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SOME CLASSES OF ANALYTIC FUNCTIONS RELATED
WITH FUNCTIONS OF BOUNDED RADIUS ROTATION
WITH RESPECT TO SYMMETRICAL POINTS

KHALIDA INAYAT NOOR AND SAIMA MUSTAFA

(Communicated by J. Pecaric)

Abstract. In this paper, we introduce a class Rj(y) of analytic functions of bounded radius
rotation with respect to symmetrical points and study some of its basic properties. Using this
concept, two other classes T;(8,y), K;(5,y) are also defined. We study coefficient results,
arc-length and radius problems for these classes.

1. Introduction

Let 7 be the class of analytic functions f defined on the unit disc E = {z: |z| <
1}, normalized by f(0) = f"(0) — 1 =0 and of the form

f@)=z+Y and", (z€E). (1.1)
n=2
Let S,K,S* and C denote the subclasses of .27 which are univalent, close-to-convex,
starlike and convex in E respectively. Let P(y) be the class of functions p(z) analytic
in the unit disc E satisfying the properties p(0) = 1 and, for z =re®®, k>2,
p(x)—v

/02” (I—v)

This class has been introduced in [6]. We note that P,(0) = Py, see [14] and P>(y) =
P(7) is the class of analytic function with positive real part greater than y. With k =2,
y =0, we have the class P of functions with positive real part.

We can write (1.2) as

Re

‘d@gkn, O0<y<1). (1.2)

271 4 (1 —2y)ze "
9=3/ LU= 20 7 ), (1.3)

I—Ze it

where (¢) is a function with bounded variation on [0,27] such that

27 21
du(t)=2 and / dp(t) < k. (1.4)
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Also, for p € P,(y), we can write from (1.2)

p(2) = <§ + %) pi1(z) — <§ - %) p2(z), p1, p2€P(Y), z€E. (1.5)

Itis known [5] that P(y) is a convex set. Also p € P(y) isin Py(y) = P(y) for |z| < ry,
where

=g lk-vie—a). (1.6)

The classes Vi(y) of functions of bounded boundary rotation of order y and  Ri(y)
of functions of bounded radius rotation of order y are closely related with Pi(y). A

function f: f(z) =z+ X, anZ", analytic in E, is in Vi(y) if and only if {%,l((;)))l} €
Pi(y). Also

2f'(2)
rertn = {Fhenm.
It is clear that
Fey) < zf'(z) eR(y) (1.7)

When k=2, y =0, V»(0) coincides with the class C and R,(0) = S*. We now define
the following.

DEFINITION 1.1. Let f € &/ and be given by (1.1). Then f is said to be of
bounded radius rotation of order y with respect to symmetrical points if and only if, for
dl=r<1 (r—1),

_22f'(5)
{f(z)f(z)}epk(?’% for z€E.

We shall denote the class of such functions as R} (y). We note that R} (0) is the class S}
of univalent functions starlike with respect to symmetrical points defined by Sakaguchi
[7]. Also  Rj(y) = Ri(y).

We define the class ~ V/(y) as follows.

DEFINITION 1.2.

feVily) <= zf'€Ri(y), in E.

2. Basic Properties of R (y)

THEOREM 2.1. Let f € o/. Then a necessary and sufficient condition for f to

belong to R} (y) is that {%}((zg)} € P(y) for z€ E.

Proof. 1Its proof is immediate when we follow essentially the same method given
in[7]. O
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THEOREM 2.2. Let f € R(y). Then the odd function

[f(z) = f(=2)] (2.1)

belongs to Ri(y) in E.
Proof. Differentiating (2.1) logarithmically, we have

2y’ (2) zf'(2) —zf'(=2)

v  F@-f2  f2-F@

= % P1(z) +p2(2)], Pp1,p2 € P(7).

Since P(y) is a convex set, we have Z:ﬁg) € Pi(y) for z € E and hence y € Ri(y) in
E. O

We note that f € Ry () is close-to-convex for |z| < ry, where ry is given by (1.6).

