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ACCURATE APPROXIMATIONS FOR THE RIEMANN-STIELTJES
INTEGRAL VIA THEORY OF INEQUALITIES

S. S. DRAGOMIR

Dedicated to Professor Josip Pecari¢
on the occasion of his 60th birthday

Abstract. Accurate approximations for the Riemann-Stieltjes integral by the use of various re-
cent inequalities for the generalised Cebysev functional introduced in 1998 by Dragomir & Fe-
dotov are surveyed. Applications in deriving sharp inequalities of Griiss’ type are also given.

1. Introduction

In 1998, Dragomir and Fedotov [21], in order to approximate the Riemann-Stieltjes
integral | f S (t)du(t) with the simpler expression

1
b—a

(o) ~ut@) [ royar,

introduced the following error functional

D(fusab):= [ Faun) ) -ui@] [ @@

a

provided that both the Riemann-Stieltjes integral fab f(¢)du(t) and the Riemann inte-
gral fab f(2)dr exist.
If u(t)=['g(s)ds, t € [a,b], with g continuous on [a,b], then

p(an) = [ rwgwa— i [ [soa a2
=0 -a)T(f,g:a,b),
where T (-,-;a,b) is the well-known Cebysev functional. Therefore D (f,u;a,b) can
be see as a generalised Cebysev type functional.
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The natural connection provided by the equality (1.2) also motivates the study of
the functional D (-,-;a,b) since there are numerous results in the literature concerning
bounds for the Cebysev functional for which we only mention the following ones:

% (®—¢)(T—y)  (Griiss 1935, [23]) (1.3)

T (f,g:a,b)| <
provided ¢ < f(x) <P, y < g(x) <T foreach x € [a,b];
1 ‘o
T(f.8:a.b)| < 55 (0=aP[[f[|lL[lg'll.  (Cebysev18s2,[7)  (1.4)

if f, g are absolutely continuous on [a,b] and f’, g’ € L. [a,b];

(b—a)(®—9)|¢|l.. (Ostrowski 1970, [26]) (1.5)

0| =—

T (f,g;a,b)| <

provided ¢ < f(x) < @ forany x € [a,b] and g’ € Lw[a,b], and

1
T (fgab)< s b-a)|f,]¢],  Tupag1973,125)  (1.6)

provided f', g’ € L, [a,b]. The multiplicative constants }, {5, % and % are the best

possible in the sense that they cannot be replaced by smaller quantities.
Recently, Cerone and Dragomir [3], proved the following result:

. 1t 1t
e < il vl [ o -5 [roaja a

provided f € L[a,b] and g € L. |a,b].
As particular cases of (1.7), we can state the results:

dt (1.8)

1 b 1 b
csan)l < eyt [ o= 52 [ roa

if g € Le[a,b] and f € L|a,b], and

IC(f.g:a,b)| <

f(t)— dr, (1.9)

bia/ub bia/ahf(s)ds

where m < g (x) < M for x € [a,b]. The constants 1 in (1.8) and % in (1.9) are the best
possible. The inequality (1.9) has been obtained before in a different way by Cheng &
Sun in [8]. However, they did not consider the problem of sharpness.

For generalizations of (1.9) in abstract Lebesgue spaces, best constants and dis-
crete versions, see [4] in both preprint and final form.
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2. Error Bounds for D (f,u;a,b)

2.1. Bounds for Lipschitzian Integrators

In this section we assume that in the Riemann-Stieltjes integral |, : f(t)du(t), the
integrator u is L-Lipschitzian, i.e.,

lu(t) —u(s)| <Lt —s| for each t,s € [a,b]. 2.1)

It is well known that, in this case, the Riemann-Stieltjes integral | f F(t)du(t) exists
provided the integrand f : [@,b] — R is Riemann integrable on [a,b].

THEOREM 1. (Dragomir-Fedotov 1998, [21]) If u is L-Lipschitzian on [a,b] and
f is Riemann integrable on [a,b], then

b 1 b
D(faab) <L [ |10 -5— [ f)ds|ar 2.2)
a —aJa
The inequality (2.2) is the best possible.
Moreover, if there exist the constants m,M € R such that
m< ft)<M  forany t € |a,b], (2.3)
then |
ID(f,u5a,0)| < 3L(M=m) (b~a). 2.4)

The constant % is the best possible in (2.4).

