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ON GENERALIZED RIESZ SUMMABILITY
OF FACTORED FOURIER SERIES

DEEPAK ACHARYA, SUBRATA KUMAR SAHU ",
PURNA CHANDRA NAYAK AND UMAKANTA MISRA

Abstract. In the present article, we have established a result on @ — [N, p,; &, u|x summability
of general summability factor of Fourier series, generalizing a result on |N, p,|x summability.

1. Introduction

Let Y’ a, be a given infinite series with sequence of its partial sums (s,) and (p;)
be a sequence of positive numbers such that

n
Pnzsz7 (P—l:p—1:03i21)-

v=0

Then the sequence-to-sequence transformation

1 n
Op = IT ZPVSVa (Pn#o)a

mv=0

defines the sequence (0,,) of the (N, p,) mean of the sequence (s, ), generated by the
sequence of coefficients (p,) [1]. The series Zan is said to be summable |N, p, |, k >

1,if [2] -
< P\ k-
2 (—) |A0n,1‘k < oo,
n=1 "Pn

Let (¢,) be any sequence of positive real numbers. Then the series Zan is said to be
@ — N, pulx, k> 1, summable if [9]

Z (pr]f_l‘o_n - O_n—l|k <o

n=1

and for § > 0, it is said to be summable @ — [N, p,; 8|, if [9]

D PS5 — g,y K < oo,

n=1
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Further, for u > 1, it is said to be ¢ — |]\_/,p,,;5,u\k summable, if [9]

- Skrk—
Y ot g, — g F < oo,

n=1

P, _
Clearly, by taking § =0, u =1 and ¢, = —, the summability method @ — [N, p,; 5, u|x
p

n
reduces to |N, p,|x summability.
Let f be a periodic function with period 27 and integrable-L over (—7, 7). As-
suming that the constant term in the Fourier series of the function f to be zero, let

o o

f(t) =" (ancosnt +bysinnt) =Y, Cy(1).
n=1 n=1
Dealing with |N, p,|; summability factors and ¢ — |N, p,; 8|; summability factors
of Fourier series, many results have been done by different authors (see [3, 4, 5, 6, 7, 8,
10, 11]). Among those, Bor [4] has proved the following theorem:

THEOREM 1.1. If (A,) is a non-negative and non-increasing sequence such that
an/ln < oo, where (py) is a sequence of positive numbers such that P, — oo as n — oo

and Y P,Cy(t) = O(P,), then the series . Cy(t)PyAy is summable |N,p,

v=1

0 k> 1.
Subsequently, dealing with ¢ — |]\7 ,Pn3 O i,k = 1, summability, Yildiz [11] has
established the following theorem:

THEOREM 1.2. Let (py) and (Ay,) be sequences satisfying the conditions of The-
orem 1.1 and let (@) be a sequence of positive real numbers such that

(i) Onpn = O(Pn)7

i) Y, P (Pe) ™ = 09l (P) ),
n=v+1

(iii) Y, @ puty = O(1), asm — oo,

n=1

(iv) ¥ @2 Py by = 0(1), as m — oo
n=1

Then the series ZCn(t)P,,)L,, is summable @ — |N,p:S8|i, k=1, 0< Sk < 1.

We require the following lemma to prove our main theorem.

LEMMA 1.3. ([4]) If (An) is a non-negative and non-increasing sequence such
that 2 Pnin Is convergent, where (py) is a sequence of positive numbers such that
P, — oo as n — oo, then pyA, = O(1) and ZP,,A)L,, < oo,
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2. Main results

However, generalizing Theorem 1.1 and Theorem 1.2, we establish the following
theorem.

THEOREM 2.1. Let (py) and (A,) be sequences satisfying the conditions of The-
orem 1.1 and let (@) be a sequence of positive real numbers such that

(i) Qupn = O(Pn)7

(ii) 2 (p#(6k+k71)7k(Pn_1) 1 0<(pv(5k+k 1)— kJrl(Pv),1>7
n=v+1

(iii) Y @i R = 0(1), as m— oo, and

n=1

(iv) 2% wu(Sk+k—1)— k+1PnA/1n:0(1), 4s 1 —s oo,

Then the series ZC (t)PyAn is summable @ — |N,p,; 8, ulp, k=1, 0< 8k <
L,u>l.

Proof. Let I,() be the sequence of (N, p,) means of the series . C, (t)PyA, . Then,
by definition, we have

1 n \4 1 n
==Y COPA = = Y (Bi—Po1)Co(t) Pyl
P” v=0 i=0 P" v=0

Then, for n > 1, we have

2 Py ICV( )PV)LV

In(t)_ln—l(t) PPn “~

Using Abel’s transformation, we have

n—1
L)~ Ei(0) = 52— 3 A(Peci) zc e+ 2, 3 )
nfn—1 y=1 noor=1

pvmv PPy b+ O()pud

n—1

oz
{ PvPvA)Lv - Pn;::l ZI(PVPVAV> +ann}
o)

n1+In2+In3}
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Using Minkowski’s inequality, in order to establish the theorem, it is sufficient to show

that 2 (P w(dk+k—1)

n=1

\Im,\k < oo, for r=1,2,3. Now we have

m+1
Sk+k—1
Z‘P#( + )‘Imlk

n=2

m—+1
D 2 PP AL
n=1 =

n—

m+1 L n— 1 n—1 k—1
< %(p#(ak*k V kPn 1{}‘,PVPVA)LV}{P S PP DAY

n—=1y=]

m+1 n—1

p-r 1
zo(l)r;::z(p#(akJFk 1) kPn 1{ ZPVPVAAV}

1) 2 PP, ALy 2 (p#(8k+k—l)—k
v=1 n=v-+1

2 uEkH=1)-k+1p Ao O(1) as m — o,

Pn—l

1
Now, when & > 1, applying Holder’s inequality with indices k and k" where E 7

we have

2 Pvpvlv

ntn—1y=1

_kPn 1{ z Péva,lk}{
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P\]jpv)t\lf Z (P#( 1)
n=v+1

m+-1 m+-1
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n=2
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I
—_
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I
pS
M=

<
I
—_

by virtue of the hypothesis of Theorem 1.1 and Lemma 1.3. Finally, using the fact that
P,A, = O(1), by Lemma 1.3, we obtain that

m m
S — S —
R T AN LI S P

n=1

M(8k+k_l)_k+l(pk_l (pnln )k_l (pnkn)

n
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_ 0(1) 2 (p#(5k+k71)7k+lpnln)k,1pnln

n=1

=0(1) Y @O G =0(1) as m — .

n=1

by virtue of the hypotheses of Theorem 1.2. This completes the proof. [
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