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VECTOR VARIATIONAL-LIKE INEQUALITIES WITH RELAXED
n-oc PSEUDOMONOTONE MAPPINGS IN BANACH SPACES

KE-QING WU AND NAN-JING HUANG

(communicated by R. Verma)

Abstract. In this paper, we introduce two new concepts of relaxed n-oc pseudomonotonicity and
relaxed n-o demipseudomonotonicity as well as two classes of vector variational-like inequal-
ities with relaxed n-or peseudomonotone mappings and relaxed 7n-or demipseudomonotone
mappings in Banach spaces. By using KKM technique, we obtain the existence of solutions
for vector variational-like inequalities with relaxed n-o. pseudomonotone mappings in reflexive
Banach spaces. We also show the solvability of vector variational-like inequalities with relaxed
n-o demipseudomonotone mappings in reflexive Banach spaces by means of Kakutani-Fan-
Glicksberg fixed-point theorem. The results presented in this paper extend and improve some
corresponding results of several authors.

1. Introduction and Preliminaries

Vector variational inequality was first introduced and studied by Giannessi [9] in
the setting of the finite-dimensional Euclidean space. In 1990, Chen and Yang [4]
considered general vector variational inequalities and vector complementary problems
in infinite dimensional spaces. Recently, many existence results of solutions for some
kinds of vector variational inequalities have been derived and the variational inequalities
has found many of its applications in the vector optimization, set-valued optimization,
approximate analysis of vector optimization problems and vector network equilibrium
problems. For details, we refer to [3, 10, 11] and the references therein.

It is well known that monotonicity plays an important role in the study of the
vector variational inequalities as well as scalar variational inequalities. In the recent
years, many important generalizations of monotonicity, such as relaxed monotonicity,
p -monotonicity, quasimonotonicity, pseudomonotonicity, dense pseudomonotonicity,
and semimonotonicity, etc., have been introduced to study various classes of varia-
tional inequalities and complementary problems (see, for example, [1-8, 10-18, 20-24]
and the references therein). In 1999, by using the combination of compactness and
monotonicity, Chen [2] introduced the concept of semimonotonicity and studied the
so-called semimonotone scalar variational inequality in Banach spaces. Recently, Fang
and Huang [7] introduced a new concept of relaxed n-a; monotonicity and obtained
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some existence theorems of solutions for the variational-like inequalities with relaxed
n-a. monotone mappings in reflexive Banach spaces. Very recently, Bai, Zhou and
Ni [1] introduced a new concept of relaxed n-a pseudomonotonicity and obtained
some existence results on solutions for variational-like inequalities with relaxed n-o
pseudomonotone mappings in reflexive Banach spaces by using KKM technique.

Inspired and motivated by the works mentioned above, in this paper, we introduce
two new concepts of relaxed n-o¢ pseudomonotonicity and relaxed n-o demipseu-
domonotonicity as well as two classes of vector variational-like inequalities with relaxed
n-a peseudomonotone and N-a demipseudomonotone mappings in Banach spaces, re-
spectively. By using KKM technique, we obtain some existence theorems of solutions
for vector variational-like inequalities with relaxed n-o pseudomonotone mappings in
reflexive Banach spaces. We also show the solvability of vector variational-like inequal-
ities with relaxed n-o. demipseudomonotone mappings in reflexive Banach spaces by
means of Kakutani-Fan-Glicksberg fixed-point theorem. The results presented in this
paper extend and improve some corresponding results of [1, 2, 5, 7, 8].

Let X be a real Banach space and P C X be a pointed closed convex cone with
intP # (), where int P is the interior of P. With P, we define relations " > ", " %2 ",
"< ",and " £ " as follows: forany x,y € X,

XZ2y<=x—yeP;
xZyse=x—y¢Pp;
X<y<=y—x€intP;
XLy<=y—xgintP.

In what follows, unless otherwise specified, we always suppose that K is a
nonempty closed convex subset of a real Banach space X and (Y, <) is an ordered
Banach space induced by the pointed closed convex cone P with int P # (). Denote by
L(X,Y) the space of all the continuous linear mappings from X — Y.