A function w is said to be of bounded variation if for any division I, of [a,b],
L:a=xyg<x; <-+<Xy_1<x, =b, the variation of w on I, is finite, which means
that

n—1
D wxis) —w(x)| <. (2.5)
i=0

The total variation of w on [a,b] is denoted by \/2 (w), where
b n—1
\/ (w) :=sup< ¥ [w(xit1) —w(x;)|, I, isa division of [a,] . (2.6)
a i=0

THEOREM 2. (Cerone-Dragomir 2006, [2]) Let u : [a,b] — R be L-Lipschitzian
on la,b].

(i) If f is of bounded variation on [a,b], then
b

L(b—a)\/(f): (2.7)

a

ID(f,u;a,b)| <

1w
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(ii) If f :[a,b] — R is of r— H— Holder type, i.e.,
f )= f)<H|t—s] (2.8)
foreach t,s € [a,b], where H >0 and r € (0,1] are given, then

2HL(b—a)™"

(r+1)(r+2)° 29)

ID(f,u3a,b)| <

(iii) If f: [a,b] — R is absolutely continuous, then

L —a)l[|f Nl if f' € Lo la,b];

Q

1 1

) 2a L(b—a)a ||

Pfwal <) 2O W,y prery s, p>1iet=t:
(g+1)¥ (q+2)9

SL(b—a)|lf'|l,-
(2.10)

REMARK 1. It is an open question whether or not the multiplicative constants

3 1 2l/q 3 . . .- .
123 g and 7 in the inequalities (2.7) — (2.10) are the best possible.

2.2. Bounds for (I,L)-Lipschitzian Integrators
The following lemma may be stated:

LEMMA 1. Let u:[a,b] — R and I,L € R with L > . The following statements
are equivalent:

(i) The function u— %k -e, where e(t) =t, t € [a,b], is % (L— 1) — Lipschitzian;

(ii) We have the inequalities

_ul)—uly)

1< ; <L foreach t,s € [a,b], with t#s; (2.11)
—5

(iii) We have the inequalities
It—s)<u(t)—u(s)<L(t—s) foreach t,s€ [a,b], with t>s. (2.12)
Following [24], we can introduce the definition of (I,L)-Lipschitzian functions:
DEFINITION 1. The function u : [a,b] — R which satisfies one of the equivalent
conditions (i) — (iii) from Lemma 1 is said to be (/,L)-Lipschitzian on [a,b].

If L>0 and [ = —L, then (—L,L)-Lipschitzian means L-Lipschitzian in the
classical sense.



ACCURATE APPROXIMATIONS FOR THE RIEMANN-STIELTJES 667

Utilising Lagrange’s mean value theorem, we can state the following result that
provides examples of (/,L)-Lipschitzian functions.

PROPOSITION 1. Ler u: [a,b] — R be continuous on [a,b] and differentiable
n (a,b). If —eo <1 =infic(ypytt' (1) and sup,epu' (t) =L < oo, then u is (I,L)-
Lipschitzian on [a,b).

THEOREM 3. (Liu 2004, [24]) If u is (I,L)-Lipschitzian on [a,b] and f is Rie-
mann integrable on [a,b] then

1 b 1 b
D(fwab) <5 @0 [ |f0-— [r@ala @13
2 a b —dalJa
The constant % is the best possible in (2.13).
Moreover, if there exist constants m,M € R such that
m< f()<M  forany t € |a,b], (2.14)
then |

The constant % is the best possible in (2.15).

REMARK 2. It is clear that Liu’s results above provide a refinement for the in-
equality (2.2) when the function u is (I,L)-Lipschitzian.

The following different results for (I,L)-Lipschitzian integrators can be stated as
well:

THEOREM 4. (Dragomir 2007, [18]) Let f,u: [a,b] — R be such that u is (I,L)-
Lipschitzian on [a,b).
(i) If f is of bounded variation, then
b

1
ID(f,wa,b)| < 3 (L=1)(b=a)\/ (f). (2.16)
The constant Alf is the best possible in (2.16).
(ii) If f is K-Lipschitzian on [a,b], then
ID(fusa.b)| < K (L-1) (b a). (2.17)
(iii) If f is nondecreasing, then
D (f,usa,b)| < 2- 2 Cll/ (t—“;“b)f(t)dt 2.18)
3 (L=tmax{|f (a)|,|f (b)[} (b—a);
FL-D I, i p>1 iel=t @19)
(q+1)" b

L=DIf;-
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The constants 2 and % are the best possible in (2.18).

