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Abstract. We use the fixed point method to prove the probabilistic Hyers—Ulam and generalized
Hyers—Ulam—Rassias stability for the nonlinear equation f(x) = ®(x, f(1n(x))) where the un-
known is a mapping f from a nonempty set S to a probabilistic metric space (X,F,Ty) and
O:SxX —X, n:S— X are two given functions.

1. Introduction and Preliminaries

The first stability theorem was proved by Hyers in [14], who affirmatively solved
a problem of Ulam and proved that the additive Cauchy functional equation is “stable
in the sense of Hyers-Ulam”. We quote from the paper by Hyers [14]:

THEOREM 1.1. (Hyers [14], Theorem 1) Let E and E’ be Banach spaces and let
f(x) bea &-linear transformation of E into E', that is, a mapping f : E — E' such that
lf(x+y)— f(x) = f()|| < 8, Vx,y € E. Then the limit [(x) = lim, . f(2"x) /2" exists
for each x in E, [(x) is a linear transformation, and the inequality || f(x) —I(x)|| < O
is true for all x in E. Moreover L(x) is the only linear transformation satisfying this
inequality.

Subsequently the result of Hyers has been generalized by considering unbounded
control functions. Significant results have been obtained by Aoki, Bourgin, Rassias and
Gavruta ([2], [5], [32], [11]). The stability problems of various functional equations
have been investigated in last decades by a number of authors, see e.g., [10], [15], [16],
[9], [4], [12], [1], [71, [27], [30], [36], [19]. The generalized Hyers-Ulam-Rassias sta-
bility of the additive Cauchy functional equation and Jensen functional in probabilistic
and fuzzy normed spaces has recently been studied in [28], [23] and [26].

Baker ([3]) used the fixed point method to study the stability of the nonlinear
functional equation f(x) = F(x, f(n(x))).
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THEOREM 1.2. (Baker [3], Theorem 2) Let S be a nonempty set and (X,d) be a
complete metric space. Let 1 : S — S,F : S x X — X. Suppose that there is k € (0,1)
such that

d(F(x,u),F(x,v)) < kd(u,v),Vx € S,Yu,v € X,

andlet f:S— X,0 > 0 be such that

d(f(x),F(x, f(n(x))) <8, Vx € S.

Then there is a unique mapping fs : S — X with the properties

fi(x) =F(x,s(n(x)), vx €S

and s
d(f(x), fs(x)) < T VxeS.

In this paper we provide some probabilistic versions of the stability result of Baker.

2. Fixed points in generalized metric spaces and in probabilistic metric spaces

The notion of generalized complete metric space has been introduced by Luxem-
burg in [20].

DEFINITION 2.1. A generalized metric on a nonempty set X is a mapping d :
X x X — RU{+-oo} satisfying the following conditions:

i) d(x,y) >0, Vx,y€X; d(x,y)=0iff x=y

ii) d(x,y) =d(y,x), Vx,y € X

iil) If d(x,z) and d(y,z) are finite, then d(x,y) is finite and

d(x,y) <d(x,z) +d(y,2).

If (X,d) is a generalized metric space, then the relation ~, x ~ y if and only if
d(x,y) < +oo, is an equivalence relation on X which determines a unique decomposi-
tion X = U{Xq, o € A} into disjoint equivalence classes, called the canonical decom-
position. If dy =d |x,xx, , then (X,d) is a complete generalized metric space if and
only if (Xgy,dg) is a complete metric space for each o € A.

Recently, Radu [31] pointed out that many theorems concerning the stability of
functional equations are consequences of the fixed point alternative of Margolis and
Diaz [21]. On the other hand, as it is shown in [18], the fixed point theorems of the
alternative on generalized metric spaces can be obtained from the corresponding fixed
point theorems on appropriate metric spaces: if (X,d) is a generalized metric space,
X = U{Xy,a € A} is its canonical decomposition and T : X — X is a mapping such
that

d(T (x),T(y)) < 4o whenever d(x,y) < +oo,

then T has a fixed point if and only if T, = T |x,: Xo — X has a fixed point for some
a € A ([18], Theorem 3.1). Accordingly, we obtain:
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THEOREM 2.1. [18] Let (X,d) be a complete generalized metric space and T :
X — X be a strict contraction with the Lipschitz constant k, such that d(xy, T (xp)) <
+oo for some xog € X. Then T has a unique fixed point in the set Y :={y € X,d(xg,y) <
oo} and the sequence (T"(x)),cy converges to the fixed point x* for every x €Y. More-
over, d(xo,T (x0)) < & implies d(x*,xp) < %

