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A NOTE ON GENERALIZATION OF WEIGHTED
CEBYSEV AND OSTROWSKI INEQUALITIES
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Dedicated to Professor Josip Pecaric¢
on the occasion of his 60th birthday

Abstract. A recently obtained generalization of weighted Montgomery identity is considered
and used to obtain the new weighted generalizations of the Cebysev and Ostrowski inequality.

1. Introduction

N. Boukerrioua and A. Guezane-Lakoud in the recent paper [2] established the
following generalization of weighted Montgomery identity:

THEOREM 1. Let f : [a,b] — R be differentiable on |a,b], and ' :|a,b] — R
integrable on [a,b], w: [a,b] — [0,e0) is some normalized weighted function, i.e. in-
tegrable function satisfying [*w(t)dt =1, ¢ :[0,1] — R differentiable on [0,1] with
©(0)=0, ¢(1)#0 and ¢’ :[0,1] — R integrable on [0,1]. Then the following iden-
tity holds

f(x)zﬁ/jw(t)(p’(/atw(s)ds) N+ /qu,xt Odr (L)

where Py, o (x,t) is the generalization of weighted Peano kernel, defined by

oW (1)), a<t
PW"”X’”‘{(p(W(r))—cp(lx x<t

and W (t) = [l w(x)dx for t € [a,b].

<X
1.2
L <b (1.2)

)

In the special case, for ¢ (1) =1, t € [0,1], (1.1) reduces to weighted Montgomery
identity (obtained by J. Pecaric¢ in [4])

b b
f(x):/u W) fOdi+ [P @r (1.3)
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where the weighted Peano kernel is

Py (1) = W(z), a<t<x,
VYT wi -1, x<i<ob.

Finally, for the uniform normalized weighted function w (t) = ;- t € [a,b] (1.3)

a 9
reduces to Montgomery identity (see for instance [3])

1
b—a

Flx) = Lbf(t)dt+/ubP(x7t)f’ (1)dt (1.4)

where P (x,t) is the Peano kernel, defined by

t—a
, ast<x,

b—a

P(x,t)= b
—, x<t<b

b—a

Identity (1.1) was used in the same paper [2] to obtain the following weighted
generalization of the CebySev inequality:

THEOREM 2. Let f,g: [a,b] — R be differentiable on [a,b], f',g' :[a,b] = R
integrable on [a,b], and w, @ as in the Theorem 1. Then

1

b
(1) </ w()H? (’)d’> 1711l @s)

|T(Wafag7(p/)’ < (P(

where

rwree) = [ wiel ( /:w<s>ds)f(x>g(x>dx

ot | [ ved ([weas) rwas| | [wwe ([ wsas)ewasl

b
H () :/H (P (0,0)] dr.

N. S. Barnett and S. S. Dragomir in [1] also used the same identity (1.1) to ob-
tain the next weighted generalization of the Ostrowski inequality, with the following
notation for Lebesgue norm

sy =55 50 17 (1)
t€la,b)

and for 1 < p < oo

171

; :
wio= ([ 1rora)”.
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THEOREM 3. Let @ : [0,1] — R be continuous on [0, 1], differentiable on {a,b),

with @ (0)=0, ¢ (1)#0 and w: [a,b] — [0,°0) is some normalized weighted function.
Then for any f : [a,b] — R an absolutely continuous function and x € [a,b] we have

|f<x>—ﬁ/abw<t>(p’ ([ woas)swa

<ot [lo([woas)|irwla
+ﬁ/xb cp(/;w(s)ds)—cp(l)‘}f’(z)ydz. (1.6)

If

H, (x):/: (p(/a[w(s)ds)‘ ()] di
and

i) = [ o [wiras) oI ]a

then for (p,q) a pair of conjugate exponents 1 < p,q < oo, 11_7_|_$ =1and f' € Ly[a,x]

<o [rveas)| 1l

and for (r,s) a pair of conjugate exponents 1 < r,s < oo, % + % =1 and f’ € Ly|x,b]

s (x) < H(p (/Q'w<s>ds) o)

!
b Hf || [x.b.s

[x,

The aim of this paper is to give another proof of the generalization of weighted
Montgomery identity (1.1) from the paper [2], as well as another weighted generaliza-
tion of the CebySev inequality (1.5) and Ostrowski inequality (1.6).

2. Some further results for (Vlebyéev-type inequalities

REMARK 1. N. Boukerrioua and A. Guezane-Lakoud obtained the new general-
ization of weighted Montgomery identity (1.1) by using the integration by parts of the
term [” Py (x,2) f' (t)dt . It can also be obtained in a different way, directly from the
weighted Montgomery identity (1.3). Indeed, if we take

w(x) = ﬁw(x) o' (/:w(t)dt> , X € [a,b]

in the weighted Montgomery identity (1.3)

1= [ wer@as [ rn s @
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we obtain

/P~xt 1)dt = /W )dt+/xb(VT/(t)—1>f’(t)dt.

Since w(x) is a normalized weighted function:

/abW(t)dt: ﬁ/ﬂhw(x)(p’ (/axw(s)ds) dt = ﬁ(p(W(b)—W(a)) _1,

and for ¢ € [a,x] we have

W(t)—lz—/th(x)dx: %/tbw(x)(p’ (/axw(t)dt) dx
"(

_ bW/ w dx = ! w W (b
_—)/; (x) @' (W (x)) x—m(fp( ) —oW (),

e(1

this result coincides with the generalization of weighted Peano kernel P, (x,t) defined

by (1.2)
b 1 b
/ Py (1) f (1) dt = —/ Py (x,0) £ (2)dt.
a ¢ (1) Ja
Thus, the identity obtained in a such way is equivalent to (1.1).

