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GAP FUNCTIONS AND EXISTENCE RESULTS FOR
GENERALIZED VECTOR VARIATIONAL INEQUALITIES

YALI ZHAO, ZUNQUAN XIA AND MINGZHENG WANG

(communicated by R. Verma)

Abstract. In this paper, the gap function for a new class of generalized vector variational inequal-
ities with point-to-set mappings (for short, GVVI) is introduced and the necessary and sufficient
conditions for the GV VI are established. Furthermore, under certain pseudomonotonicity condi-
tion and hemicontinuity condition, we obtain the existence theorems for the GVVI. The results
presented in this paper are new and extend corresponding results in this field.

1. Introduction

A vector variational inequality (for short, VVI) in a finite-dimensional Euclidean
space was introduced first by Giannessi [1] in 1980. This is a generalization of a scalar
variational inequality to the vector case by virtue of multi-criterion consideration. Later
on, many authors have investigated vector variational inequalities in abstract spaces see
[2-6, 8-11, 13, 15-21]. With the development of the theory about vector variational
inequalities, it has been seen that vector variational inequalities have many important
applications in vector optimization, approximate vector optimization, vector equilibria,
vector traffic equilibria and so on, for detail, see [2—8] and the references therein.

Gap function plays a crucial role in transforming a variational inequality problem
into an optimization problem. Thus, powerful optimization solution methods and
algorithms can be applied to find solutions of variational inequalities. In [9], Yang and
Yao introduced the gap function and established necessary and sufficient conditions for
the existence of a solution for the VVI, and stated the relation between the VVI and
semi-infinite programming problem. In [10], Li and He introduced the gap function for
GV VI and established necessary and sufficient conditions for the existence of a solution
for the GVVI. They all investigated the existence of solutions for the generalized
vector variational inequalities with a point-to-set mapping by virtue of the existence
of a solution of the vector variational inequality with a single-valued function and a
continuous selection theorem.
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Inspired and motivated by the above research work, in this paper, the gap functions
for a new class of generalized vector variational inequalities with point-to-set mappings
are introduced and the necessary and sufficient conditions for the GVVI are established.
In order to derive the existence of solutions for the GV VI, we introduce the concept of
pseudomonotonicity and hemicontinuity, by employing Nadler lemma [12] and KKM-
Fan lemma [14], we obtain the existence theorems for the GV VI in this paper, which
are new and different from those in [9,10].

2. Gap functions for the GVVI

Let X be a Hausdorff topological vector space, Y a topological vector space,
M(X,Y) denote the set of all continuous mappings from X to Y and L(X,Y) the
set of all continuous linear mappings from X to Y. Suppose that D is a nonempty
compact subset of X, {C(x) : x € D} is a family of closed, pointed, and convex
cones of Y with apex at the origin and int C(x) # (). Assume T : D — 2MXY) s a
point-to-set mapping with a compact set T(x) foreach x € D; A: L(X,Y) — L(X,Y)
is a continuous single-valued mapping; n: D x D — D and h: D x D — Y are two
continuous vector-valued functions satisfying n(x,x) = 0 and h(x,x) = 0 for each
x € D, respectively. In this section, we consider the following three generalized vector
variational inequalities (for short, GVVI):

find X € D and 7 € T(x) such that

(A7 N0, ) +h(y,%) ¢ —intC, Yy € D: (2.1)

find X € D and 7 € T(x) such that

(A7, n(y, %)) +h(y,x) ¢ —C\{0}, Vy e D; (2.2)
find X € D such that, Vy € D, 3f(y) € T(x) such that
(Ai(y), n(y,%)) + h(y,x) ¢ —intC, Vy € D. (2:3)

The following problems are special cases of the GVVI (2.1-2.3).

(1) If A(r) =t for any t € L(X,Y), then (2.1)—(2.3) reduce to (2.4)—(2.6),
respectively.