REMARK 2.1. Since v, defined in Theorem 2.2, is in Ri(y) and is odd, we can
write

(SI(Z))(%%)(FV)
(52(2) 3D
where s1 and s, are odd starlike functions, see [1,5].

From relation (2.1) and Remark 2.1, we can easily derive the following.

THEOREM 2.3. Let f € R{(0) = R}. Then with z =re'’ and 6, < 6,,

6, / !
/ Re { (Zf,(z)) }d@ > —(k—1)m.
6, 1'(2)

This is a necessary condition for a function f to belong to R]. For k=2, R} is a
proper subclass of S and for k> 2, f € R} need not even be finite-valent, see [2].

v(z) = (2.2)

REMARK 2.2. Let f € R}(y), and be given by (1.1). It is known [5] that for
p € P(y) with p(z) =14+ X5 ¢,2", we have |c,| < k(1 —y) for all n. Using this
together with the fact that y(z) = 3 [f(z) — f(—z)] is an odd function, we easily obtain

|laz] < £(1—7). Since, for f € R} C R}, the function Wwoﬁf;.f;)
E. For k=2, we see that f € R}(y) maps E onto a domain that contains the schlicht

disc |w| < 3;,.

, f(z) #wp is univalentin

3. The Classes 7;(y) and K}(y)

DEFINITION 3.1. Let f € &/. Then f € T)(y,8), 0<y,0 <1, k>2, if and
only if, there exists a g € R}(y) such that

2zf'(z)
{M}GP(S)’ for z€E.
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DEFINITION 3.2. Let f € «/. Then f € K{(y,8), 0<y,0 <1, k>2, if and
only if, there exists a ¢ € R(y) such that

2z/'(2) }
———— > €P(5), for z€E.
{ 9(z) = ¢(=2)
We note that the classes 7;’(y) and K} (y) have same class of functions as a special
case when k = 2.
Let L(r, f) denote the length of the image of the circle |z| = r under f and M(r) =
maxg | f(re'®)|. We prove the following.

THEOREM 3.1. Let f € T(0,y). Then, for 0 <r <1,

L) < c(kM(r)log
where c(k) is a constant.
Proof. With z = re'9,
Lirf) = / l2'(2)] 0
2
= [T w@nc)ao, w<z>=§[g<z>—g<—z>] ER(Y), heP0)=P
/ /2” ) n(pe®) ]deder / / ¢ dodp
= 1(r) + (). G.1)

Now

B A D i0 2y’
:/0/0 [ (pe”)H(pe )‘dedp, H:76Pk(y)

<anf (ol an) (3

Thus, with f(z) given by (1.1), H(z) = 1+ X5 ca", |cn] <k(1—7) and n > 1, we
have
%
.
Ji(r) < 277:/ (2 n?|a,*p*"~ 2) (2 lcal?p 2") dp
0

< V2k(1—7) <Zna,|2 2 1) (1 gi—’_:)

But A(r) = £ n|a,|*r?" is the area of the image of |z| < r by w = f(z), and, since
A(r) < aM?(r), we have

2\2
H(pe’e)‘ dG) dp.

1—r

I (r) < Vak(1 — y)eM(r) <%log ! “) oo (3.2)
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Next we estimate J»(r).
With & given by (1.3) and (1.4), y =0, k=2, we have

h/(Z) — l /~27r deu(t).

wJo (1—ze ™)
Since
L 27 (1-p?%)
Reh(z) = — ——du(t
eh(z) = o | )
we have
h(r) <2 / / w(peReh(pe)| ao L
0 Jo 1-p

_ 2/0r (/Oane {(pe"e)f’(pe"e)e*"arg"’} d@) 1ipp2.

Integration by parts gives

nir)<dn [ i”(‘;)z

from (3.1), (3.2) and (3.3), we obtain the required result. [J

We note that, following the techniques of Theorem 3.1, we can prove similar arc
length problem for the class K;(0,7).

