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REVERSE WEIGHTED Lp-NORM INEQUALITIES
AND THEIR APPLICATIONS

NGUYEN DU VI NHAN AND DINH THANH DucC

(communicated by S. Saitoh)

Abstract. In this paper, we give the new type of reverse weighted L, norm inequalities and their
important applications to studying stability of some inverse problems. Especially, we will see
their applications to inverse problems in non-homogeneous linear differential equations.

1. Introduction
We have the following famous reverse Holder inequality
PROPOSITION 1. ([5]) For two positive functions [ and g satisfying

0<m<£<M<oo

(1.1)

onthe set X, and for p,q > 1, p~ ' +q71 =1,

(/deu>‘l’ (/}(gc&’u)é <Ay, (ﬂ) /Xf‘l’gédlh

if the right hand side integral converges. Here

1\ N7
() ()

By using Proposition 1, S. Saitoh, V. K. Tuan, M. Yamamoto ([7]) obtain the
following reverse weighted L, norm inequality

1

PROPOSITION 2. ([7]) Let Fy and F, be positive functions satisfying
0<m! < Fy(x)

1 1 1
<M} <oo, 0<m) <Fyx) <M} <oo, p>1, xeR.

(1.3)
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Then for any positive continuous functions py and P> we have the reverse L,— weighted
convolution inequality

1 —1 niny
[0« oo oo~ = 4k (e ) 1L [Pl e, 14

if the left hand side is finite.
In formula (1.4) replacing p, by 1, and F>(x — &) by G(x — &), and integrating
with respect to x from ¢ to d, the authors ([7]) arrive at the following inequality

/cd (/_:o F(E)p(E)G(x — é)dé)p dx

m +oo =l teo d—¢& (15)
> 48 (37) ( / N P@)dé) / o | 0w
if positive continuous functions p, F and G satisfy
0 <mb < F(E)G(x— &) <M?P < oo, x€led], EER. (1.6)

Inequality (1.5) is especially impotant when G(x — &) is a Green’s function.
Recently, N. D. V. Nhan and D. T. Duc([6]) introduced new type of convolution
inequality in weighted L,(R?)

PROPOSITION 3. ([6]) For two non-vanishing functions p;j(x,y)(j = 1,2) belong-
ing to L (R?, dxdy) and for p > 1 we have the L, weighted convolution inequality

|(Fipn) < (Fap2) o1+ p2)P !

‘Lp(RZ) < MFl @ o) 12l @2 gonpy, (17)

for Fi(§,7) € L,(R?, |p;(&, 7)|dEd) (j = 1,2). Equality holds for F; if and only if
F; are represented in the form

Fi(&, 1) = Ge®*P*, ;2 constant, (1.8)
where o, B are two constants such that F;(&,7) € L,(R?, |p;(&, T)|dédT) (= 1,2).

Moreover, the authors ([6]) derived new type norm inequality which is important
applications to non-homogeneous linear differential equations

PROPOSITION 4. ([6]) For two non-vanishing functions p;(x,y) (j = 1,2) belong-
ing to L (R?, dxdy), we have the inequality

/m\f*gjf*;'jm EDpEDRE= kgD

(e e (- & 1) dgar) (19)

‘P

)4 )4
< 1 e, gy 112 et

forp>1,q>1,p~'4+q ' =1 and F; (j = 1,2) are such that the right hand side of
(1.9) is finite.

In this paper, by using the reverse Holder inequality, we give the new type of reverse
weighted L, norm inequalities and their important applications to studying stability of
some inverse problems.
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2. New Reverse Weighted L, Norm Inequalities

Our main results are the following

THEOREM 1. Let F| and F, be positive functions satisfying

1 1 1 1
0<ml <F(E1) <M <oo, 0<m} <FyE, 1) <M <oo, (E1)€cRA
(2.10)
Then for any positive continuous functions p and p», we have the reverse L, (p > 1)—
weighted convolution inequality

1y Lo [ mumy
[0« Fom) o pot | = 42 (G ) Uy
(2.11)

Inequality (2.11) and others should be understood in the sense that if the left hand
side is finite, then so is the right hand side, and in this case the inequality holds.

