lournal of
athematical
nequalities
Volume 3, Number 2 (2009), 217-225

SCHUR CONVEXITY AND SCHUR-GEOMETRICALLY
CONCAVITY OF GENERALIZED EXPONENT MEAN

DA-MAO L1 AND HUAN-NAN SHI

(Communicated by G. Toader)

Abstract. The monotonicity, the Schur-convexity and the Schur-geometrically convexity with
variables (x,y) in R%, for fixed a of the generalized exponent mean I,(x,y) is proved. Besides,
the monotonicity with parameters a in R for fixed (x,y) of I,(x,y) is discussed by using the
hyperbolic composite function. Furthermore, some new inequalities are obtained.

1. Introduction

Throughout the paper we denote the set of the real numbers, the nonnegative real
numbers and the positive real numbers by R, R and R, respectively.

Let (a,b) € R?, (x,y) € R, . The extended mean (or Stolarsky mean) of (x,y)
is defined in [1, p. 43] as

b ya_xa 1/(a—b)
(;.ybx”) , abla—Db)(x—y)#0,
1 y—xe l/a
(5 ' lny—lnx) A0 b
E(a,b;x,y) = L/ V)
elﬁ<y7> , alx—y)#0,a=b;
VXY, a=b=0,x#y;
X, X =y.
In particular, for a # 0,
1 /" 1/(x=y")
E(a,a;x,y) = m()ﬁ) , XFEY;

X, xX=y
is called the generalized exponent or identric mean, in symbols I, (x,y).

The Schur-convexity of the extended mean E(r,s;x,y) with (x,y) was discussed
in [2] and the following conclusion is obtained:
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THEOREM A. For fixed (a,b) € R?,

(i) if2<2a<bor2<2b<a, then E(a,b;x,y) is Schur-convex with (x,y) on
R4,

(i) if (a,b) e{a<b<2a,0<a<1}U{b<a<2h0<b<1}U{0<b<ax
1JU{0<a<b<1}U{b<2a<0}U{a<2b<0}, then E(a,b;x,y) is Schur-
concave with (x,y) on R?_, .

But this conclusion is not related to the case @ = b. In other words, the Schur-
convexity of the generalized exponent mean I,(x,y) with (x,y) is not discussed in [2].

In this paper, the monotonicity, the Schur-convexity and the Schur-geometrically
convexity with variables (x,y) in Ri . for fixed a of the generalized exponent mean
I,(x,y) is proved. Besides, the monotonicity with parameters ¢ in R for fixed (x,y)
of I,(x,y) is discussed by using the hyperbolic composite function. Furthermore, some
new inequalities are obtained.

2. Definitions and Lemmas

We need the following definitions and lemmas.

DEFINITION 1. ([3, 4]) Let x = (x1,...,x,) and y = (y1,...,yx) € R".

(i) x is said to be majorized by y (in symbols x < y) if Eflexm < fozly[i] for k =
1,2,...,n—1and ¥ x; = ¥ yi, where xy) = -+ 2 xp and yp) = -+ 2y
are rearrangements of x and y in a descending order.

(ii) x>y means x; >y; forall i=1,2,... ,n. Let Q C R". The function ¢: Q — R
is said to be increasing if x >y implies @(x) = @(y). @ is said to be decreasing
if and only if —¢ is increasing.

(iit) Q CR” is called a convex set if (cxy +Byi,...,0x, + PByn) € Q for every x and
y€Q, where a and B €[0,1] with o+ =1.

(iv) let Q C R". The function ¢@:  — R be said to be a Schur-convex function on Q
if x<yon Q implies ¢ (x) < ¢(y). @ is said to be a Schur-concave function
on Q if and only if —¢ is Schur-convex.

DEFINITION 2. ([5, 6]) Let x = (xy,...,x,) and y = (y1,...,yn) €ER%, .

(i) QCRY, is called a geometrically convex set if (x‘f‘y[f yee ,x,‘i‘yﬁ ) € Q forall x

and y € Q, where o and 8 € [0,1] with a+ =1.