The above theorem can immediately be extended to uniform spaces with the uni-
formity generated by the separated family D = {dy }qer of generalized pseudometrics
on X (seee.g.,[29], [6]):

THEOREM 2.2. Let X be a sequentially complete generalized uniform space and
f be a mapping from X into X, with the property that for every o € I there is k¢ €
(0,1) such that do(f(x),f(y)) < kada(x,y) for all x,y € X. Suppose that there exist
x €X and 8¢ > 0 such that dy(x, f(x)) < O0q Ya € I. Then the sequence {xn}n>0,
Xn = f"(x) is convergentin X and u :=1lim,_... f"(x) is the fixed point of f. Moreover,
do(u,x) < 1?—‘,"(“ Yael.

Probabilistic contractions were first defined and studied by V.M. Sehgal in his
doctoral dissertation at Wayne State University. In the following we recall some useful
facts from fixed point theory of probabilistic metric spaces. For more details the reader
is referred to the books [13] and [33].

A triangular norm (shorter ¢ -norm) is a binary operation 7 : [0,1] x [0, 1] — [0,1]
which is commutative, associative, nondecreasing in each variable and has 1 as the
unit element. Basic examples are: Ty (a,b) = Max(a+b—1,0) (Eukasiewicz t-norm),
Tp(a,b) = ab and Ty (a,b) = Min{a,b}.

Let (by,) be a strictly increasing sequence of positive numbers with limy,_... b, = 1.
By a (b,) t-norm of HadZi¢ type we understand a ¢ -norm T with T (b,,b,) = b, Vn.

A distribution function is a mapping F : [0,00) — [0, 1] with the properties: F(0) =
0, F isincreasing and F is left continuous on (0,e0). The class of all distribution func-
tions is denoted by A and D is the subset of A} containing the functions F which
also satisfy the condition lim F(x) = 1.

X—00

A special elementin Dy is &,

()= [0 ifr=0
lf) = 1,ift >0

A probabilistic distance on a nonempty set X is a a mapping F from X x X to Ay
(F(x,y) will be denoted by Fyy). A triple (X,F,T), where X is a nonempty set, F is
a probabilistic distance on X and T is a ¢-norm, is called a generalized Menger space
or a probabilistic metric space in the sense of Schweizer and Sklar if the following
conditions are satisfied:

(PMO) Fy=¢ifandonlyif x=y
(PM1) Fyy = Fy Vx,y € X
(PM2y) Fo(t+5) > T(Fi(t),Fy(s)), Vx,y,z€ X, Vt,s > 0.
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If (X,F,T) is a generalized Menger space with supT(¢,#) = 1, then the family
<1
{Ue s }e00e(0,1), Where U ; := {(x,y) € X x X : Fy(€) > 1—A} is a base for a

metrizable uniformity on X, named the F -uniformity and denoted by % ([33]).

DEFINITION 2.2. ([22]) Let b be the collection of all strictly increasing se-
quences (bp)nen, with lim b, = 1 and let (b,) € b. A pair (S,F), where F is a

probabilistic distance on § satisfying (PMO) and (PM1) is called a probabilistic (by)-
structure if the following triangle inequality takes place:

(PM3p) (Fpg(s) = by, Fyr(t) = bn) = Fpr(s+1) = by.

It is easy to see that every generalized Menger space under a (b,)t-norm T of
HadZi¢- type is a probabilistic (b,)-structure.

DEFINITION 2.3. ([34]) Let S be a nonempty set and F' be a probabilistic
distance on S. A mapping f :S — § is called a probabilistic contraction (or B-
contraction) if there exists k € (0, 1) such that

Fripypiq)(kt) = Fpq(1),¥p,q € S, ¥t > 0.

The following theorem is a probabilistic analogous of the fixed point theorem of
Luxemburg-Yung.