REMARK 3. Itis an open question whether or not the multiplicative constant é is
the best possible in (2.17).
2.3. Bounds for Integrators of Bounded Variation

THEOREM 5. (Dragomir-Fedotov 2001, [22]) If u is of bounded variation on [a,b]
and f is continuous on |a,b], then

b
1 b
D ;a,b)| < t)— ds|. 2.20
D asab)| <V @) may 15 0) = 5= [ 6)ds 220)
The inequality (2.20) is sharp.
Moreover, if f is K-Lipschitzian, then
b
ID(fuwa,b)| < SK (b—a)\/ () 2.21)
b 2 b ~X 2 * .

a

The constant % is the best possible in (2.21).

If other information is available about the integrand f, then other bounds can be
obtained as well.

THEOREM 6. (Cerone-Dragomir 2006, [2]) Let u : [a,b] — R be a function of
bounded variation on |a,b).
(i) If f is continuous and of bounded variation on |a,b], then

b

)\ (w); (2.22)

a

ID(f,usa,b)| <

s <

(ii) If f is of r— H— Holder type (with r € (0,1] and H > 0), then

H

D(f,u;a,b)| <
| (f?ua )| r+1

(b—a)"\/ (u); (2.23)

s <]

(iii) If f: [a,b] — R is absolutely continuous, then

Lo—a)|f'l. V5 (), if f€Lwla,b];

1
\D(f,u;a,b)| < (1)1(b—a)qu’HpVZ(u),p>l7},+§=1, (2.24)

q+1)4
if ' €Lyla,b;

1115 Ve () -

REMARK 4. It is an open problem whether or not the multiplicative constants

11 1 . .
1, T2 T and 1 in (2.22) — (2.24) are the best possible.
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2.4. Bounds for Monotonic Integrators

The following result holds.

THEOREM 7. (Dragomir 2004, [15]) If f : [a,b] — R is L-Lipschitzian on [a,b]
and u is nondecreasing on |a,b], then

ID(f150,5)] < 3L(b—a)[u(b) (@) ~ K (ta,b)] (2.25)
< L~ a)u(b) ~u(@)],
where
K(u;a,b) = (b_4a>2 /ubu(t) (z—“;b) d > 0. (2.26)

The constant % is the best possible in both inequalities.

Another result may be stated as:

THEOREM 8. (Dragomir 2004, [15]) Ler f : [a,b] — R be a function of bounded
variation on |a,b], u: [a,b] — R a nondecreasing function on [a,b] such that the

Riemann-Stieltjes integral fah f(t)du(t) exists. Then

b
|D(f,u;a,b)| < [u(b) —ula) (w;a,0)]\/ (f) (2.27)

where

1 b
O (u;a,b) := b—a/a sgn (t—a;b>u(t)dt>0.

The first inequality in (2.27) is sharp.

2.5. Bounds for Convex Integrators

We recall that the function u : [a,b] — R is convex on [a,b] if u(At+ (1 —A)s) <
Au(t)+ (1 —A)u(s) foreach z,s € [a,b] and A € [0,1].

THEOREM 9. (Dragomir 2007, [17]) Let u : [a,b] — R be a continuous convex
Sfunction on [a,b].
() If f: |a,b] — R is a function of bounded variation on |a,b)], then

b

(W' (b) =i, (a)] (b—a)\/ (f). (2.28)

a

B

D (f,u;a,b)| <



670 S. S. DRAGOMIR

The constant % is the best possible in (2.28).
(ii) If f : [a,b] — R is a nondecreasing function on [a,b], then

0<D(f,u:a,b) (229)
L)~y (@) P b
gz%‘/a <[_%)f([)d[

ymax {|f (a)|.|f (b)[} (b—a);

<[ 0) = (@] x§ —— |, b-a)s iF p>1,E4l=1;
(g+1)4 P

1A

The constants 2 and % are the best possible.
(iii) If f is an L-Lipschitzian function on |a,b], then:

1
ID(f,u:a,0)| < oL [ul (b) — ul ()] (b—a)”. (2.30)
REMARK 5. Itis an open question whether or not é is the best constant in (2.30).

3. Integral Representation and Other Error Bounds

For the integrator u : [a,b] — R consider the following auxiliary mappings ®,,T,
and A, that have been introduced in [15] (see also [16] and [17]):

(t—a)u(b)+(b—1)u(a)
b—a

D, (1):= —u(t), t € la,bl; 3.1

Lu(t)i=(t—a)u®d)—u()]— (b-0)ul)—u@)], reab (32

and ,
Au(z):zu(;:?(I)—”(IZ:Z(")7 t€(ab). (3.3)

3.1. Integral Representation and Other Bounds

The following representation result was essentially established in [15], (see also

[16]).