DEFINITION 1.1. A mapping T : K — L(X,Y) is said to be relaxed n-a pseu-
domonotone if there exist 1 : K x K — X and « : X — Y with a(z) = P a(z) for
all + > 0 and z € X such that

(Ty,n(x,y)) £0= (Tx,n(x,y)) = alx—y), VYxy€K, (L.1)

where p > 1 is a constant.

Some special cases:
(1) If n(x,y) =x—y forall x,y € K, then (1.1) reduces to that for any x,y € K,

(Ty,x—y)) £0=(Tx,x —y)) > a(x—y),

where p > 1 is a constant;
(2) If Y =R, then (1.1) reduces to that for any x,y € K,

(Ty,n(x,y))) 2 0= (Tx,n(x,y)) = alx—-y), (1.2)

and T is said to be relaxed n-o¢ pseudomonotone (see [1]);
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(3) f Y =R, n(x,y) =x—y forall x,y € K and a(x—y) =0, then (1.2) reduces
to that for any x,y € K,

<Ty7x_y)> z0= <Tx,x—y)> > 07
and T is said to be pseudomonotone (see [6, 16]).

EXAMPLE 1.1. Let X = K = (—o00,+<), Y =R*, P=R2, n(x,y) = ¢" — ¢
forall x,y € X, and

Then it is easy to see that T is relaxed 7n-¢¢ pseudomonotone.

DEFINITION 1.2. Let T: K — L(X,Y) and n: K x K — X be two mappings. T
is said to be n-hemicontinuous if, for any x,y € K, the mapping

I <T(X+ t(y 7)())7 n(yax»

is continuous at 0.

REMARK 1.1. If Y = R, then Definition 1.2 reduces to the definition of 1)-
hemicontinuous in the sense of [2, 22].

DEFINITION 1.3. A mapping T : K — Y is said to be completely continuous if,
for any net {xy} € K, x, — xo € K weakly, then Tx, — Txg.

DEFINITION 1.4. A mapping G : M C X — 2% is said to be a KKM mapping if,
for any finite set A C M, coA C |J,., G(x), where 2% denotes the family of all the
nonempty subsets of X and coA is the convex hull of A.

LEMMA 1.1. ([24]) Let M be a nonempty subset of a Hausdorff topological vector
space X and G : M C X — 2% be a KKM mapping. If G(x) is closed in X for every
x € M and compact for some x € M, then (), G(x) # 0.

LEMMA 1.2. ([4,3]) Let (Y, <) be an ordered Banach space induced by the pointed
closed convex cone P with intP # (). For any a,b,c € Y, the following implications
hold:

ctaz2b=b}c;
ctras<b=b<£c.

LEMMA 1.3. Let T : K — L(X,Y) be n-hemicontinuous and nm-o. pseudomono-
tone. Assume that
(i) nx,x)=0, Vx e K;
(ii) for any fixed y,z € K, the mapping x — (Tz,n(x,y)) is convex.
Then the following problems are equivalent:
(@) xeK, (Tx,n(y,x)) £0, Vy €K;
(b) xe K, (Ty,n(y,x)) > aly—x), VyeK.
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Proof. (a) = (b). The result directly follows from Definition 1.1.
(b) = (a). Let x € K be a solution of problem (b). For any given y € K, let
yi=x+1(y—x) forall ¢ € (0,1). It follows from (b) that

(Ty,n(y,x)) = oy —x)
= oy —x))
= Faly —x). (1.3)
Now condition (if) implies that
(Ty,n(y,x)) = (Ty,n((1 = 1)x+1y),x))
< (L=0)(Tyi, n(x,x)) + 1(Ty, (v, x))
HT(x+1(y —x)), n(y,x)) . (1.4)

It follows from (1.3)-(1.4) that

(T(x+1t(y —x)),n(y,x) = "aly—x) (15)

forall y € K. Since T is 1n-hemicontinuous and p > 1, letting ¢+ — 0 in (1.5), we
get