Find ¥ € D and 7 € T(x) such that

(r,n(y, X)) +h(y,x) ¢ —intC, Vy € D; (2.4)
find X € D and 7 € T(x) such that
(£;n(y, %) +h(y,x) ¢ —C\{0}, Vy € D; (2:5)
find X € D such that, Vy € D, 3f(y) € T(x) such that
(i(y),n(y,x)) +h(y,x) ¢ —intC, Vy € D. (2.6)

(2)If h(y,x) =f(y)—f (x) forany x,y € D, where f : D — Y is a vector-valued
function, then (2.1)—(2.3) reduce to (2.7)-(2.9).
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Find x € D and 7 € T(X) such that

(Af,n(y,x)) +f(v) —f(x) ¢ —intC, Vye D; (2.7)
find X € D and 7 € T(x) such that
(AL, n(y, %)) +f () —f(x) ¢ —C\{0}, VyeD; (2.8)
find X € D such that, Vy € D, 3f(y) € T(x) such that
(Ai(y),n(y, ) +f () —f(x) ¢ —intC, Vy e D. (2.9)

REMARK 2.1. For suitable and appropriate choice of X, Y, n,A, T, h, one can obtain
many VVI and GVVI as special cases of the GVVI(2.1)—(2.3), for detail, see [9-11]
and the references therein, which is also one of our motivation of this paper.

REMARK 2.2. Itis easy to see that any solution of the GVVI (2.2) is a solution of
the GVVI (2.1), and any solution of the GVVI (2.1) is a solution of the GVVI (2.3).
But the converse is not true in general.

In the rest of this section, let ¥ be an [-dimensional vector space R', let
Rl+ = {(X],)Cz,... ,XI) GRZ |xi 2 0,1: 172’... 7[}

be the non-negative orthant of R’ and let C = R{F . Next, we will introduce the concept
of gap functions for the GV VI with point-to-set mappings.

DEFINITION 2.1. Consider the GVVI. Let D; be the domain of the GVVI. A
function ¢ : D; — R is said to be a gap function for the GV VI if it satisfies the
following properties:

(i) ¢(x) <0,Vx € Dy;

(ii) ¢(x) =0, if and only if x solves the GVVL.

Let x,y € D and t € T(x). Denote

<At’ n(yvx» + h(y’x) = ([<At’ n(yvx» + h(y’x)]la ) [<Atv n(y’x» + h(yax)]l);

ie., [(A,n(y,x)) + h(y,x)]; is the ith component of (Az,n(y,x)) + h(y,x), i =
1,2,---,1. Now, we define two mappings ¢; : D x M(X,R') — R and ¢ : D — R as
follows:

91(x,1) = min max ((Ar, n(y, x)) +h(y, ), (2.10)
O(x) = max{¢(x,7) | 1 € T(x)}. (2.11)

Since D is compact, A is amapping from L(X,Y) to L(X,Y), ¢ (x,?) is well-defined.
Furthermore, ¢ (x, 1) is a lower semicontinuous function in x; see corollary 22 in [11].
And since T(x) is a compact set, ¢(x) is well-defined. For x € D and r € T(x), itis
easy to see that

— mi < 0.
¢1(x, 1) min lrg?gl«f\t, n(y,x)) +h(y,x)); <0
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THEOREM 2.1. The function ¢(x) defined by (2.11) is a gap function for the GVVI
(2.1).
Proof. 1tis clear that
¢1(x, 1) <0,Vx € Dt € T(x). (2.12)

Thus,
o (x) = max{¢(x,7) |t € T(x)} <0,Vx € D.

If ¢(x) =0, then there exists 7 € T(x) such that ¢;(x,7) = 0. Consequently, we have

min max ({A%, N0, %)) + Ay, %)); = 0.

It follows that, forany y € D,

_ _ ). >
112?21(<At’n(y’x)> +h(yax))l = 07

which implies that, for any y € D,

(AL, n(y, %) +h(y,) ¢ —intR.,

i.e., X is a solution of the GVVI (2.1). Conversely, If x solves the GVVI (2.1), then
there exists 7 € T(x) such that

At, ” y, X + ]’l y, X —intRl , VY c D,
+
from Wthh lt fOHOWS that for any y c D .

max ((A7, 1(y, X)) + h(y,x)); = 0. (2.13)

I<i<!
Now, (2.12) and (2.13) imply that
¢1(x,7) = 0.
Again from (2.12), we obtain
¢1(x, 1) <0,Vr € T(X).