Proof. Let
fE) =F(&DF(x—&y—1p(E 1)p(x— &y —1)

and
g(é) :pl(é,f)pz(X*é,y*T), V(x,y) €R27 v(57’[) GRZ'
The condition (2.10) implies

f(&)

mimy < —== < MM, £ eR.

8(&)
Hence, one can apply the reverse Holder inequality (1.2) for f and g to get

APa‘I(mlmz)/ OOFI (57’[)1)1 (é,T)Fz(X*5,y*T)pz(X*5,y*T)d§

MM, ) |

1

> {/me €1 (E1)F(x—&y—1)p (xg,yr)dg}" (2.12)

x {/ °°p1<5,r>pz<xé,yr>d5} ;
Let

h(f):/_OOF’f(é,f)pl(&T)FS(x*&yfr)pz(x*&yfr)dé
and

o= [ T oE, Dpalx — £y — TE, (x,y) € B,

— 00

The condition (2.10) implies

=
—~

T

(t

~—

mimy < < MM, T€R.

=~
~—
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Hence, one can apply the reverse Holder inequality (1.2) for & and & to get

1

g () [ [ R @006 0 B -3-0)p £ -0 a6}

— 1
117

x{/mp(é )pz(x—éy—f)dé} ar

{/M/MFP Fp(x—éy—f)pz(x—éy—r)dgdf}

{/W /m sl — &,y r)dédr}l_’l’

1

Combining (2.12) and (2.13) yields 2.13)
(Aﬁi%)/m/m TF(x—&y—1)p2(x— &,y — 1) dédr
{/m/me Fp()f&yT)f)z()f&yr)azgm}l
{/m/m Dpalx— &, yT)didr}ll%
(2.14)

Hence,
» (mlmz) (fif.f’ [T R (E,7) pi (E,7) Fr (x—E,y—T) pp (x—E,y—T) d&dr)p

A (sz: f:roos P1 (€7 T) P2 (.X—é,y—f) déd‘[)p

= [ 00 [ o0 Flf (éa T) P1 (5, T) Fg (xfé’y—'[) 02 (x757y,1-) déd’[. (2'15)

Therefore,

/+°°/+°O f I F(x=&,y—1)pa(x é,y—r)didr)p
P dxdy
fjoofjoopl ,T)P (x—é,y—r)dédr)

+00 +o00
mimyp
FI’
Ard (Mle)/ / v)déde
+00 +o00
/ / F5 (& 7)dEdr.

Raising both sides of the inequality (2.16) to power L yields the inequality (2.11). O

(2.16)
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REMARK 1. In formula (2.11) replacing p, by 1, and Fr(x — &,y — 7) by
G(x — &,y — 1), and integrating with respect to x from a to b and respect to y from
c to d, we arrive at the following inequality

/cd/b (/+°° /W> F(&,1)p(&, 1)G(x— &,y — T)dédr>pdxdy
(/m /+Oo didr)pl (2.17)

+oo +oo d—t  pb—&
/ / didr/ GP(x,y)dxdy,
=

if positive continuous functions p, F and G satisfy

O<m% <F(577)G(x_€7y_7)<M’% <oo, (& 7)€ a,b]x|c,d], (577)6R2'
(2.18)

Moreover, by the reverse Holder’s inequality and Fubini’s theorem and by changing
the variables in integrals, we obtain the following inequalities

THEOREM 2. Let F| and F, be positive functions satisfying

1 1 1 1
0<m! <FI(§,7)<M] <oo, 0<mj <F(E,7)<M] <0, (£1)€eR?