(Tx,n(y,x)) 20

and so

(Tx,n(y,x)) £0, VyeK.
This completes the proof. [

2. Vector Variational-Like Inequalities with Relaxed 1-o Monotone Mappings

In this section, we always suppose that K is a nonempty closed convex subset of
a real reflexive Banach space X and (Y, <) is an ordered Banach space induced by the
pointed closed convex cone P with int P # (). Denote by L(X,Y) the space of all the
continuous linear mappings from X to Y. We will discuss the existence of solutions
for the following vector variational-like inequality with relaxed n-o pseudomonotone
mappings: find x € K such that

(Tx,n(y,x)) £0, VyeKk. (2.1)

THEOREM 2.1. Let K be a nonempty bounded closed convex subset of a real
reflexive Banach space X and (Y, <) be an order Banach space induced by the point
closed convex cone P with intP # 0. Let T : K — L(X,Y) be N -hemicontinuous and
relaxed N-a pseudomonotone. Assume that

(i) nlx,x) =0, Vx€K;
(i) for any given points y,z € K, the mapping x — (Tz,n(x,y)) is convex and the
mapping x — (Tz,1(y,x)) is completely continuous;
(iii) o : X — Y is completely continuous.
Then problem (2.1) is solvable.
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Proof. Define two set-valued mappings F, G : K — 2% as follows:

F(y) ={x€ K: (Tx,n(y,x)) £0}, VyeK,

and

G(y) ={xeK:(Ty,n(y,x)) > aly—x)}, Vyek

We claim that F' is a KKM mapping. In fact, if F is not a KKM mapping, then there
exist {y1,---,y} CKand#; >0 (i=1,2,---,n) with 3.7, #; = 1 such that

y=> tyi & |JF)
i=1 i=1
By the definition of F', we have

<Ty7n(yl7y)> <07 l:1>27 ) 1. (22)
It follows from (2.2) and condition (ii) that

0 = (Tyv,n(y) = (Ty,n(>_ tiry))
i=1

< > u(Ty,n(iy) <0,
i=1

which is a contradiction. This implies that F is a KKM mapping. Since T is relaxed
n-o. pseudomonotone, we have
F(y) CG(y), Vyek.

So G is also a KKM mapping. Since K is bounded, closed and convex, we know that
K is weakly compact. From the assumptions, we know that G(y) is weakly closed for
all y € K. In fact, since x — (Tz,n(y,x)) and o are completely continuous, we
know that G(y) is weakly closed for all y € K and so G(y) is weakly compact in K
forall y € K. It follows from Lemmas 1.1 and 1.3 that

(VFO) =) Gb) #0.

Hence, there exists x € K such that

(Tx,n(y,x)) £0, VyeK.
This completes the proof. [

THEOREM 2.2. Let K be a nonempty unbounded closed convex subset of a real
reflexive Banach space X and (Y, <) be an order Banach space induced by the point
closed convex cone P with intP # 0. Let T : K — L(X,Y) be n-hemicontinuous and
relaxed N-a pseudomonotone. Assume that

(i) there exist a constant r > 0 and yy € K with ||yo|| < r such that

(Tz,n(z,y0)) >0, Vze Kwith|z||=r; (2.3)
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(i) n(x,y) +n(y,x) =0, Vx,y €K;
(iii) for any given points y,z € K, the mapping x — (Tz,n(x,y)) is convex and
completely continuous;
(iv) o:X — Y is completely continuous.
Then problem (2.1) is solvable.

Proof. Define K, = {z € K : ||z]| < r}. By Theorem 2.1, there exists x € K,
such that

(Tx,n(y,x)) £0, VyekKk,. (2.4)
Letting y = yo in (2.4), we have
(Tx,n(yo,x)) £ 0.
By condition (ii),
(Tx,n(x,y0)) # 0. (2.5)

Combining (2.3) and (2.5), we know that ||x|| < r. For any given y € K, choose ¢ > 0
small enough such that # € (0, 1) and

x4ty —x) € K,.
It follows from (2.4) and condition (iii) that
(1 =0)(Tx,nx,x)) +1(Tx,n(y,x)) > (Tx,n(x+1(y —x),x)) £0.  (2.6)
Now (2.6) and Lemma 1.2 imply that
(Tx,n(y,x)) £0, VyeKk.

