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NOTE ON THE DISCRETE OSTROWSKI-GRUSS TYPE INEQUALITY

YU Mi1AO

(communicated by N. Ujevic)

Abstract. In the present note, we establish several new discrete Ostrowski-Griiss type inequali-
ties which extend some known results.

1. Introduction

In 1935, Griiss (see [11, p. 296]) proved the following integral inequality which
gives an approximation for the integral of a product of two functions in terms of the
product of integrals of the two functions.

GRUSS INEQUALITY. Let f and g be two bounded functions defined on [a,b)
with v1 < f(x) < Ty and y» < g(x) < Ta, where y1,v2,T1,2 are four constants. Then
we have:

‘b a/f dx——/f dx

and the inequality is sharp, in the sense that the constant 1/4 can’t be replaced by a
smaller one.

%(1\ 1) (T2 —12),

ai/a'bg(X)d

In 1938, Ostrowski [12] (see also [11, p. 469]) gave us the following estimate for
the deviation of the values of a smooth function from its mean value.

OSTROWSKI INEQUALITY. [f f:[a,b] — R is a differentiable function with bounded
derivative, then

1051 [ r0a <

for every x € [a,b]. Moreover the constant 1/4 is the best possible.

X—a 2 /
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In the years thereafter, numerous generalizations, extensions and variants of Ostrowski-
Griiss inequality have appeared in the literature (see [1, 2, 4, 5, 6, 7, 8, 9]). The purpose
of the present note is to establish some new discrete Ostrowski-Griiss type inequalities.

Mathematics subject classification (2000): 26D15.

Keywords and phrases: Inequality, Ostrowski-Griiss type, random variable.

© depay, Zagreb 93

Paper IMI-03-08



94 YU MI1AO
2. Main results

In this section, we shall state our main results and give their proofs.

THEOREM 2.1. Let {ug}, {vi},{wi}, {W} for k=1,...,n be four finite sequences
of real numbers with ¥, wi =1 and ¥} Wi = 1. Then we have

1 n n
UiV = 5 (Vk Y witti+ug Y, Wi"i) |
i=1 i=1 (21)

1 .
5 (vk max \u,H u;| @ (n, k) + |ug (max [viy) —v,~|<I)(n,k)>
and
n n
Up Vi — kaW,u,+uk2w,v, + zwiui zwivi
i=1 i=1 i=1 i=1 (2.2)
<1<I?<alx 1|ut+1 uz|1<Hl\aX [Vig1 — vi|®(n k)(i)(n,k),
where
k=11 J n—1| n
D(nk) =Y | Y wil+ X | Y w
j=1]i=1 Jj=k |i=j+1
and
k=11 Jj n—1| n
D(n k)= | Vwi|+ D | Y Wil
j=1]i=1 Jj=k |i=j+1

Proof. For any k= 1,...,n, we have the following known equality [10],

n k—1 n
ue— Y witli =y wilug —ui)+ Y, wilug—u;)
i=1 i=1 i=k+1
k=1 k=1
—S o S )+ Y wlZ —ujs1) (2.3)
=1 j=i i=k+1  j=k
k=1
:2 Uj+1 — Zwl+ 2 u]+1 2 Wi
j=1 i=j+1

Similarly, we have

J
vk—ZW,v,— 2 v]H—vj)ZvT/,'—l— ‘ (Vj—ij).Z W;. (2.4)
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From the above two equations, it follows that

i=1

1 n n
v — 5 | k 2 wild; + U 2 12a%
1 kel n
:E‘VkE Ujr] — 2W1+Vk2 u/+1 2 Wi
it

i=j+1 (2.5)
k—1 j n—1 n
g Y (vie1 —vj 2 ”kz Vi) X, Wi
j=1 i=1 i=j+1

1 -
< — . — Y- . — v
<3 (|vk max |uir1 — ui|®@(n,k) + |ugl max [Vit1 v,|<I)(n,k)> )

which implies the inequality (2.1). Multiplying (2.3) and (2.4), we have

n n
UV — (Vk Y witti + ug 2 WM) + (2 Wﬂh) (2 WM) ‘
i=1 i=1 i= i=1

—Uuj ZW,+Z —u]H 2 N

j: i=j+1 (2.6)
k—1 J — n
X Z(VJH—V/ 2 Z Vi—Vji1) Z Wi
j=1 i=1 =k i=j+1
< max |u,+1—u,\ max \vl+1—v,|(I)(n k)®(n, k).
1<i<n—1