(2.19)
and
o P
{172 P& Dm(e nae} o
0<m; < = g SM3, p>1, p~ +q =1, TeR.
{1 P& D& 7 |
(2.20)
Then for any positive continuous functions Py and P2, we have the inequality
+oo p+oo p
/+oo (SZLER@EonEIR6-80m6-snddr)
X
00 oo P
. (S22 123 P (E.7) p2 (v — &, 7) déan)
mimyp P
2 qu <M1M2> qu < > H” IHL,, R,01d&) H Ly (R.d7) H||F2||L”(R’p2d§)HLq(R,dT) :
(2.21)

Proof. Similar to proof of Theorem 1, we have
oo oo p
y (mm) (S I RE D (&0 P (- &,7) p2 (v — &,7) dEdv)

Mt (fj:;: I ZpEnpmx—Er1) d&dr)pil

>/:/:Fi’@,r)pl(én)Fé’(x—én)m(x—ém)dédn

(2.22)
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Taking integration of both sides of (2.22) with respect to x from —oo to 400, we
obtain

A2 (%) /+<X> (f:r:j f:r;j Fi(&,1)p1 (&, 1) Fa (x—&,7) pa (x—E&, 7) d&d’c) )

= (S 1 o1 (6.0 o (x-& 1) dar) )
> /: {/_:OFf@,r)pl (&r)d&} {/:F (£,7)ps <é,r>dé}dr. (223)

From the condition (2.20), we apply the reverse Holder inequality (1.2) to get

/_:O {/_:O F(EDm (1) dﬁ} {/_:O F5 (£,7)p2 (&,7) d&} dr

(2.24)
-1 ( 3 p 12
2 Apvq (E) H HFI ||L,)(R7pld§> HLP(R,(IT) H HFZHL’,(R,pzdé) HLq(R,dT) ’

Combining (2.23) and (2.24) gives the inequality (2.21). The proof is complete. [J

REMARK 2. Informula (2.21) replacing p, by 1,and F2(x—&,7) by G(x—&, 1),
we arrive at the following inequality

/_:o </b dr/_:o F(E,1p(&, 1)G(x — ¢, r)dé>pdx
> (52 ) 454 (37 ( [af” p<5,r>d5>p_l
) [/ub {/—:o F”(§7T)p(571-)d5}p dT] 1% [/ub { _:0 G?(x, T)dx}qdrl é ,

(2.25)
if positive continuous functions p, F and G satisfy

1 1
0<m] <FE1)Gx—-&E, 1) <M} <00, xeR, E€R, 1€](ab] (2.26)

and

{IIZ P& op(E nag)
{11 o ma)’

0<m < <My, p>1, p'+qg =1 1R

(2.27)
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REMARK 3. Informula (2.23) replacing p, by 1,and F,(x—&, 1) by G(x—&, 1),
and integrating with respect to x from a to b we have

() | b ( / "ar /. 7 RE D0 16— &, r)d&)pdx
> (/Cddr/:op(i ) / dT/+Oo , T)dE ab;G”(x 7)dx

(2.28)
if positive continuous functions p, F and G satisfy

0<mr <FEDGx—E 1) <Mr <oo, x€lab], (£,7)eR%. (2.29)

Inequality (1.2) reverses the side if 0 < p < 1. Hence, inequality (2.11) and
inequality (2.21) reverse the side if 0 <p < 1.

Inequality (2.17) is especially important when G(x—&, y—1) is a Green’s function.
In the next section, we see some applications to stability of inverse problems in partial
differential equations ([1], [2], [3], [4], [10]).

3. Applications

3.1. Wave Equation

For the function

1 forx >0
0x) = { 0 forx < 0,

we consider the integral transform

o [ / : Dp(E, 7)de

+(x> (3.30)
= 2—/ ar [ 0(el— )~ s — &) FEp(E T
which gives the formal solution u(x,7) of the wave equation
Uy = i + F(x,1)p(x,1), x€R, >0, (c: constant, > 0), (3.31)
satisfying the conditions
u(x,0) = u;(x,0) =0, onR. (3.32)

Take
G(57T):9(C(I7T)7|§D7 5€Ra TE[Ovt]'
The condition (2.26) reads

0<Wtil’<F(§,r)6(c(t—r)—|x—é|)<Mf’ EeR, 1€(0,7). (3.33)
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It will be satisfied for x € [—a, a], if we have

1

1 1
0<m{ <F&1)<M}, 0<t<t, —a—c(t—1)<&<a+c(t—r1). (3.34)

We have

- G (E,T)dE = 2c(t — ).