Since
¢(x) = max{¢:(x,7) | 1 € T(x)},
it follows from ¢ (x,7) = 0O that ¢(x) = 0. This completes the proof. [

By Theorem 2.1, the solution of the GVVI (2.1) is equivalent to finding a global
solution x to the following optimization problem:

max ¢ (x)

with () = 0.
Recall that
¢ (x) = max{¢;(x,1) | t € T(x)}.
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It is clear that the above optimization problem is equivalent to the following generalized
semi-infinite programming problem:

min —s
st @1(x,1) < s, ¥Vt € T(x),
x €D,

which is a very important class of optimization problems; see [11].
From remark 2.2 and Theorem 2.1, it is easy to see the following result holds.

COROLLARY 2.1. If X is a solution of the GVVI (2.2), then ¢(x) = 0.
Furthermore, Theorem 2.1 presented in [9,10] is a special case of Theorem 2.1.

COROLLARY 2.2. The function ¢(x) defined by (2.11) is a gap function for the
GVVI (2.4) and VVI (2.7).

Next, we will consider the gap function for the GVVI (2.3). First, for any x € D,
denote
B, =A{t|r:D— T(x)},

i.e., B, is the set of all operators 7 from D to T(x). Let x € D and ¢ € B,, then
t(y) € T(x),Vy € D. Asfunctions ¢; and ¢ defined by (2.10) and (2.11), respectively,
we defined two mappings ¢; : D x M(X,R') — R and ¢* : D — R as follows:

¢r (x,7) = min max ((Az(y), n(y, x)) + h(y,x))s,

yeD 1<i<!
0% (x) = max{¢; (x,7) | t € B\}. (2.14)

THEOREM 2.2. The function ¢*(x) defined by (2.14) is a gap function for the GVVI
(2.3).

Proof. Ttis clear that

o7 (x,1) = min max ({A#(y), n(y,x)) + h(y,x)); < 0,Vx € D, € By, (2.15)
yED 1<i<!

and hence
0" (x) = max{¢; (x,7) | t € By} <0,Vx € D.

If ¢*(x) = 0, then there exists 7 € By such that ¢;(x,7) = 0. Consequently, we have

min gg?gl(mr(y), n(y, %)) + h(y, %) = 0.

It follows that, forany y € D,

max ((A#(y), n(y,x)) +h(y,x))i = 0,

1<i<!

which implies that, for any y € D,

(Af(y),n(y, %)) +h(y,%) ¢ —intR.,
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i.e., X is a solution of the GVVI (2.3). Conversely, assume x solves the GVVI (2.3).
Since x is a solution of the GVVI (2.3), forany y € D, thereis a #(y) € T(X) such that

(Af(y),n(y, %)) +h(y,%) ¢ —intR.,

from which it follows that

max ((Af(y), n(y,)) +h(y,%)); = 0,Vy € D.

Thus, an operator 7 from D to T(x) has been defined. Then, 7 € B; and

max ((Af(y), n(y,x)) +h(y,x)); > 0,¥y € D.

Hence,
¢ (¥, 7) = min max ((Af(y), n(y, X)) + h(y,x)); > 0. (2.16)

veD 1<i<!
Thus, (2.15) and (2.16) imply that

Again by (2.15), we have
¢y (x,1) <0,V € B

Since
¢*(x) = max{¢; (x,7) | 1 € Be},
it follows from ¢;(x,7) = 0 that ¢*(x) = 0. This completes the proof. [

From Remark 2.2 and Theorem 2.2, we can easily have the following result.

COROLLARY 2.3. If x is a solution of the GVVI (2.1) or the GVVI (2.2), then
¢*(x) =0.
Furthermore, Theorem 2.2 presented in [9,10] is a special case of Theorem 2.2.

COROLLARY 2.4. The function ¢*(x) defined by (2.14) is a gap function for the
GVVI (2.6) and VVI (2.9).