THEOREM 10. (Dragomir 2004, [15]) Let f,u: [a,b] — R be such that the Riemann-
Stieltjes integral ff f(t)du(t) and the Riemann integral ff f(t)dt exist. Then

D(f,u;a,b) = /d) Ydf (1) il /F Ydf (1) (34)

:b_ia/ah(t—@(b—t)Au(wdf(r)-
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The following bounds for the functional D (f,u;a,b) can then be stated:

THEOREM 11. (Dragomir 2004, [15]) Assume that f,u : [a,b] — R.

(i) If f is of bounded variation and u is continuous on |a,b), then

sup |, (1) V5 (f),

t€la,b)
D(fwab)| < 7 20 T OV (), 55)
wa sup [(t=a) (b=0)[Au (O] VG (F)
te(a,b)

(ii) If f is L-Lipschitzian and u is Riemann integrable on |a,b], then

L[ |®u(0)|d1,

ID(fusa,b)| < { 7 2|0, (1)]dt, (3.6)

L2 (1 —a) (b—1)|A (1) dr.

(iii) If f is nondecreasing on |a,b] and u is continuous on [a,b], then

J2 1@, (1)|df (1),

ID(f,usa,b)| < § 5= [2|Tu(1)|df (2), 3.7)

s [Pt —a)(b—1)|Au (1) df (7).

COROLLARY 1. (Dragomir 2004, [15]) Let f,u: [a,b] — R.

(i) If f is of bounded variation and u is continuous, then

ID(f,usa,b)| <

b
(b—a)|Adll.\/ (f)s (3.8)

N

(ii) If f is L-Lipschitzian and u is Riemann integrable on |a,b], then

D (f,usa,b)| <

2
sL(b—a)" | Aull...

1 1
L(b—a) "4 [B(g+1,q+1)]7 [|Aull,, if Au € Lpla,b]
and p > 1, }—)—i—é:l;

L= a)l|Adl;,
(3.9)

where B(-,-) is Euler’s Beta function;
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(iii) If f is nondecreasing on [a,b] and u is continuous, then

Lo—a) 218 0ldF (1),
D(fwab)l <4 5lg (R1e-ne—afarm)’ (218 0rdro)"

1 1_ 1.
p>1,5+5—1,

s Al f2 (6 —a) (b—1)df (1)
(3.10)

REMARK 6. It is an open problem whether or not the multiplicative constants in
(3.8) — (3.10) are the best possible.

Utilising the first representation in (3.4), the following sharp estimate of the error
D(f,u;a,b) can be stated.

THEOREM 12. (Dragomir 2005. [16]) Let f,u: [a,b] — R be of bounded varia-
tion on [a,b] and u: [a,b] — R such that there exist constants n,N € R such that

n<u(t) <N forany t € la,b] (3.11)

and the Riemann-Stieltjes integral |, f f(t)du(t) exists. Then
b
D (fusa,b)| < (N=n)\/ (/). (3.12)
a
The multiplicative constant 1 on the right hand side of (3.12) is the best possible.

COROLLARY 2. (Dragomir 2005. [16]) Let f : [a,b] — R be a function of bounded
variation and u : [a,b] — R be continuous on |a,b]. Then

b
D(f,u;a,b)| < ) — (1) 3.13
P wanls |z O B OV O o

The inequality (3.13) is sharp.

3.2. Double Integral Representations and More Bounds

For a function g : [a,b] — R, consider the generalised trapezoid error transform
D, : [a,b] — R given by (3.1), and if g is Lebesgue integrable, the Ostrowski transform,
which is the error of approximating the function by its integral mean, defined by:

0, (1) ::g(t)—bia/abg(s)ds, t€fab]. (3.14)
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We also define the kernel Q : [a,6]* — R,

t—bif a<s<t<b,

Of(t,s):= (3.15)
t—aif a<t<s<b.

The following representation result in terms of ©, and Q may be stated:

LEMMA 2. (Dragomir 2007, [19]) If f,u : [a,b] — R are bounded functions and

such that the Riemann-Stieltjes integral | : f(¢)du(t) and the Riemann integral fub f(t)de
exist, then we have the representation:

b
D(f,u;a,b):/a O (s)du(s) =

b/ rb
(/ 0(1,5)df (t)) du(s).  (3.16)
a a
Another representation of D (f,u;a,b) is incorporated in:

LEMMA 3. (Dragomir 2007, [19]) With the assumptions in Lemma 2, we have

D(f,u;a,b) = /q> )df (1) /(/Qtsdu )df(t), (3.17)

where Q is defined by (3.15).

