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ON A QUADRATIC ESTIMATE OF SHAFER

LING ZHU

(communicated by P. Bullen)

Abstract. In this note, a upper bound for arctanx is obtained. We would point out that the
numbers 80/3 and 256/7> are the best constants in Shafer-type inequality.

1. Introduction

Shafer [1-3] established the following results for arctanx and tanh™' x:

THEOREM 1. Let x > 0. Then

arc tanx > B S (1)

34 ,/25+ 82

THEOREM 2. Let 0 < x < \/15/4. Then

8x

34 ,/25 - Lx2

In fact, we can show a upper bound for arc tan x, and obtain the following theorem:

tanh™' x <

)

THEOREM 3 (SHAFER-TYPE INEQUALITY). Let x > 0. Then

8x < arctanx < L (3)

34 4/25+ 22 3+ /25 + B2
Furthermore, 80/3 and 256/m* are the best constants in (3).

In this note, we shall prove Theorem 3 by elementary method, and show a new
simple proof of Theorem 2 in concise way.
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2. Two Lemmas

LEMMA 1. Let |x| < m. Then

o0

1 2 22”

2 2n—2
ott_———+§ ——— By, |(2n — 1) 2. 4
¢ t2 3 nz(z)y|2|(n ) ()

Proof. The following power series expansion can be found in [4, 1.3.1.4 (2); 5,
1.3.10]:

1 oo 22;1
tr=-—Y ——|By|? il <m 5
cott = = 3 Bl (5)
or
tcotr =1 —i 2 |Boa |, |t| < 7 (6)
- i (271)' 2n ) .

(For further comprehension of the even-indexed Bernoulli numbers B, , refer to pp.231-
232 in [6].) Then

1 0 22n
2, _ r_ 2m-2
csc”t = —(cott)’ = p +;M|an|(2n— D=2t < m, (7)
and
cotzt:csczt—lzl—g—ki 2 11B2 |(2n — 1)*" 2 )t < 7.
# 3 = (2n) "

LEMMA 2 ([7-9]). Let a, and b, (n=0,1,2,---) be real numbers, and let the
power series A(t) = Y. > ant" and B(t) = Y2 but" be convergent for |t| < R.
If b, >0 for n=0,1,2,---, and if a,/b, is strictly increasing (or decreasing) for
n=0,1,2,---, then the function A(t)/B(t) is strictly increasing (or decreasing) on
(0,R).

3. Proof of Theorem 3

Let ) )

(=22 —3)2-25

F — arc tan x

) =

and arctanx = ¢. Then x = tant for ¢+ € (0,7/2), and we have F(x) = 16G(7),
where

4tan®t — 3rtant — £ 4 —3tcott — 2 cot? ¢t

G() = 2 tan? ¢ - 2
Z |an|¢2" - t +Z |an| (2n — 1))
n=1 n=2
5 0 22n
== vy Baal (4 = 2m)" 2 8

n=2
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by (6) and (4).
Since G'(1) = Y2, 22" [ Ban|(4 — 2n)(2n — 2)"=3 < 0, We conclude that G(r)
is decreasing on (0, 7:/2) Th1s leads to F(x) is decreasing on (0, +00).

, an® 13 tam P
Furthermore, lim F(x) = 16 lim G(¢) = 16 lim #ariz3ttani—r _ 256 a4
X—+00 [—)— [—)— 1~ tan- t V3

lim F(x) =16 -3 = & . The proof of Theorem 3 is complete.

x—0F 3

4. A Concise Proof of Theorem 2

Let (s .
25— (=2~ -3
_ anh—! x
H(.X) = ! .X'2 )
and tanh™' x = 7. Then x = tanhz for # € (0,tanh~' v/15/4), and we have H(x) =
161(z), where

1) = —4sinh? ¢ + 3¢sinhzcosh 7 + 2 cosh? ¢ _ M
t* cosh? ¢ (1)’

and

A(f) = — 4sinh? ¢ 4 3¢sinh 7 cosht + 7 cosh® ¢

3 1
= = 2(cosh2r — 1) + Jtsinh 2 + Etz(coshzt + 1)

—_9 i 2% oy 3 i 22t A2 1 2y 1 2 P2
TSt T2 @t ) 2" T2 2 (an)!
— 22" 2n 3 — 22”+ 2n+2 1 = 22" 2n+2
= = = r
nz:;(zn)v *2;:;(2;1“)' *2;:;(2;1)'
— _ i 2 t2n+2 é - 22 2n+2 + l i 2n+2
2 (2n+2)! 22« n+ 1) 2 2 (2n)!
- i[ 5 22n+2 +3 22n+1 1 22» }t2n+2
(2n+2)! 2@2n+ 1)t 2(2n)!

oo
_ E ant2n+27

n=1
1 2n
_ 4 2. _ 2n+4
B(r) =t* cosh” 1 = 5! *(1 4 cosh2s) = —t + = E 2n

22}1 2

1 e 22}1
4 2n+4 2n+2
3 ; 2n)! 7 Z_: )]
— Z bnt2n+27
n=1
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a) = %7an _ —4.22n+2+3(2n+§)é::r;;(2n+2)(2n+1)22n by = 1.b, = % ~0.n>2.
and n € N*.
So #- > 72, and for n > 2 we have
1 2
a, 42n+2)2n+1)+242n+2)— 64
Ch = 7 =

by (2n+2)(2n+1)2n(2n — 1)
We conclude that ¢, is decreasing for n = 1,2,---, and I(r) = % is decreasing on
(0,tanh~' v/15/4) by Lemma 2. This leads to H(x) is decreasing on (0,v/15/4). At
the same time, lir(r)l+ H(x) = 83—0 . So the proof of Theorem 2 is complete.
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