The proof of this theorem is completed.
Summing both sides of (2.5) and (2.6) over k from 1 to n, we have

THEOREM 2.2. Let {ur},{vi},{wi} for k=1,...,n be three finite sequences of
real numbers with Y wy = 1. Then we have

S ($00) (30
k=1 i=1 i=1 (2.7)

1 n
Elzl (|vkwk| x| | 11— wi] + [ugwi (Jhax Vi —w) @ (n, k)

i WUV — (i Wibh') (i Wi"i) ‘
k=1 = = (2.8)

2
< max fuiey —w] max \vlﬂ—vllkzllwk\ ®(n, k))?.

and
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REMARK 2.3. In fact, the bounds in Theorem 2.1 and 2.2 are sharp. Here we only
show that the estimates in Theorem 2.2 are all sharp and the ones in Theorem 2.1 are
similar. Let n =2, wy =wy; = 1/2, u; <0 <up, vi <0 <y, then

2
1
(2%%) <2wlv1> | = 7 —w)(2=w)
i=1
and
1 2
3 Y, (vaowal i1 — wi| =+ [uewi| [vi 1 = vil) @(n, k)
k=1

== (Ivilluz = |+ || [v2 = vi] + [va |z — w1 | + [ua|[va — 1)

== [(vil+ [val) |z — ur | + (Juar | + [ua] ) [v2 — v1 ]

Il
-bl»—OOI»—*OOI'—

1
[va —vil|ug —uy| = Z(szul)(vz —v1),

which implies the equality (2.7) holds. By similar proof, we can obtained the sharpness
of the inequality (2.8).

3. Further remarks

Let X be a discrete random variable taking values x1,x,,...,x, with P(X =x;) =
wy for all k=1,...,n, where wy denotes the probability of the event {X = x;}. Fur-
thermore, let EX denote the mathematical expectation of X, then we have the following

THEOREM 3.1. Let X and Y be two discrete random variables taking values
Ui,...,uy and vy,...,v, respectively. In addition, assume that P(X = u;) = P(Y =
vi) =wy forall k=1,...,n. Then we have

1
v = 5 (viEX + ukEY)‘

(3.1)
1
<Vk|l<m<aX |utiv1 — Mi|+|uk|1<1}1$§1 Vit —Vi> D (n, k)
and
|ugvi — (ViEX + uEY) + EXEY |
3.2
< max g =] max v =i (@(n, ) G2
THEOREM 3.2. Under the assumptions of Theorem 3.1, we have
|EXY — EXEY|

(3.3)

1 n
E (|Vk|1£,1£’fﬁl Uivy — Uil + \Mk|1<1?<a’§1 Vit —Vi> wi®(n,k)
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and
|EXY — EXEY|

3.4)

n
< <, doax 1\u,+1 — uj| | nax | [Vie1 —vi| Z wi(®(n,k))>.

REMARK 3.3. Here we notice that the above results give some estimate bounds
for the covariance of two discrete random variables.

REMARK 3.4. By taking wy=1/n forall k=1,...,n, Theorem 3.1 and Theorem
3.2 can be reduced to the results in [13].

REMARK 3.5. By taking vy =1 for all k= 1,...,n in Theorem 3.1, it follows
that

n

lup — EX| < (1 max \u,H u,|) Y, wi®(n,k).
k=1

Furthermore, by taking w; = 1/n, we have

1

®(n, k) :%(n2 — 2kn — 2k +2k*+n)
Lot (] 2
T n 4 2

z 1|n?—1 n+1\2
——E i< - + | k— -
uy -y 1u ( 5 > max \u,H u;l.

1<i<n—1

and

In fact, the above inequality was established by Dragomir [3, Theorem 3.1] in a norm
linear space.
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