THEOREM 2.3. (see [17], [35]) Let (S,F,T) be a complete generalized Menger
space with T of HadZi¢-type and f : S — S be a B-contraction. Then f has a fixed
pointiff there is p € S such that Fys(,) € D+. If F,p(p) € D, then u:=1lim, .. f"(p)
is the unique fixed point of f inthe set Y ={q € S:Fyy € D, }.

3. Probabilistic stability of the equation f(x) = ®(x, f(1n(x)))

In this section we study the probabilistic Hyers—Ulam and generalized Hyers—
Ulam-Rassias stability for the nonlinear equation f(x) = ®(x, f(n(x))) where the un-
known is a mapping f from a nonempty set S to a probabilistic metric space (X, F, Ty)
and ®:Sx X — X, n:5— X are two given functions.

First we define the notion of probabilistic approximate solution of the given equa-
tion.

DEFINITION 3.1. A probabilistic uniform approximate solution of the equation
f(x) =®(x,f(n(x))) is any function f : S — X such that

Jim Fy o ) () = 1
uniformly on S.

The proof of our first theorem makes essential use of the following lemma, which
completes Theorem 2.3 with an estimation relation in the case T = Ty :
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LEMMA 3.1. ([24]) Let (S,F,Ty) be a complete generalized Menger space and
f:8— S8 bea k— B contraction. Suppose that F, s, € D and let u=1im, .. f"(p).
Then

Fup(t +0) = Fyp(p) (1 = k)t), Vi > 0.

THEOREM 3.1. Let S be a nonempty set and (X, F,Ty) be a complete generalized
Menger space. Suppose that the mapping ®@ : S x X — X satisfies the condition: there
exists k € (0,1) such that

F(I)(u,x)d)(u,y) (kt) > ny(t)

forallue S, xeX, t>0andlet f:S— X be a probabilistic uniform approximate
solution of the given equation. Then there is a function f;: S — X with the properties:

fs(u) = D(u, fs(n(u))), Vue S
and, if for some € € (0,1) and 6 >0
Frau,rmw))(8) >1—€ Vues

then 5
Fru) () (m +O> >1—¢,Vues.

Proof. Let Y be the set of all mappings a from S to X and the operator of Baker
T:Y—Y,T(a)(x)=D(x,a((n(x))) forall a €Y and x € S. For every a,b € Y define
the distribution function F,;, by the formula

Fop (t) = sup iana(x)b(x) (S)
s<t XS
It can immediately be proved that (¥,F,T)) is a complete generalized probabilis-
tic metric space. We also have

F [F
(@) (k) = $UP Inf Fr(a) 3)7(4) ) (5)

= supinf F; ks) > supinfF, s) = Fyp(t),
SUP INEFr () )7(8) ) (kS) 2 SUP N Fan 1)) (5) = Foap (1)
thatis, 7 is a B— contraction on (Y,F, Ty).

As the condition 1imy— F(,,)a(u, f(n(u))(t) = 1, uniformly on X means that F 75
€ D, from Theorem 2.3 it follows that T has a fixed point, that is, there is a selfmap-
ping fs of Y such that fi(u) = ®(u, fs(n(u))), forall u € S.

If Ff(u)@(u,f(n(u)))(S) >1— £, Yu € S then FfT ( ) 1 — e. It follows that
Frr (12 40) > 1—¢, that is, infues Fyu) 0 (1% +0) > 1— ¢, concluding that
Ff(u)fr(u)(%—FO)Zl—E, YueS. O

The next stability result refers to mappings on probabilistic (b, )-structures. In the
proof of Theorem 3.2 we use the fixed point theorem of Monna.
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LEMMA 3.1. ([25]) If (S,F) is a (by)-probabilistic structure then, for every
n € N, the mapping

rn:Sx8S—[0,00|, r,(p,q) =inf{r > 0| Fyy(r) > by}

is a generalized pseudometric on S and the family {ry},cN generates the uniformity
Ur . Moreover, r,(p,q) < € = Fpy(€) = b, and Fpy(€) = b, = ra(p,q) < €.