3. Existence of a solutions for the GVVI

Let X and Y be two real Banach spaces, and let D be a nonempty compact
and convex subset of X. Let L(X,Y) be as in section 2. Let C : D — 2¥ be a
point-to-set mapping such that for each x € D, C(x) is a point, closed and convex
cone in Y with intC(x) # (). Assume that T : D — 2LXY) is a point-to-set mapping,
A:LX)Y) — L(X,Y), n: DxD — D and h : D x D — Y are single-valued
mappings. In this section, we consider the GVVI with moving cone C(x): find x € D
and 7 € T(x) such that

(A, n(y, %)) +h(y,x) ¢ —intC(x),Vy € D. (3-1)
If Ar=1t,forall r € L(X,Y), then the GVVI (3.1) reduces to the following GVVI:
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find X € D and 7 € T(x) such that
<fv n(ya'f» +h(ya'f) ¢ —iIltC()E%VyE D, (32)

which has been studied by Li and He in [10].

If n(y,x) =y —x and h(y,x) = 0 forall x,y € D, then GVVI (3.2) reduces to
the following VVI:

find X € D and 7 € T(x) such that

(f,y—x) ¢ —intC(x),Vy € D,
which has been studied by Yang and Yao in [9].
Now, let’s recall some definitions and results.

DEFINITION 3.1. Let T: D — 2KV A [(X,Y) — L(X,Y), n:Dx D — D,
h:DxD—Y.

(i) T is said to be n-h-C(x)-weakly pseudomonotonic with respect to A if, for
every pair of points x,y € D, we have that 3¢’ € T(x), (A¢,n(y,x)) + h(y,x)) ¢
—int C(x) implies (A7”, n(y,x)) + h(y,x) ¢ —intC(x), forall ¢/ € T(y). If T isa
single-valued mapping, then the above definition reduces to the following:

(ii) T is said to be n-h-C(x)-pseudomonotonic with respect to A if, for every
pair of points x,y € D, we have that (A(Tx),n(y,x)) +h(y,x)) ¢ —intC(x) implies

<A(Ty)a n(yvx» + h(yax) ¢ —int C()C) .
(iii) h(x,y) is said to be C(x)-convex with respect to x if, for any given y € D,

h(txy + (1 — £)x2,y) € th(x1,y) + (1 — )h(x2,y) — C(y), Vx1,x2 € D,t € [0, 1];
(iv) n(x,y) is affine with respect to x if, for any given y € D,
n(txl + (1 - t)x2a)’) = t’”l(xlv)’) + (1 - t)n(xby)?vxlvxZ € D,t €R,

with x = tx; + (1 — f)x, € D.

REMARK 3.1. It is easy to prove that &(x,y) is C(x)-convex with respect to x if
and only if for any given y € D,

h(z tixi,y) € Zfih(xi,)’) - C(y)

forall x; € D and 1; € [0,1] (i=1,---,n) with > =1
And n(x,y) is affine with respect to x if and only if for any given y € D,

n(z tix;, y) = Ztm(xi,y)
i1 i1
forall ;€D and; €R (i=1,---,n) with Y7 ;€D and > i ;i =1.

DEFINITION 3.2. Let W : X — 2% be a point-to-set mapping. The graph of W,
denoted by gph(W) is

gph(W) ={(x,z) e X x Y |x € X,z € W(x)}.
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DEFINITION 3.3. Let D be a nonempty subset of topological vector space X. A
point-to-set mapping 7 : D — 2% is called KKM-mapping if, for every finite subset
{x1,%2,-++ ,x,} of D, Co{xy, - ,x,} C U, T(x;), where Co denotes the convex
hull.

LEMMA 3.1. ([14]) Let D be a nonempty subset of Hausdorff topological vector
space X. Let G : D — 2X be a KKM-mapping, such that for any y € D, G(y) is
closed and G(yo) is compact for some yy € D. Then there exists x* € D such that
x* € G(y) forall y € D, i.e., (e G(y) # 0.

LEMMA 3.2. ([12]) Let (X,||-||) be a normed vector space and H be a Hausdorff
metric on the collection C(X) of all closed and bounded subset of X, induced by a
metric d in term of d(u,v) = ||u — v||, which is defined by

H(A,B) = inf fJu — inf [|u —
(A, B) = max(sup inf |lu —v[, sup inf {|u = vi}),

for A and B in C(X). If A and B are compact sets in X, then for each u € A, there

exists v € B such that
lu—v|| < H(A,B).

DEFINITION 3.4. A point-to-set mapping 7 : D — 2%Y) s said to be hemicon-
tinuous on D, if forall x,y € D, H(T(x+ A(y — x)),T(x)) — 0 as A — 0", where
H is a Hausdorff metric defined on L(X,Y).