The following lemma is of interest in itself [19].

LEMMA 4. If f:[a,b] — R is continuous on [a,b] and v : [a,b] — R is of bounded
variation on [a,b], then

/If d( )) (3.18)
b E b t % b
<[\/<v>] {/ If(t)”dl\/(V)H < max 17 )]\/ 9.

where p > 1, —+—:1

The first inequality in the above Lemma 4 can be utilized to provide other bounds
for the error functional D (f,u;a,b) as follows:

THEOREM 13. (Dragomir 2007, [19]) If u : [a,b] — R is of bounded variation
and f :|a,b] — R is L-Lipschitzian, then

b K
D(f.uwab)| <L %(b—a)\u/(u)—bfa/ab (\!(u)) (s—“;b)ds] (3.19)
1 b
<L-a\w.

a

The constant % is the best possible in both inequalities.
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REMARK 7. The inequality between the first and last term in (3.19) was firstly
discovered by Dragomir and Fedotov in [22] where they also showed the sharpness of
the constant %

When certain conditions around the end points are imposed, then the following
results may be stated as well:

THEOREM 14. (Dragomir 2007, [19]) Assume that f : [a,b] — R is of bounded
variation on [a,b]. If u: [a,b] — R is continuous and such that there exist constants
Ly, Ly, >0 and o, > 0 with the properties that:

@) ~u@| <Lat=a), @) -u@)<LG-10f (320

forany t € [a,b], then

|D(f,usa,b)|

<Gl l /ab (\/ (f>> (—a)fdi—o | ’ (\/ (f)) (b—t)(l—a)a_ldt]

a a

b [B / b (\/ (f)> (-a) =0 ar— [ " (\/ <f>> (-1 dz] .

’ ’ (3.21)

The following particular result may be useful for applications.

COROLLARY 3. (Dragomir 2007, [19]) If f : [a,b] — R is of bounded variation
and u : [a,b] — R is K -Lipschitzian, then

D(f.:a,b) < s— K/( “H’)\;/ (3.22)
Kb—a)\Vo(f);

N

1 1
MK(L” Vo (F)7de)", p>1, b d=1;

(g+1)

2K [2 (V4 (f)) dr.

The multiplication constant 4 is the best possible.

[

Finally for the section we have the following result as well:
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THEOREM 15. (Dragomir 2007, [19]) Let f : [a,b] — R be a function of bounded
variation and u : [a,b] — R an (I,L) -Lipschitzian function. Then

2 o
D uab)l < =2 & _l)/ (Z_a; )'\a/(f)dt (3.23)
LL-D(b-a)V5(f);
< UF@% NN %7 DLl
(q+1)§( )(fa [\/a(f)] l) p> p+q

L—1)[2 (V4 (f))dr

The constant 2 in the first inequality is the best possible.

3.3. Bounds in the Case when ' is of Bounded Variation

In [15], by considering the kernel ®, : [a,b] — R given by (3.1), the author has
obtained the following integral representation:

D)= [ @) ). (3.24)

where u, f : [a,b] — R are bounded functions such that the Riemann-Stieltjes integral
ff f(t)du(r) and the Riemann integral fab f(r)dr exist.
We have the following integral representation of ®,,.

LEMMA 5. (Dragomir 2007, [20]) Assume that u : [a,b] — R is absolutely con-
tinuous on [a,b] and such that the derivative u' exists on [a,b] (eventually except in a
finite number of points). If ' is Riemann integrable on [a,b], then

b
®, (1) == / K(t,s)di' (s), 1€lab], (3.25)

b—ala
where the kernel K : [a,b]* — R is given by

(b—1)(s—a)if s€la,t],
K (t,s) := (3.26)
(t—a)(b—ys)if s€(z,b].