The following identity has been proved by J. Pecari¢ in [5]:

T(f,2.p) / 0 [(Pdg s +/ )/xbp(t)dg(t)df(X), @.1)

where f,g: [a,b] — R are two differentiable functions on [a,b] and p : [a,b] — R
integrable, P(x) = [T P(¢)dr, P(x) = fbe(t)dt, for which the following holds 0 <
P(x) < P(b), Vx € [a,b] and

T(f.8p)= /p dX/p x)dx — /p )dX/abp(X)g(X)dx

Using this result we can obtain the following result of the same type as inequality
(1.5) in Theorem 2.

THEOREM 4. Let f,g: [a,b] — R be differentiable on |a,b], and f',g':[a,b] — R
integrable on [a,b], and w, @ as in the Theorem 1.Then

/ 1 b / / /
(et e0)| < o ([ HO@) 171 e
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where

b
:/ | Py (x,1)] dt.

Proof. If we take P(x) = ﬁ(p(W (x), plx) = ﬁw(x) o' (J;w(r)dr) and
T(f.&p )= T (w,f,g,¢) in (2.1), we have

b X
Tugmw=¢&fl(wu%wmwwnﬂlqmwo»gmd{ﬂwwu
1

b b
| [ - ong wa rwa

By mean value theorem we have

@ (1) =@ (W (x) =¢'(ny) (1-W(x)) forsome n, € [0,1],
@ (W (x)) = ¢ (&)W (x) for some & € [0, 1],

SO

T < el (o [/ oW )
+oaplell L oW [/ (0 ()= 90 ()]

Sl [ (o oo - [/ 0w dt]dx

2||g|| [ o ew U| |dt]dx

mu I ng/ a-wi| [low dt}

Il [ W | [ 1000w 0

zl\wH 10 (| o0 W}

+/\ dt>dx

W11 [ (1o o) as

1 1 ’ , b
o 11117l I [ H@ax
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Consequently
7 (0 f00) < el [ B O

3. Some further results for Ostrowski-type inequalities

THEOREM 5. Let f: [a,b] — R be differentiable on [a,b], w: [a,b] — [0,o0)
normalized weighted function, ¢ : [0,1] — R differentiable on [0,1] with ¢ (0) =0,
@ (1) #0 and ¢’ :[0,1] — R integrable on [0,1]. Additionally let (p,q) be a pair
of conjugate exponents, that is 1 < p,q <o, ++ - =1land f' € L,. Then for any
X € [a,b] the following inequality holds

‘f(x)—@/jw(r)qf ([woas)rwa

1
< ot o, 17, @D

141
p g

Proof. Using the formula (1.1) we have

‘f(x)—ﬁ/fw(r)cp’(/atw(sms)f ’ [ Bt s

By applying the Holder inequality we obtain the proof. [

COROLLARY 1. Let w and @ be as in the Theorem 5, f' € Ly and ¢ is a mono-
tonic non-decreasing on [0,1]. Then for any x € [a,b] the following inequality holds

10 i [ v ([ weas) rarar

ozt i,

o
<

Proof. We apply (3.1) with p=1

10 i [ v ([ weas) s -

oo L7

||Pw,<p (xa')Hoo = Ssup |Pw,<p (X’t)|

t€la,b)

=maX{ sup |@ (W (2))], sup <P(W(t))—¢(1)|}

t€la,x] t€[x,b)
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and since @ is a monotonic non-decreasing on [0, 1], we have

t:Fp] o (W (1) = W(x))
:}117)] W) —eM)=¢(1)—9W(x)

Using the formula max {A,B} =  (A+ B +|A — B|) the proof follows. [

415

COROLLARY 2. Let w and @ be as in the Theorem 5, 1 < p <o, f' € L,. Then

for any x € [a, D] the following inequality holds

‘f(X)—ﬁ/abW(t)w’ ([ woas)rwa

A ([ 1oL,

Proof. We apply (3.1) with p # 1 (g # o),

[[Pu.g (x, H = (/ [P (x,)]* dt)

- (/jvp(vvo))th+/xb<p<w<t>>—<p<1>th)5

By mean value theorem we have

P(1)—@(W () =0 (n,)(1-W(t)) forsomen; € [0,1],
oW (t)=¢ (&)W (t) forsome & €[0,1],

[low@rar= ["o'@wo|ar < (|o']l)* [ Wy,

SO

b b b
[low@—eya= [ lo/ )1 -w"ar < (|o/])" [ (1-w

Since 1 <g<eoand 0 <KW (r) <1 wehave W (1)?<W (t), 1 € [a,b] and (1

<(1—=W(r)), t €la,b]. Thus
/XW(t)thg xW(t)dt,

a

By integration by parts we obtain

LXW(t)dt:LX(x—t)w(t)dt7

(1)dt.

—W ()



416 A. AGLIC ALJIINOVIC

/xb(l—W(t))dt:/xb ([bw(s)ds> dt:/xb(t—x)w(t)dt.

estol, < 1o [ h-tvtoa)’

and the proof follows. [

Thus
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