LEMMA 3.3. Let Y be a topological vector space with a pointed, closed and
convex cone C such that intC # (). Then Vx,y,z € Y, we have x —y € —C and
x ¢ —intC=y ¢ —intC.

Proof. If y e —intC,thenx =x—y+y € —C—intC C —intC, a contradiction
of our assumption. [J

THEOREM 3.1. Let X and Y be two real Banach spaces, and D be a nonempty
compact and convex subset of X. Let C : D — 2V be a point-to-set mapping such that
foreach x € D, C(x) is a pointed, closed and convex cone in Y with intC(x) # 0.
Let T:D —2XY) n:DxD—D, h:DxD—Y and A:L(X,Y) — L(X,Y).
Assume that the following conditions hold:

(i) A:L(X,Y) — L(X,Y) is a continuous mapping;
) n(x,x) = h(x,x) =0 foreach x € D;
(iii) N(y,x) is affine with respect to y, h(y,x) is C(y) -convex with respectto y;
) N(y,x) and h(y,x) are continuous with respect to x;
) T is a nonempty compact -valued point-to-set mapping, i.e., ¥x € D, T(x)
is compact set of L(X,Y);
(vi) T is n-h-C(x)— weakly pseudomonotonic with respect to A and hemicontin-

uous on D;

(vii) the graphof W : D — Y, say gph(W), is closedin X <Y, where W : D — Y

is defined by W(x) = Y\(—intC(x)),Vx € D. Then, the GVVI (3.1) has a

solution.

First, we give the following Lemma.
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LEMMA 3.4. Ifall conditionsin Theorem 3.1 hold, then the GVVI (3.1) is equivalent
to the following GVVI: find x € D such that

(As;,n(y, X)) + h(y,x) ¢ —intC(x),¥y € D and Vs € T(y). (3.3)

Proof. Tt follows from (vi) that it is easy to see that every solution of the GVVI
(3.1) is also a solution of the GVVI (3.3). Conversely, let X € D be a solution of the
GVVI (3.3), then

(As,n(y,x)) +h(y,x) ¢ —intC(x),Yy € D and Vs € T(y).

For any given y € D and A € (0,1), set y, = (1 —A)x+ Ay. It follows that for all
sn € T(yx)

(Asi,n(ya, X)) +h(ya,x) ¢ —intC(x). (3.4)
Since n(y,x) is affine with respect to y, h(y,x) is C(y)— convex with respect to y,
and N(x,x) = h(x,x) =0 foreach x € D, we get

{(As;,n(ya, %)) +h(yi, %)} — A{(Asz,n(y, %)) +h((yyf)}
+

€ {(1 = A)(Asp, n(x,%)) +A(As;,n(y,x)) + (1 = A)h(x, %) + Ah(y, %)
—A{(Asi, n(y,x)) +h(y,0)} - C(x)

= —C(x).
(3.5)
In view of (3.4), (3.5) and Lemma 3.3, we get
A{(As2,n(y, %)) +h(y, )} ¢ —intC(x).
Since C(X) is a cone, we have
(Asp, My, X)) +h(y,x) ¢ —intC(x).
h (A3, 10) + A3, ) € W) (36)

Since A is continuous and T(y,), T(X) are compact, by Lemma 3.2, for each s; €
T(y;), we can find an 7; € T(X) such that

Isi — 12| < H(T(ya), T(%))-

Since T(x) is compact, without loss of generality, we may assume that 7, — 7 € T(X)
as A — 07 . Moreover, we have

lsa =l < llsa —aall + lla — 7]
< H(T(2), T(x)) + [l — 1.

Since H(T(y;),T(x)) — 0, as A — O, then s, — # as A — 0". Thus
(Asp,n(y, %)) + h(y,x) — (A, n(y, %)) + h(y,x),as A — 0T, It follows from (3.6)
and the closedness of W(x) that

(AL,n(y,x)) + h(y,x) € W(x),
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that is to say, x is a solution of the GVVI (3.1). This completes the proof.
The proof of Theorem 3.1. Define the point-set-set mappings Fy, Fy : D — 2P by

Fi(y)={xeD|3teTkx),{Ar,n(y,x)) +h(y,x) ¢ —intC(x)}

and
Fay(y) ={x € D | Vs € T(y), (As,n(y,x)) +h(y,x) ¢ —intC(x)}
for each y € D, respectively. The proof of which consists of four steps.