— 00

The condition (2.27) reads

{I'Z P& op(e nag)

0< < <M, <oo, t€(0,1). 3.35
" et —1))° 2= (0.1) (3:35)
It will be satisfied for 0 < 7 < ¢, if we have
1 +oo 1
0 < mi (2e1)P < / FP (&, D)o(E, )dE < M (2ct). (3.36)

Notice that

_=

[/0{ _:ocmx,@dx}qdfr _ % |

Thus the inequality (2.25) yields

[ wearas (a5} " P ()} o
X (/Otdr/_:o p(&,r)d&)pl l/ot {/_:o F”(é,r)p(é,r)dé}p dr] 1% . (3.37)

Here we assume that p is a positive continuous function on R x [0, 7], and F satisfies
(3.34) and (3.36).

3.2. Heat Equation
3.2.1. Example 1

We consider the integral transform

u(x, 1) /dr/:o ZC m—f)) exp{—%}dg (3.38)

which gives the solution u(x,7) of the heat equation
u = Cug + F(x,0)p(x,7), x€R, >0 (3.39)

satisfying the condition
u(x,0) =0, onR. (3.40)
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Take
_ 1 &
G(é’T)_Zc n(t— 1) exp{“cz(f—f)}'
Let
€l-d,dl, &elf.f], d+f < delt T)log—, 0<t<t
F
o e f =P f @4y
\exP{4cz(tT)} S exP{4cz(tT)}’
we have

b < Mexp{ 4(62(_ é)r)} < M, (3.41)

if 7€ 0,7), &el~f.fl,

1 2 1
m?2c+/m(t — T) exp {%} < F(E, 1) S MP2e/m(t — 7). (3.42)

It is easy to see that

:ij(x’ i (c n<1 )" o (e )~ ()]
where

erf(x) = — [ e ”zdn
\/_
<a

is the error function. Therefore, for —d < b < d, the inequality (2.28) yields

t r=1
/ubu(x, x> %{AM (%)}_2,, </O dT/_J; p(&,r)d&) J o (3.43)

where
= o Tt [ (£0=0) e (5D

Here we assume that p is a positive continuous function on [—f,f] x (0,7), and F
satisfies (3.42).
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3.2.2. Example 2

In the integral transform

i) = e [ e { BT e e, miagar

(3.44)
which gives the solution u(x,y,?) of the heat equation
U = Uy + Uyy) (3.45)
satisfying the condition
u(x,y,0) = Fx,y)p(x,y)- (3.46)
Take e p
+7
G(E,7) = exp { . } .
Let
4et . M
x€l-ad, yE[-bb), E€[-d.d), T [f.f], (a+df+ (bS] > ~Zlog .
From
(€ =X+ (r—y) (at+d?+B+f)
I'sexp { 4¢2t S exp 4¢2t ’
we have ) )
0<mr SF(QT)exp{(é_X);;t(T_y) }SM%, (3.47)
¢
if

. a 2 2 1
mﬁexp{< +d) +(b+]) }<F<¢,r><w, (&,7) € [~d,d] x [/ f].