This completes the proof. [

REMARK 2.1. Theorems 2.1 and 2.2 improve and generalize the corresponding
results of [1] and [7] when f = 0.

3. Vector Variational-Like Inequalities with Relaxed n-o
Demipseudomonotone Mappings

Throughout this section, let X be a real reflexive Banach space, K C X be a
nonempty closed convex set, and (¥, <) be an ordered Banach space induced by the
pointed closed convex cone P with intP # (). Denote by L(X,Y) the space of all the
continuous linear mappings from X into Y. We will discuss the existence of solutions
for the following vector variational-like inequality with relaxed n-o demipseudomono-
tone mapping: find x € K such that

(T(x,x),n(y,x)) £0, Vyek.



VECTOR VARIATIONAL-LIKE INEQUALITIES IN BANACH SPACES 287

DEFINITION 3.1. A mapping A : K x K — L(X,Y) is said to be relaxed n-a
demipseudomonotone if the following conditions hold:
(i) forany u € K, A(u,-) is relaxed n-a pseudomonotone;
(ii) forany v € K and w € X, (A(-,v),w) is completely continuous.

THEOREM 3.1. Let K C X be a nonempty bounded and closed convex subset and
A:K x K — L(X,Y) be a nonlinear mapping. Suppose that

(a) Ais relaxed n-o demipseudomonotone;

(b) for each x € K, A(x,-) : K — L(X,Y) is finite-dimensional continuous; i.e.,
for any finite-dimensional subspace D C X, A(x,-) : KND — L(X,Y) is
continuous,

(c) nx,y)+n(y,x)=0, Vx,y € K;

(d) for any given points ®,y,z € K, the mapping x — {(T(w,z),n(x,y)) is convex
and the mapping x — 1(x,y) is completely continuous;

(e) a:X —Y isconvex and completely continuous.

Then there exists u € K such that

(A(u,u),n(v,u)) £0, YveKk. (3.1)

Proof. Let D C X be a finite-dimensional subspace with Kp = DN K # ). For
each w € K, consider the following problem: find uy € Kp such that

(A(®,up),n(v,up)) £0, WveKp. (3.2)

Since Kp C D is bounded and closed convex, A(w, -) is continuous on Kp and relaxed
n-o pseudomonotone for each fixed @ € K, it follows from Theorem 2.1 that problem
(3.2) has a solution uy € Kp .

Define a set-valued mapping T : Kp — 252 as follows:

Tw = {M € Kp : <A((D,M)7 1’](\), M)> 7( O,VV S KD}, Yo € Kp.
By Lemma 1.3, for each given w € Kp,
{u €Kp: <A((D,M)7 77(‘% M)> 7{ O,VV € KD}
={uekp: (Alw,v),n(v,u)) = o(v—u),¥v e Kp}.

From conditions (c)—(e), it is easy to see that T : Kp — 2XP has nonempty bounded
and closed convex values.

Now we prove that T : Kp — 2K0 is upper semicontinuous. In fact, we only
need to prove that T : Kp — 2KP has closed graph. Let (wy,u,) € Graph(T) and
(wy,uy) — (o, up) weakly. Then

(A@y,v), (v, u0)) + (Al@y,v), n(v,uy) = (v, u0)) = (A(@y,v), n(v;uy))
>oa(v—uy), YveKp. (3.3)

Since A is relaxed n-o¢ demipseudomonotone,

(A(wy,v),n(v,up)) — (A(wo,v),n(v,u0)), VveKp (3.4)
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and
(A(wy,v),x) — (A(wo,v),x), VxeX.

By the principle of uniform boundedness (see [19]), we know that {A(w,,v)} is uniform
boundedness. Again from conditions (c)-(e), (3.3) and (3.4), we get

(A(wo,v),n(v,u0)) = a(v—uo), Vv€E Kp, (3-5)

i.e., (wo,up) € GraphT. This implies that Graph T is weakly closed and so closed.
Therefore, T : Kp — 2XP is upper semicontinuous.