(i) Let Q C R" . The function @: Q — R is said to be Schur-geometrically con-
vex function on Q if (Inxy,...,Inx,) < (Iny,...,Iny,) on Q implies @ (x) <
¢ (). The function ¢ is said to be a Schur-geometrically concave on Q if and
only if —¢ is Schur-geometrically convex.
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DEFINITION 3. ([4]) (i) Q CR”" iscalled symmetric set, if x € Q implies Px €
Q for every n X n permutation matrix P.
(ii) The function ¢ : Q — R is called symmetric if for every permutation matrix P,
o(Px) = ¢@(x) forall x € Q.

LEMMA 1. ([3,4]) A function @(x) is increasing if and only if V@(x) > 0 for
x € Q, where Q CR" is an open set, ¢ : Q — R is differentiable, and

Vo(x) = (a;p;f),...7 a;”)f?) ER".

LEMMA 2. ([3,4]) Let Q C R" be a symmetric set and with a nonempty interior
QO @ :Q — R be a continuous on Q and differentiable in QV. Then ¢ is the Schur —
convex(Schur — concave) function, if and only if @ is symmetric on Q and

do Jdo
(1 —x2) (8_)61 - 8_x2> > 0(<0)

holds for any x = (x1,x2,---,x,) € Q0.

LEMMA 3. ([5, p. 108]) Let Q C R'}, be symmetric with a nonempty interior ge-
ometrically convex set. Let ¢ : Q — R be continuous on Q and differentiable in Q.
If @ is symmetric on Q and

Jdo 99
(lnxl — lan) ()618—)61 xza_xz> = 0(< 0)

holds for any x = (x1,x2,---,x,) € Q°, then @ is a Schur-geometrically convex (Schur-
geometrically concave) function.

LEMMA 4. Let x <y, u(t)=tx+(1—t)y, v(t) =ty+ (1 —t)x. If 1/2<tr <
n<lor0<t <tp<1/2, then

(u(12),v(12)) < (u(tr),v(t1)) < (x,9). (D

Proof. Case 1. When 1/2 <1, <t <1, it is easy to see that u(r;) = v(t1),
u(ty) 2 v(ta), u(ty) > u(tz) and u(ty) +v(t2) = u(t;) +v(t1) = x+y, thatis (1) holds.
Case 2. When 0 <1y <ty <l,then 1/2< 11— <1—1 <1, by the Case 1, it
follows
(u(l—t),v(1 —1)) < (u(l1—1),v(1—11)),

ie. (u(t2),v(t2)) < (u(t1),v(t1)). O

LEMMA 5. ([4,7]) Let 0 <x <y, c=0. Then

X+c y+c X y
) = I (2)
x+y+2c x+y+2c x+y' x+y
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LEMMA 6. For x in R with x # 0, we have
sinh?x > x2. (3)
Proof. Let f(x)=sinh’?x—x%. Then f’(x)=sinh2x—2x. Since f"(x) =2(cosh2x
—1) >0 for x € R with x #0, f'(x) is strictly increasing. It follows that f'(x) >

f'(0) =0, so0 f(x) > f(0) =0 for x > 0. As f(—x) = f(x), (3) holds for any x € R
with x£0. O

LEMMA 7. Let (x,y) and (a,b) € R3, with x<y, a<b, a+b=1. Then

ax+ by > % )
bx+ay < % (®)]

Proof. As
ax+b _%: (a—%)x—&-(b—%)y
1 1 1 1
1

(4) holds. (5) can be proved similarly. [

LEMMA 8. Let (x,y) € R%, and (a,b) € R? with ab(a—b)(x—y) #0. Then

1
) B bsinh (aln/u)\ «?
E(a’b’X7y)_m(dsinh(blnﬁ)) 9 (6)

where u=y/x.

Proof. Without loss of generality, we may assume 0 < x <y. Then

) _by—x _bu—labl/w*b)
E(d,b,x,y)—(g y o ) _(a belx )

L 2aln\/u
2al 5 e Ivi—1
_ (b glaln\/u _ > . é 2ealn i la—b)Inya
a

1
a—b

o2blny/u_q
2ebIny/u
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LEMMA 9. Let (x,y) € R?H with x #y, and let a € R with a # 0. Then
lo(ey) = yep| ™
P tanh(at) a
where t =In+/u, u=y/x.