THEOREM 3.2. Let S be a nonempty set and (X,F) be a complete probabilistic
(by) -structure. Suppose that the mapping ® : S x X — X satisfies the condition:

VneN Jk, € (07 l) : ny(l) > b, = Ftb(mx)‘b(u,y)(knt) > b,.
Let f:S — X be a mapping with the property:

m F (£ (1) = 1,

{—o0

uniformly on S.
Then there is a function f;:S — X such that

fs(u) = D(u, fs(u)), Vue S

and if
Fpu)d(u, () (Bn) = b, YU €S

then

On
Fru) () (1 — kn) >b,,Vu €S.

Proof. Letagain Y be the set of all mappings a from S to X. Consider the family
of pseudometrics {r, }ney defined in the above lemma and, for every n € N and all
a,bey,

dy(a,b) = sup{ry(a(x),b(x)),x € S}.
Then {d,}nen is a complete family of generalized pseudometrics on Y. Consider the
mapping 7 :Y — Y, T(a)(x) = ®(x,a(x)) forall a,b €Y and x € S.
Let a,b€Y,e >0 and x € S be given. Then, for all a,b €7,

kura(a(x),b(x)) < € = ra(alx),b(x)) < ki

= (T (a)(x),T(b)(x)) < €.
Therefore, r,(T(a)(x),T(b)(x)) < kyru(a(x),b(x)) < kydy(a,b). This means that
d,(T(a),T (b)) < kndy(a,b) for all a,b € Y, and now we can apply Theorem 2.2 to
conclude the proof. [

The generalized Hyers-Ulam-Rassias stability of the equation f(x) = ®(x, f(n(x)))
has been studied in [8]. In order to establish a similar result in probabilistic setting, we
need the following lemma (cf. [26]):
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LEMMA 3.2. Let X be a nonempty set, (Y,F,Ty) be a complete probabilistic
metric space and G be a mapping from X x R into [0,1], such that G(x,-) € D4 for all
x. Consider the set E :={g:X — Y,g(0) =0} and the mapping dg defined on E x E
by

dc (g,h) = inf{a € R, Fy () (at) = G(x,t) for all x € X andt > 0}

(infQ = +o0). Then dg is a complete generalized metric on E.

THEOREM 3.3. Letr S be a nonempty set, (X,F,Ty) be a complete generalized
Menger space and ® : S x X — X be a mapping with the property that there is k > 0
such that

F‘I)(u,x)d)(u,y) (kt) 2 FXV(I)
forallue S, xe X,t >0. If

Fruowsmwy) 2 Y VU ES
where W : S — Dy (Y(u) is denoted by W, ) is a mapping with the property:
3L € (0,1) : Wy (Lt) > Wu(kt),YueS,ve >0
then there is a unique function f;: S — X such that
fi(u) = ®(u, fi(n(w))), Vue S
and Fy( g, (t) 2 Wu((1 = L)t),Yu € S, Vt > 0.

Proof. Consider the set E := {g : S — X} equipped with the complete generalized
metric D defined by

D(g,h) =inf{K € Ry, Fy( () (K1) =Wy (t),Vu € SVt > 0}.

Let T:E — E,T(a)(u) = ®(u,a(n(u))) forall a,b € E and u € S be the Baker
operator.
If we suppose that a,b € E are such that D(a,b) < € then

Fuuypuy(€t) = Pu(t),Yu € S,¥t >0
and
Fr(a)(u)T () (u) (LE) = Fop(u,a(m (1)) (b (m (u))) (LEL)
(%a) %t) =W, (1)
for every u € S and ¢ > 0. Therefore, D (T (a),T (b)) < Le, which implies
D(T(a),T(b)) < LD(a,b),Va,b€E.

Next, from Fr (), f(n () = Yu, Yu € S itfollows D(f, T f) < 1. From Theorem
2.1 we obtain a fixed point of T, that is the existence of a mapping f; : § — X such
that fi(u) = @(u, f;(n(u))), Yu € S. Moreover, D(f, f;) < ﬁ that is, the estimation
Ff(u)f_r(u)(ﬁt) > W,(t),Yu € S, V& >0 holds and, as f; is the unique fixed point of
T in the set {g € E, D(f,g) <<}, fs is the unique mapping verifying both f;(u) =
D(u, fs(n(u))), Yu € S and the above estimation. [J
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