4c2¢
(3.48)
We have

[ a5 ot () et ()

) )]

Therefore, for —a < g < h < < b, the inequality (2.17) yields

/ijdy /gh u(x,y, t)’dx ZW {Am (%)}_2”
s d !
y (/f df/dp<57r>d5> K,

)

(3.49)
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where

K_/j;dr/ZF”(57f)p(57T) {erf<%\;;g)) erf(%)]

« |erf M _erf M dE.
2/t 2c\/t
Here we assume that p is a positive continuous function on [—d,d] x [—f,f], and F
satisfies (3.48).
3.3. Poisson Integrals

3.3.1. Example 1

We consider the Dirichlet problem for the Laplace Equation in a half-space of R?,
i.e. the determination of the bounded solution of

Au(x,y,1) =0, 130, (x,y) € R? (3.50)

with the boundary condition

u(x,y,0) = F(x,y)p(x,y). (3.51)

We have the solution of the Dirichlet problem (3.50), (3.51) in the form
+00 +00 F
u(x,y, 1) = L/ / (6,904, 7) rd&dt. (3.52)
2 ) S P4 =P (1))

Take !

G(x,y) = ———.

(2 + X%+ )2
Let
x€lab], E€led, yelf,gl, t€lhk.

Denote

a= max{|a7c\, ‘aidh ‘b*C|’ |b7d|}a ﬁ = max{b‘fh\, V7g|a |g7h|a |g7k|}

We have

1 1 1
< <

P+ -t P E P+ ) P+ —

(ST

and

1 1 1
3 < 3 < _3
R e SN R R G S L
Thus,
b b=¢ d b—
&y~ ax = | L
= et (e (m-F T Pror+ (-0t
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and

87 b—¢ 87 b—¢ _ _
/ dy G”(xyy)dx:/ dy/ & > (b—a)s f? -
St f-t 2+

a—¢§
Hence, for a function F satisfying

1

mr < F(E, 1) < [tz + (- T)Z]

[N
[

[+ o+ (y - 7)?] M

and p is a positive continuous function on [c,d] x R , we obtain

[ wtrna=l 0, (%)}_2,, ( [ T dp(&n)d&)p

[T t2+a2+ &T))zﬁdg'

Moreover, if the function F satisfies

3
(2 + o+ B mr < F(E,7) < PM?

and for a positive continuous function p on [c¢,d] X [k, k]|, we obtain

(b—a)g —f) my\
/dy/ e L (0 (57))

x (/hkdr/cdp@,r)dé) I/hkdr/cdﬂ’(é,r)p@,r)d@

Consider now the conjugate Poisson integral

7L +oo +oo X7§
) =5z [ [ FEonE) PR

Take
Glx,y) = ————.
[+ x2 +y2)2
Let
€la,b], &E€led], yelf,g, t€lhk, (d<a).
Denote
B = max{|f — hl[,|f —gl,[g — hl,|g — k[}.
We have

a—d . x—& < b—c

P »
2+ P4 a?+ B

(3.53)

(3.54)

(3.55)

(3.56)

(3.57)

P+ (b—cP + (=12 [PHE—xP+(1—y)]  [P(a—d)P+(—1)]

[
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and

a—d x—¢& b—c
R R N (R CRb )i KGR CR

[

Thus,

b=¢ b=¢ x—¢ )Pdx —a)(a—d)P
[ty [T ire G-dled

- 6 PP PP+
and
g—T b—¢& b—¢& pd b B —d)
/ as | prydx_/ dy/ x 2( a)(g—f)(a 2,,.
& t2+x2+y [2+(b—c)? + B?]~
Hence, for a function F satisfying
[P+ (- + (-1 . [P+ (a—dP+ (-7

mr < F(E,7) < Mp

a—d b—c

and for a positive continuous function p on [¢,d] x R, we obtain

[ i R () T o

where

(/*”m/ d};) /*“df/c FEEn

Moreover, if the function F satisfies

[tz—&-(b—c)z-l-ﬁz]%
a—d

< F(E,7) M7,

N

and for a positive continuous function p on [c¢,d] X [k, k], we obtain

/dy/ (s> ol ezl g, ()

2myp (12 (b—C) + B

x (/hkdr/cdp@,r)dé) /hkdf/chp(é,T)p(é,f)dé-

(3.59)
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3.3.2. Example 2
The solution of the Poisson equation
Mou(x,y) = F(x,y)p(x,y), (x,y) €R? (3.60)

is given by

)= %/_:df/_:F(éT)p(éf)log [(x— &2+ (y—1)*]dé.  (3.61)