By the Kakutani-Fan-Glicksberg fixed point theorem (see [24]), T has a fixed
point wy € Kp, i.e.,

(A(woy, wo),n(v,mp)) £0, VveKp. (3.6)
Let
2 = {D C X : D s a finite-dimensional subspace with D N K # (}}
and
Wp={ueK:(A(u,v),nlv,u)) > alv—u),Yv e Kp}, VDeZ.

It follows from (3.6) and Lemma 1.3 that Wp is nonempty and bounded. Denote by
Wp the weak closure of Wp in X. Then Wy, is weakly compactin X.

Forany D; € 2, i = 1,2,--- N, we know that W,p, C NWp, and so {WD :
D € X} has the finite intersection property. It follows that

m Wp # 0.
Des
Let u € (\pex Wp. We claim that
(A(u,u),n(v,u)) £0, Wwek.

In fact, for each v € K, let D € T be such that v € Kp and u € Kp. Since Wp is
weakly closed, there exists a net {u, } C Wp such that u, convergesto u with respect
to the weak topology of X . It follows that

(Auy,v),n(v,uy)) = a(v —uy).
Similar to the argument of (3.5), conditions (a), (¢), (d) and (e) imply that
(A(u,v),n(v,u)) = a(v—u), Wek.
By Lemma 1.3,
(A(u,u),n(v,u)) £0, VveK.
This completes the proof. [

THEOREM 3.2. Let K C X be a nonempty unbounded and closed convex subset
and A : K x K — L(X,Y) be a nonlinear mapping. Suppose that
(a) Ais relaxed n-o demipseudomonotone;
(b) foreach x € K, A(x,-) : K — L(X,Y) is finite-dimensional continuous;
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(c) nx,y)+n(y,x)=0, Vx,y € K;

(d) for any given points ®,y,z € K, the mapping x — (T(w,z),n(x,y)) is convex
and x — n(x,y) completely continuous;

(e) a:X — Y isconvex and completely continuous;

(f) there exist a constant r > 0 and yo € K with |\yo|| < r such that

(T(z,2),n(z,y0)) >0, Vz€Kwithl|z]|=r. (3.7)
Then there exists u € K such that
(A(u,u),n(v,u)) £0, VveK.

Proof. Define K, = {z € K : ||z|| < r}. By Theorem 3.1, there exists x € K,
such that

(T(x,x),n(y,x)) £0, Vyé€K,. (3.8)
Letting y = yo in (3.8), we have
(T(x,x), n(yo,x)) # 0.
It follows from condition (c) that
(T(x,x), n(x, y0)) # 0. (3.9)

Combining (3.7) and (3.9), we know that ||x|| < r. For any given y € K, choose 7 > 0
small enough such that 7 € (0, 1) and

x+t(y —x) € K,.
It follows from (3.8) and condition (d) that
(1 =)(T(x,x), n(x,x)) +(T(x,x),n(y,x)) = (T(x,x),n(x+1(y — x),x)) £0.
By condition (c) and Lemma 1.2,
(T(x,x),n(y,x)) £0, Vyek.

This completes the proof. [

REMARK 3.1. Theorems 3.1 and 3.2 improve and generalize the corresponding
results of [2], [7] and [8] when f = 0.

REFERENCES

[1] M. R.BAL S.Z. ZHOU AND G. Y. N1, Variational-like inequalities with relaxed n-a pseudomonotone
mappings in Banach spaces, Appl. Math. Lett., 19(2006), 547-554.

[2] Y. Q. CHEN, On the semimonotone operator theory and applications, J. Math. Anal. Appl., 231 (1999),
177-192.

[3] G.Y.CHEN, X. X. HUANG AND X. Q. YANG, Vector Optimization: Set-Valued and Variational Analysis,
Springer-Verlag, Berlin, Heidelberg, 2005.