THEOREM 3.2. Let f € T}(8,v) and be given by (1.1). Then

dp. (3.3)

jan] < b(k,8,y)nt G131 (> 1),

where b(k,8,y) is a constant depending only on k,§, and y. The function fy € T;}(5,7)
defined by

(4+2)1-7)
, (1+2%) { 11—z }
= 1-6)—+56 3.4
fold (1— )i =0t .

shows that the exponential {(é1 + %)(1 —y) — 1} is best possible.
Proof. We set
F(2) = (2/'(2) = v(2) [H(2)h(z) +2H'(2)] ,
where h = Z—l";, € P(y), H € P(6) and 2y(z) = [g(z) —g(—2)], g is as defined in

Definition 3.1. Thus,forn > 1, z= re"‘g7 Cauchy’s Theorem gives us

1 /ZTEF( ) 7i119d9
27r' | Jo e

1 21
< / |
2 Jo

o 1 2 (f‘i*%)“*)’) r
S o \ r 1—r2

n2|an\ =

(2)||H (2)h(z) + zH' (z)|dO

(4

<

+H1-y) on
i /0 |H(2)h(z)+zH'(z)|d6, (3.5)
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where we have used (2.2) and the well-known distortion theorem for odd starlike func-
tions.
Now

<1+{k2(1—y2—1}r2>% <1+{4(1—5)2—1}r2>%

<
= 1—r2 1—r2
2(1-06
(1—r2)’ (3.6)

by using a modified version of a Lemma proved in [5] for h, H € P, k > 2.
From (3.5) and (3.6), we obtain

>{<§+5<1y>}+1

Pl <b(k1.0) (1 ),
—r

Taking r = 1 — -, we have the required result. [

We note, as a specml cases, that for k=2, a, =0(1)n"7.
Using the similar techniques, we can prove the following coefficient result for the
class K;(6,7).

THEOREM 3.3. Let f € Kj(8,7) and be given by (1.1). Then
|an| < B(k,8, 7)Y, (n>1)

and B(k,8,y) is a constant which depends only on k,8 and y. The function f| €
Ki(3,y) and defined by

et ) o] - (5 2) oot

(3.7
shows that the exponent (2 — ) is best possible.
For our next result, we need the following lemmas.
LEMMA 3.1. Let g € R5(y) and for m=1,2,3,..., let G be defined by
m—+1
6() = " [ " (s0) = (=)} . (38)

Then G is starlike for z € E.
Proof. Let
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Now, since w is starlike in E, J(z) is (m+ 1)-valently starlike in E. We can

write (3.8) as
7"G(z) = (m+1)J(z),
and differentiating logarithmically, we have

G'(z) 2 (z) —mJ(z)
= Vi) _

G(z) (z
Setting N(z) = zJ'(z) —mJ(z) and D(z) = J(z), we see that N(0) = D(0) = 0. Also
N LI 20 | 2802 |_ 0y ,epy)

D(z) 2|glx)—g(—2) gz)—g(—2)

in E, since P(y) is a convex set. Therefore, using a result from Libera [3], % e P(y)
forze E. O

LEMMA 3.2. Let N and D be analytic functions in E with N(0) = D(0) =0, D
maps E onto a many sheeted region which is starlike of order y with respect to origin
and let ZDL: € P(§). Then & € P(8). in E.

D
Proof. Let

% —H(z) = G + %) hi(z) — G - %) ha(2),

where H is analytic in E, with H(0) = 1. Then

Z:Eg =H (z)—&-ZIZ/((ZZ)), where  Hy(z) = ZDD;S) eP(y) in E
(k1 7 (z) ko1 7h(z)
~(52) o i) (5-2) o 55
Since 12)/:8 € P(y), it follows that
{h,-(z) - ZZEE; } eP(S), H,eP(y), i=12.
With £;(z) = (1 — 6)pi(z) + 8, we have
{(1 —5)pi(z)+%] €P in E.

We form the functional ¥ (u,v) by taking u = p;(z), v = zp}(z) with u = u; +iu,,
v =v1 +iv2, and use a well-known Lemma due to Miller [4] to conclude that p; € P,
i=1,2 and therefore h; € P(0), i=1,2 for z € E. Consequently H € P,(J) in E and
the proof is complete. [J
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THEOREM 3.4. Let f € K{(8,7). Then the function F defined by

_m+1
= 5

F@ =" [0 - feolar (3.9

JO

also belongs to K;(0,y) for z € E and m=1,2,3,....

