that

|f'@)] <14+ Y nan 2" < 141, nan, (25)

n=2 n=2

and - _
|f' ()] = 1= nay 2" > 1—7rY nay. (26)

n=2 n=2

The assertion (24) would now from (25) and (26) by means of rather simple conse-
quence of (21) given by

S (I-m) 1
<
2" S G A+ A DR

which completes the proof. [

THEOREM 6. The class k— % .7 (o,A,n, 1) is a convex set.

Proof. Suppose that each of function f; (j =1,2) given by

r"‘znv amj 20’ ]: 1727

file) =z— %aw’

is in the class k — % . T (o, A, 1, 1).
It is sufficient to show that the function g defined by
8(z)=¢fi(x) +(1-€)fa(z), (0<e<1),

is also in the class k — % . T (oy, A, 1, 1).
Since

oo

g(z) =z— Z (861,,71 + (1 — e)ang)l"nz”.
n=2

With the aid of Theorem 2, we have

i{n(lﬁ— D—(k+mHn—-1)nApu+A —pu)+ 1} (ean: + (1 —€)ay2)
n=2
< e {nlk+ 1) — (k- m) (- 1)(aAu+ A — )+ an Tl
n=2
T(1-e) iz{nm1>—<k+n>}{<n—1><nxu+1—u>+1}an,2|rn|.
This implies that

i{n(lﬁ— D—(k+mHn—-1)nApu+A —pu)+ 1} (ean: + (1 —€)ay2)
n=2

<e(l-m)+(1-g)(l-n)<e—en+l-n—e+en<1-n,

which implies that g € k— % . 7 (o4, A,n, ). Hence k— % T (o, A,m, 1) is in-
deed a convex set. [
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THEOREM 7. Let the function f defined by (2) be in

the class

k=% T (a1,A,n,1). Then f is close-to-convex of order p (0 < p <1), n>2

in ‘Z| < rl(alaxarhpv,u), where

rl((xlaa‘arhpaﬂnu)

- inf(“ —p)nlk+1) — (et m)}{(n = 1A+ A—p) +1} |rn>ﬁ |

n(1—mn)
Proof. Tt is sufficient to show that

1f(2)—1|<1=p, (0<p <Lz <ri(ou,A,n,p,1)).

Since
/(@) = 1] = |= X nan" ™" < 3 nan |7
n=2 n=2
‘We have
[f'(2) =1 <1—=p (0<p <)
If

< 1 n—1

n=2
Hence by Theorem 2, inequality (27) will hold true if

( " ) et < e D) = (e m = DA A~ ) 13T

1—p (1-m)

that is, if

< <(1—P){"(k+1)—(k+n)}{(n—1)(nlu+l—u)+1}|rn|

n(l1—mn)

The assertion of Theorem 7 would now follow easily from (28). [

THEOREM 8. Let the function f defined by (2) be in

27)
(n>2),

) . (28)
the class

k—U%ST(on,A,n, ). Then f is starlike of order p (0 < p <1), n>2 in |7

<nr(og,A,n,p, 1), where
(o, A,m,p, 1)

_ inf<(1 —p){nlk+1) = (k+m)}{(n— ) (nAp+A—p)+ 1} |0y

(n—p)(1=n)
Proof. Tt is sufficient to show that

f (2)
f(2)

-1 < 1—[) (ng <l |Z‘ <r2(a17/1777»P7#))~

1
)nl
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Since ~
) (n—1D)ay|o""!
@ . Z‘z
f(Z) I_Eanzn71
n=2
we have )
zf (2)
—1|<1—- 0<p<l).
B p (0<p<l1)
If ~
n—p n—1
a, |z < 1. (29)
2 (i=7) o

Hence by Theorem 2, inequality (29) will hold true if
{nlk+1) = (k+ ) - DnAu+A —u)+ 1} 0|

n—p n—1
(H)Z' < )
that is, if
ot (L= p) [+ D)= (k+mH(n— 1) (nAp+ A — ) + 1} ||
os P ) -

The assertion of Theorem 8 would now follow easily from (30). [

THEOREM 9. Let the function f defined by (2) be in the class

k—%ST (o, AN, ). Then f is convex of order p (0<p <1), n>=2in |z| <
7”3(0‘1»7%77713711)7 where

r3(ou,2,m.p, 1)
. f<<1—p>{n<k+1>—<k+n>}{<n—1><nxu+x—u>+1}|rn)n“
n(n—p)(1—n) '

Proof. Tt is sufficient to show that

S i p 0<p <ty [ <rslanAnpu)).
[ ()
Since .
p n(n—1)ay|z""!
zf (2) <n§’z
f(Z) I_Enan ‘Z|n71
n=2
we have ,
i () <l-p (0<p<]).
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If
3 (”(%pp)) anls' < 1. 31)

n=2
Hence by Theorem 2, inequality (31) will hold true if

(Mn—m>kw4<{ﬁ@+1%%k+nﬂﬂn—Umlu+l—#ﬂ4}ma

l-p (1-m)
that is, if
< (L—p){ntk+1) — (k+n){(n—1)(nAu+A —p)+ 1} [T (32)

n(n—p)(1—n)

The assertion of Theorem 9 would now follow easily from (32). O

THEOREM 10. Let f €ek— % S T (o, A,n, 1), and
@) =z+ > g, (0<b, <1).
n=2

Then fxge€k—UST (o, A,n,B,1).