Take
G(x,y) = log [¥* +*] .
Let

x€la,b], &€led, yelf,gl, v€hk], (¢c>b+lora<d+]1).
Denote
o= max{\b—c\, ‘a_d‘}> ﬁ = max{[f _h‘> V _g‘> ‘g_h|7 |g_k|}7
y = min[b— |, a - dl}.
We obtain

0<log[y*+ (v —1)*] <log[(x— &)+ (v — 7)*] <log[e? + (y — 7)?]

and
0 <2logy <log[(x—&)*+ (v —7)°] <log[a’+B*].
Thus,
b b
G’(x,y — T)dx = / log’ [* + (y = 7)*] dx > (b —a)log’ [y* + (y — 7)?]
a—¢ a—¢
and
g b—¢ b—¢
/ dy G (x,y)dx = / dy log’ [ + (y — T)z] dx
f-t - a—§

2°(b—a)(g —f)log"y.

Hence, for a function F satisfying

1 1 1 1
gt o —oA" <P S gy o™

and for a positive continuous function p on [¢,d] x R, we obtain

/a P(x, y, t)dx (?4;)a) {Ap,q (%)}ﬁ (/w dr/c pgﬁ)d&) (3.63)

+oo d
8 /_ dT/. FP(E, D)p(E, 7)log’ [y? + (v — 7)°] dE.

(3.62)
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Moreover, if the function F satisfies

1
210gym

1 1
<FE, 1) ————M»

Tl

and for a positive continuous function p on [c,d] X [k, k], we obtain

otz =T ()

x (/hkdr/jp@,r)dé)pI/hkdr/Cde’(ar)p(&,r)d&.

3.4. Biharmonic equation

The solution of the biharmonic equation
Au(x,y,1) =0, >0, (x,y)€R? A= A3(A3)
with the boundary conditions
u(x,y,0) = F(x,y)p(x,y),  w(x,y,0) =0

is given by

u(xy,t) = 2 /+oo /ﬁo T)p(g’r) _dgdr.
2+

Take

Gx,y) = ———=.
(x:5) (2 + 2 +2)F
Let

€la,b], E€led, yelf,g, t€]lhk.

Denote
o= max{|a7c\, ‘aidh ‘b*C|’ |b7d|}a ﬁ = max{[f 7h‘7 V 7g|a |g7h|a |g
We have

1 1 1

5 < 5 <
R L L R R LR D E Y

[

and
1 1 1
<

P+l P E -y

Thus,

b-¢ b-¢ dx (b—a)

71

(3.64)

(3.65)

(3.66)

(3.67)

(3.68)

i}

Gp(x,y—r)dx:/ o =
a—¢§

p

-t R4+ (t—y?T [P+ (-1t
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§—T b—¢ §—T b—¢& _ _
/ dy G”(x,y)dx=/ dy/ & 5 = (ba)ig fs) :
f-t a—¢ f-t a

2424327 2402+t
Hence, for a function F satisfying
5 5
[P+ o+ (=1 mi <FE1) < [P+ (y—1)7°]> M7 (3.69)

and for a positive continuous function p on [¢,d] x R, we obtain

b 3 +o0 P
(b — a)3vrr —2p
L up(x,y, t)dx >W {qu dT
+o00
o dT/ e e
o [P+ a2 +(y—1)?]*
(3.70)
Moreover, if the function F satisfies
5

[P+ o+ B mr <F(E,7) < PM? (3.71)

and for a positive continuous function p on [c¢,d] X [k, k], we obtain

/dy/ (x,y,1 dx>((ba)(g 1) - {4na (%)}_ZPH (3.72)

2mp [ + o2 + B ¥

k d =l g d
/h ar / P&, ) / dr / FP(E,T)p(E, T)dE.
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