. . . ' 27 f!
Proof. Since f € K3(0,7), thereis a function g € R (y) such that {#g((zzw} €

Py(6) in E. Now, by Lemma 3.1, G defined by (3.8) belongs to R;(y) in E, and by
definition it follows that there exists G| € V3 (y) such that G = zG} in E. Thus, from
(3.9), we have with g = zg}

2F'(2) _ @ = m ot () — f(t)]dr
(Gi(z)—g1(~2))  2"[g1(z) —g1(=2)] —m Jsm=" [g1(r) — g1(—1)]dt
:M say
D(z)’ '

We note that N(0) = D(0) = 0 and for g; € V5 (y),

(zD'(2)) [zlg1(z) —g1(—2)]]

=m+ €P(y1) CP(y) in E.
D) @G-y WP
This implies g; is convex and hence starlike in E. Since
N 1 2zf' 2zf(—
(2) = _ (@) + f(=2) | €P(6), for z€E,

D(z) 2 |(s1(2) —&1(=2))  (81(z) —81(—2))

we use Lemma 3.2 to have % € P(9) in E. This completes the proof. [J

THEOREM 3.5. Let f € K}(0,0) = K} and let

1 /
ﬂ@%:Tigéﬂﬂfvgﬂ, m=1,2,.... (3.10)
Then Fy € K} for
14+m
= . 3.11
<n= A G310
Proof. Let

1 /

ﬂwzfﬁﬁﬁ@+d@] (3.12)

Since, f € K}, there exists g € R}(0) = R}, such that

2zf'(z)
{ﬂd—ﬁ—d}E&’ZEE
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Therefore, from (3.12), we can write

2ZF1’(Z) B 1 |: 2mzf/(z) n 22(2f’(z))/:|
8

g(x)—g(—z) 14+m|g(z)—g(—z) gz)—g(—=2)
= HLm [mp(z) +2p(2) + p(2)h(z)] ,

where p € By, h(z) = Z;’;E—S) € P. with y = 1 [¢(z) — g(—z)]. Since p € P, we use (1.5)
with y =0 to have

22F{(z) [k 1 1 ,
m = (1+§> {1+—m [mm(Z)+zp1(Z)+p1(Z)h(Z)]}
ko1

(Z§>{ : [’”I’Z(Z)+ZP/2(Z)+P2(Z)h(Z)]}, p1,p2,h €P.

Now

Re {L [mpi(Z)+ZPE(Z)+Pi(Z)h(Z)]} > Rend) {m e ]

1+m 14+m l+r 1—12
_ Repi(z) (1—m)r2—4r+(l+m)
T 14m 1—1r2 ’

and the right hand side is positive for |z| < r; and consequently Fy € K} for [z| < ry,
where ry is given by (3.11). This completes the proof. [

THEOREM 3.6. Let f € T(0,0) = T; and let F| be defined by (3.10). Then
Fi € T} for |z| < ry, where ry is given by (3.11).
Proof. Since f € T}, there exists g € R} (0) = R} such that { (2>Zf <(Z) )} =pcP,
z € E. Now, from (3.12), we have
2zF(z) 1
g(z)—g(=2)  14m

[mp(z) +2p'(2) + p(2)h(z)] ,

where p € P and h = ;g) € P with y(z) = 1 [g(z) — g(—2)]. We use (1.5) to have

2:F{(z) (k1 1 ,
o0 —2(3) ~ (:ﬁg) {H—m {mp(2) +zp (Z)+p(Z)h1(Z)}]

_ <§ + %) L—F;m {mp(z) +2p'(z) +P(Z)h2(z)}} ,
hi,hpeP for z€E.

We note that

R _
ep(z) . l—r  2r =12
1+m I+r 1—1r2

Re {H_Lm {mp(z) +2p'(z) +p(z)hi(z)}] >
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and the right hand side is positive for |z| < r;, where r| is given by (3.11), O
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