290

KE-QING WU AND NAN-JING HUANG

[4] G. Y. CHEN AND X. Q. YANG, The vector complementary problem and its equivalences with vector
minimal element in ordered spaces, J. Math. Anal. Appl., 153 (1990), 136-158.

(5] S.S.CHANG, B. S.LEE AND Y. Q. CHEN, Variational inequalities for monotone operators in nonreflexive
Banach Spaces, Appl. Math. Lett., 8 (1995), 29-34.

[6] R.W. COTTLE AND J. C. YAO, Pseudomonotone complementarity problems in Hilbert spaces, J. Optim.
Theory Appl., 78 (1992), 281-295.

[7] Y. P. FANG AND N. J. HUANG, Variational-like inequalities with generalized monotone mappings in
Banach spaces, J. Optim. Theory Appl. 118 (2003), 327-338.

(8] Y. P. FANG AND N. J. HUANG, The vector F -complementary problems with demipseudomonotone
mappings in Banach spaces, Appl. Math. Lett., 16 (2003), 1019-1024.

[9] F. GIANNESSI, Theorems of alterative, quadratic programs and complementarity problems, in: R. W.
Cottle, F. Giannessi and J. L. Lions(Ed.), Variational Inequalities and Complementarity Problems, pp.
151-186, Wiley, New York, 1980.

[10] F. GIANNESSI, Vector Variational Inequalities and Vector Equilibria, Kluwer Academic Publishers,
Dordrecht, Holland, 2000.

[11] A. GOprFERT, H. RiaHI, C. TAMMER AND C. ZALINESCU, Variational Methods in Partially Ordered
Spaces, Springer-Verlag, New York, 2003.

[12] N.HADIJISAVVAS AND S. SCHAIBLE, Quasimonotone variational inequalities in Banach spaces, J. Optim.
Theory Appl., 90 (1996), 95-111.

[13] N.J. HUANG AND Y. P. FANG, On vector variational inequalities in reflexive Banach spaces, J. Global
Optim., 32(2005), 495-505.

[14] N.J. HUANG AND Y. P. FANG, Strong vector F -complementary problem and least element of feasible
set, Nonlinear Anal. TMA, 61 (2005), 901-918.

[15] N. J. HUANG AND C. J. GAO, Some generalized vector variational inequalities and complementarity
problems for multivalued mappings, Appl. Math. Lett., 16 (2003), 1003-1010.

[16] S. KARAMARDIAN AND S. SCHAIBLE, Seven kinds of monotone maps, J. Optim. Theory Appl., 66 (1990),
37-46.

[17] 1. V. KONNOV AND J. C. YAO, On the generalized vector variational inequality problems, J. Math. Anal.
Appl., 206 (1997), 42-58.

[18] D.T.Luc, Existence results for densely pseudomonotone variational inequalities, J. Math. Anal. Appl.,
254 (2001), 291-308.

[19] W.RUDIN, Functional Analysis, McGraw-Hill Book Company, New York, 1973.

[20] R.U. VERMA, Nonlinear variational inequalities on convex subsets of Banach spaces, Appl. Math. Lett.,
10 (1997), 25-27.

[21] R. U. VERMA, On monotone nonlinear variational inequality problems, Comment. Math. Univ. Caroli-
nae, 39 (1998), 91-98.

[22] 1. C. YAO, Existence of generalized variational inequalities, Oper. Res. Lett., 15 (1994), 35-40.

[23] X. Q. YANG AND G. Y. CHEN, A class of nonconvex functions and prevariational inequalities, J. Math.
Anal. Appl., 169 (1992), 359-373.

[24] G.X.Z.YUAN, KKM Theory and Applications in Nonlinear Analysis, Marcel-Dekker, New York, 1999.

(Received March 28, 2007) Ke-qing Wu

Department of Mathematics
Sichuan University
Chengdu, Sichuan, 610064
People’s Republic of China

Nan-jing Huang

Department of Mathematics

Sichuan University

Chengdu, Sichuan, 610064

People’s Republic of China

e-mail: nanjinghuang@hotmail . com
njhuang@scu.edu.cn

Journal of Mathematical Inequalities

le-math.com

e-math.com