Step 1. We show that F; is a KKM-mapping. Note that F;(y) # @ for each
y € D, since y € F1(y). Let z be in the convex hull of any finite subset {y;,- - ,y,} of
D. Then, z =Y., Ay; € D forsome non-negative A;, 1 <i<n,with >} A =1.
Suppose that z ¢ |J7_, Fi(y;). Then z ¢ Fi(y;), Vi=1,--- ,n, and thus Vr € T(z)

(At,N(yi,2)) + h(yi,z) € —intC(2),Vi=1,--- ,n.

Since C(z) is a convex cone, we have

ST A{{ALN0,2) + h(yi2)} € —intC(z).
i=1

Again since 1(y,x) is affine with respect to y, h(y,x) is C(y)— convex with respect
to y, and n(x,x) = h(x,x) = 0 for each x € D, one has

0

(At,n(z,2)) +h(z,2)

<At7 Z?:l Ai’?()’ia Z)> + h(zzlzl liyia Z)

oy Al AL (i, 2)) + 2o, Aik(vi,2) — C(2)
—int C(z) — C(2)

—int C(z).

mm o

Thus, 0 € —int C(z), which is a contradiction. Therefore, F; is a KKM-mapping.

Step 2. By condition (vi), we obtain that Fi(y) C F,(y) forall y € D, and
hence, F, is also a KKM-mapping.

Step 3. We show that F>(y) is closed and compactforall y € D and (., F2(y) #
0. In fact, let {xo} be a net of F,(y) such that x, convergesto x € D. Since
Xo € F3(y), forall a,and forall s € T(y), then

(As,n(y, xa)) +h(y, xe) ¢ —intC(xq),
- (x> (A5, (3, x0) + (3, %)) € gph(W).
By the conditions (i) and (iv), for all s € T(y) we have
<AS7 n(yaxa» + h(y7x06) - <AS, n(va» + h(yvx)

Thus
(XOU <Asvn(yax06)> +h(yvx06)) - ()C, <AS, n(yvx» +h(y’x))'
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Therefore, (x, (As,n(y,x)) + h(y,x) € gph(W), which is closed in X x Y. Hence
(As,n(y,x)) +h(y,x) ¢ —intC(x) and F>(y) is closed. Since D is compact, F>(y)
is also compact for all y € D. By Step 2, we know that F, is a KKM-mapping. It
follows from Lemma 3.1, we have that ﬂyeD Fy(y) #0.

Step 4. We prove that the GVVI (3.1) has a solution. From Lemma 3.4, we
have (), F1(y) = ,ep F2(y). and by Step 3, we obtain (), F2(y) # 0. Then
Myep F1(y) # 0, that is to say, the GVVI (3.1) has a solution. This completes the
proof.

REMARK 3.2. From Theorem 3.1, it is easy to see that the set of solution for the
GVVI(3.1)is (,ep F1(¥) = Nyep F2(v), which is nonempty closed and compact.

THEOREM 3.2. Let X,Y,C and W be as in Theorem 3.1 and D be a nonempty,
closed and convex subset of X. Let A : L(X,Y) — L(X,Y), T : D — 2%V
N:DxD — D and h: D x D — Y. Assume that conditions (i)—(vii) in Theorem
3.1 hold and the following coercive condition on D is satisfied: there exists a compact
subset K of X such that yo € KN D and forall x € D\K, 3t € T(yy),

(At,n(y0,x)) + h(yo,x) € —int C(x).
Then, the GVVI (3.1) has a solution.

Proof. As the proof in Theorem 3.1, we only need to prove that F>(yg) is compact.
From the coercive condition, it is clear that F,(yo) C K. Consider Step 3 in the proof
of Theorem 3.1, F,(yo) is closed. Since K is compact, F,(yo) is also compact. This
completes the proof. [

COROLLARY 3.1. Our results of Theorems 3.1 and 3.2 are different from the cor-
responding results in [9,10].

Acknowledgement. The referee is thanked for the careful checking and the correc-
tion of a number of details.
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