Proof. For b € R with b # a, let

_ bsinh(aln\/u) — asinh(bln\/u)
N asinh(bIn/u) '

Then from Lemma 8 we have

1
bsinh(al a
Ia(x"y):}l)iigE(a’b;x’y):hH; ,—xy< sin (a H\/ﬁ))

asinh(bIn+/u)
= \/— hm (1+ v)ih
bsinh(, aln\/ﬁ) asmh(bln\/ﬁ) i h(][] =
— \/— llm [ 1 + v asmn(boiny/u
_ /5 bsinh(aln\/u) — asinh(bln+/u) 1
= ex 1
Pl ab asinh(bIn~/a)

i bsinh (aln+/u) — asinh(bln+/u)
*P\ asinh aln\/_ ) b—a a—>b

= \xyex p{asmh ETD ;l,lir}, Smh(aln\/ﬁ)_“(ln\/ﬁ)cosh(bln\/ﬁ)}
{ e "h‘f)—smh(aln\f)}
€Xp asinh (aln/u)
(at)cosh (at) — sinh (at)
yexp{ asnlh Cl[) }
oo o)

3. Main results and their proofs

THEOREM 1. For fixed (x,y) € R%,, I,(x,y) is increasing with a on R.

Proof. For a# 0, set f(a) = tanh’w—é,wheret:m\/ﬁ, u=y/x. Then

2

fl(a)=

1 L1 sinh?(ar) — (ar)?

4+ = _
tanh?(ar)cosh®(ar) ~ a*  sinh®(ar) a? a2 sinh?(at)
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Thus from Lemma 6 it follows that f/(a) > 0, thatis f(a) is increasing on R with a
and
t
— f(a)
labxy) = yavex p{tanh(at) a} Ve
is increasing on R with a. The proof of Theorem 1 is completed. [
THEOREM 2. For fixed a € R, 1,(x,y) is increasing with (x,y) on R? .

Proof. Let A=x*, B=y". Then

Infy(r.y) = =t -~ =~ (o

x*lnx—y*lny 1 1 /AlnA—BInB !
x4 —y4 a a ’

dx  0A dx ada A—B
_ A[(A-B)—B(InA—InB)
e

X
_ A | InA —InB B
~ x(A—B) A—B

= A D) (1 — g) (where & lies between A and B)
__A ¢s-B_A 5_3 >0;
T xA—B) & & A ’

dlnl, Jdlnl,dA 19 (AlnABlnB ) a1
= = —— 1 |ax

Similarly can be proved that alnyla = 0.

By Lemma 1, it follows that InZ,(x,y) is increasing with (x,y) on R2 , , and then
I,(x,y) is increasing with (x,y) on R%, too.
The proof of Theorem 2 is completed. [

THEOREM 3. If 0 < a < 1, then I,(x,y) is Schur-concave with (x,y) on R% .

Proof. For (x,y) €eRZ,,0<a<1,let A=x% B=y". When x #y, we have
dlnl, A (A—B)-B(InA—InB)

ox  x (A—B)?2

dlnl, B A(lnA—InB)—(A—B)
dy (A—B)?
and then

dlnl, JdInl,
A:—(xy)( dx  dy >

A (A—B)—B(lnA—InB) B A(InA—InB)—(A—B)
B e e R e
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X—y A AB B
:m{_m B)——(lnA—lB)—T(lnA—lnB) y(A—B)}

x-y 1 1) }
= ~+-)(InA—mnB
i [( N e ey
X—y lnA—lnB A-B 11
= —AB(=+-
A-B x+y InA—InB x+y

1 1
Cxoy lnA—lnB A, BY| A-B _(zﬂ)AB
o x y/)|lnA—InB %+§

x—y InA—InB x4 —y? YLy xa 1y
A-B Inx¢ — Iny“ x4l 4yl
Y

x—y InA—InB yel x4 !
= - | = _ L a \ay _ a a
A-B A-B <x+y> { (5% <xa1+y“1x T e

where L denotes the logarithm mean.
Without loss of generality, we may assume 0 < x <y. When 0 < a < 1 we have

X

yafl xafl
xafl _;'_yafl < xafl _;'_yafl

and | |
Y- x4 B
ya—1 +ya71 +xa71 +ya71 =1,

and then by Lemma 7, it follows that

-1 -1 a a
¥4 x4 Xyt
ya—1 +ya71xa+xa71 +ya71ya > 2 _A(xll’ya).