Proof. Since 0< b, <1,n>2,
iz{n(k+1)—(k+n)}{(n— D)(nApu+2A — 1)+ 1}anb, Ty
< i{n<k+1>—<k+n>}{<n—1><nw+x—u>+1}an|rn.
Thus by Theorem 2, we have
i{n(kﬂ)—(km}{(n— DA+ A — 1)+ anga [Ty < (1-1).
This completes the proof of Theorem 10. [l

REFERENCES

[1] B. C. CARLSON, S. B. SHAFFER, Starlike and prestarlike hypergeometric functions, SIAM J. Math.
Anal. 15 (2002), 737-745.

[2] P.L.DUREN, Univalent Functions, Springer-Verlag, New York, 1983.

[3] J. DZIOK, H. M. SRIVASTAVA, Certain subclasses of analytic functions associated with the general-
ized hypergeometric functions, Integral Transform and Spec. Funct. 14 (2003), 7-18.

[4] P. EEINGENBURG, S. S. MILLER, P. T. MOCANU, M. O. READE, General Inequalities,
Birkhauseverlag-Basel, ISNM, 64 (1983), 339-348.

[51 A.W. GOODMAN, On uniformly starlike functions, J. Math. Anal. Appl. 155 (1991), 364-370.

[6] A.W.GOODMAN, On uniformly convex functions, Ann. Polon. Math. 56 (1991), 87-92.



[7]
[8]
[9]
[10]
[11]
[12]
[13]
[14]
[15]

[16]
[17]

[18]
[19]

[20]

A SUBCLASS OF ANALYTIC FUNCTIONS RELATED WITH CONIC DOMAIN 149

A. W. GOODMAN, Univalent Functions, vols. 1, 1I, Plygonal Publishing House, Washington New
Jersey (1983).

S. KANAS, A. WISNIOWSKA, Conic regions and k-uniform convexity, J. Comput. Appl. Math. 105
(1999), 327-336.

S. KANAS, A. WISNIOWSKA, Conic domains and starlike functions, Rev. Roumaine. Math. Pures
Appl. 45 (2000), 647-657.

S. KANAS, Techniques of the differential subordination for domains bounded by conic sections, Int. J.
Math. Math. Sci., 38 (2003), 2389-2400.

S. KANAS, T. SUGAWA, On conformal representation of the interior of an ellipse, Ann. Acad. Sci.
Fenn. Math. 31 (2006), 329-34.

J. L. L1u, K. I. NOOR, Some properties of Noor integral operator, J. Nat. Geom., 21 (2002), 81-90.

W. MA, D. MK, A unified treatment of some special classes of univalent functions, Proceeding of
the confrence of complex analysis (Tiajin), Conf. Proc. Lecture Notes Anal., International Press, Mas-
sachusetts, (1992), 157-169.

K. I. NOOR, M. ARIF, M. W. UL-HAQ, On k-uniformly close-to-convex functions of complex order,
Appl. Math. Comput. 215 (2009), 629-635.

K. I. NOOR, S. MALIK, On coefficient inequalities of functions associated with conic domains, Com-
put. Math. Appl. 62 (2011), 2209-2217.

B. PINCHUK, On starlike and convex functions of order o., Duke Math. J. 35 (1968), 721-734.

F. RONNING, On starlike functions assicated with parabolic regions, Ann. Univ. Mariae Curie-
Sklodowska, Sect A., 45 (1991), 117-122.

S. SHAMS, S. R. KULKARNI, J. M. JAHANGIRI, Classes of uniformly starlike and convex functions,
Int. J. Math. Math. Sci., 55 (2004), 2959-2961.

H. SAITOH, A linear operator and its application of first order differential subordinations, Math.
Japan, 44 (1996), 31-38.

H. SILVERMAN, Univalent functions with negative coefficients, Proc. Amer. Math. Soc. 51 (1975),
109-116.

(Received May 6, 2016) Mamoru Nunokawa

University of Gunma
Hoshikuki-cho 798-8
Chuou-Ward, Chiba, 260-0808, Japan

e-mail: mamorununo@doctor.nifty.jp

Saqib Hussain

Department of Mathematics COMSATS
Institute of Information Technology
Abbottabad, Pakistan

e-mail: sagibhussain@ciit.net.pk

Nazar Khan

Department of Mathematics Abbottabad
University of Science Technology
Abbottabad, Pakistan

e-mail: nazarmaths@aust.edu.pk

Qazi Zahoor Ahmad

Department of Mathematics

Abbottabad University of Science & Technology
Abbottabad, Pakistan

e-mail: zahoorgazi@aust.edu.pk

Journal of Classical Analysis
www.ele-math.com

jca@ele-math.com