Furthermore notice that L (x%,y*) < A (x*,y"), we have

L(a a)i ya71 ay x! a <L(a “),A(a a)<0
XY xa71_|_ya71x xa71_|_ya71y Xy Xy :

Hence A < 0 for 0 < a < 1. Itis easy to see that A < 0 for a =1. By Lemma 2, it
follows that for 0 < a < 1, Inl,(x,y) is Schur-concave on R with (x,y), and then
I,(x,y) is Schur-concave on R% | with (x,y) too.

The proof of Theorem 3 is completed. [J

THEOREM 4. If a > 0, then I,(x,y) is Schur-geometrically convex with (x,y) on
R2 ., ; If a< 0, then I,(x,y) is Schur-geometrically concave with (x,y) on R2_ .

Proof. For (x,y) €R2, ,a€R,let A=x* B=y". When x # y, we have

dinl, A (A—B)—B(InA—InB)
ox X (A—B)?2
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dinl, B A(lnA—1InB)—(A—B)
dy v (A—B)>

and then

alnla alnla

A::(x_y)(x ax 2oy )
= (Ax:;)z [A(A—B) —AB(InA —InB) — AB(InA — InB) + B(A — B)]
x—y
(A—B)?
_ (x—y)(A+B)(InA—InB) ( A-B 2AB)
B (A—B)? InA—InB A+B

[(A+B)(A— B) —2AB(InA — InB)]

_ (x—y)(A+B)(InA—InB)
= B (L(A,B) — H(A,B)).

where H denote the harmonic mean.

For (x,y) € RZ | with x#y and a € R, we have L(A,B) > H(A,B). If a > 0(<
0), then (x—y)(InA —InB) = a(x—y)(Inx —Iny) > 0(< 0), and then A > 0(< 0). By
Lemma 3, it follows that Inl,(x,y) is Schur-geometrically convex (concave) on Ri "
with (x,y), and then I,(x,y) is Schur-geometrically convex (concave) on R2, with
(x,y) too.

The proof of Theorem 4 is completed. [

4. Applications

THEOREM 5. Let 0<a< 1, andlet x <y,u(t) =tx+(1—t)y,v(t) =ty+(1—1)x.
If1/2<n <n<1or0<n <ty <1/2, then we have

G(x,y) < I (xumyv(n)’xvm>yu<n>) <1, (xu<t2>yv<t2>7xv<rz>yu<t2>)
< la(x,y) <o (u(t2),v(12)) < L (u(tr),v(11)) < A(x,y). ®)

Proof. Combining Lemma 4 with Theorem 3, we have

Lo(x,y) < La (u(t2),v(12)) < Lo (u(tr),v(t1))
<L ((x+y)/2,(x+y)/2) = Ax,y).
On the other hand, since
(Iny/xy,In/xy) < <lnx”(’1>y"(’1>,lnxv(tl)y"(’l))
< (lnx”(’2>yv(’2>,lnxv(’2)y”<t2)) < (Inx,Iny),

from Theorem 4, it follows

Glx,¥) = Lo (V7. y/3) < Iy (020 20y
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<I, (xu(tz)y\/(tz)’xV(lz)yu(tz)) < L(x,y).
proof is complete. [

THEOREM 6. Let 0 <x<y, c>=0,0<a< 1. Then

Ty ) e e ©)
x+y+2c x+y+2c x+y' x+y

Proof. By Lemma 5 and Theorem 3, it follows that (9) holds.
The proof is complete. [
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