Utilising the above representation for the kernel @, and the identity (3.24), we
can start with the following results:

THEOREM 16. (Dragomir 2007, [20]) Assume that u: [a,b] — R is as in Lemma 5.
(i) If ' and f are of bounded variation on |a,b], then

b b
—a)\/ («)-\ (f), (3.27)

4>|~

ID(f,u;a,b)|
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and the constant % is the best possible in (3.27).
(i) If the derivative u' is of bounded variation on [a,b] while f is L-Lipschitzian

on la,b], then
b

ID(fusa.b)| < cL(b—aP (). (3.28)

a
(iii) If the derivative u' is of bounded variation on |a,b] and f is nondecreasing
on la,b], then

b (1 b b
'D(f’”;“’b)'@'\é“_(ua)(/u - )f<f>dt (3.29)
LVE (' max{|f (a)l | (B)} (b—a):
< w Ve W) Ifl, 6 =a) i p>1, 5+ =15

Vo @) |I£1; -

The constants 2 and % are the best possible in (3.29).

REMARK 8. Itis an open question whether or not % is the best constant in (3.28).

3.4. Bounds in the Case when «’ is Lipschitzian

The following result can be stated as well:

THEOREM 17. (Dragomir 2007, [20]) Let u: [a,b] — R be absolutely continuous
on [a,b] with the property that u' is S-Lipschitzian on (a,b).

(i) If f is of bounded variation, then
b

(b—a)*s\/ (f). (3.30)

a

O | =

ID(f,u3a,b)| <

The constant % is the best possible in (3.30).
(ii) If f is L-Lipschitzian on [a,b), then

ID(f wsa,b)] < 73 (b—a)’SL. (3.31)

The constant ﬁ is the best possible in (3.31).
(iii) If f is nondecreasing, then

D) <s [ (x—";”)fmdt (3:32)

sSmax{|f (@), |f (B)[} (b—a)’;

N

1+1 .
Sl (=) i p > 1 h =1

Lo-a)S|fl,-
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The first inequality is sharp. The constant % is the best possible in (3.32).

4. Griiss’ Type Inequalities

Now, assume that g : [a,b] — R is Lebesgue integrable on [a,b] and —eo < m <
g(t) <M < o for ae. t€ [a,b]. Then the function u(t) := [!g(s)ds is (m,M)-
Lipschitzian on [a,b] and, by (3.1),
t—a

@u(t):/atg(s)ds—b_a/abg(s)ds, t € [a,b].

On utilising Theorem 4, the following result for the Ceby3ev functional can be
stated:

PROPOSITION 2. (Dragomir 2007, [18]) If f : [a,b] — R is of bounded variation
on la,b] and g : [a,b] — R is Lebesgue integrable and satisfies the bounds

—co<m<g<M <o ae. onla,b], 4.1)
then ,
1
C(frgab)l < 7 (M=m)\/(f). (4.2)

a

The constant Alf is the best possible.
Moreover; if f : [a,b] — R is nondecreasing on [a,b], then

IC(f,g;a,b)|<2-%/ab (t—aT—M)f(t)dt (4.3)
3 (M —m)max {|f (a)],|f (b)]}:

L
<q—LrM-m)|fll,(b-a) 7 if p>1, L4l=1;

(g+1)4
(M —m) 5 |I£1l; -

The constants 2 and % are the best possible.

On utilising Theorem 9, the following result may be stated as well:

PROPOSITION 3. (Dragomir 2007, [17]) If f,g are nondecreasing functions, then

0<C(f,8:a,b) (4.4)
b) — 1 b
<z.g(2_i(“).b_a/a (t_“ )f(t)dt

2
318 (6) = g (@] max{|f (a)], | (b)]}:

L

—Lr[g®) —g@]Ifll,(b—a) 7 if p>1, 1 +L=1;
(g+1)4

8O 8@ ) 1) .

N
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The constants 2 and % are the best possible.
If g is nondecreasing on [a,b] and f is of bounded variation on |a,b], then

b
IC(f,g:a,b)| < a)l\/ (/). 4.5)

ENT
oy’

The constant %f is the best possible in (4.5).

Notice that these two inequalities can be obtained from Proposition 2 as well.

PROPOSITION 4. (Dragomir 2007, [16]) If we assume that for the Lebesgue inte-
grable function g, t — [! ¢(s)ds satisfies the condition

3
yg/g(s)dsgr‘ forany t€la,b],

then

b
IC(f,g:a,b)| -V () (4.6)

where f:]a,b] — R is of bounded variation on [a,b]. The inequality is sharp.

The proof of (4.6) follows from Theorem 12.

PROPOSITION 5. (Dragomir 2007, [19]) If —c < ¢ < g (t) < @ fora.e. t € [a,b],
and f : a,b] — R is of bounded variation on [a,b], then we have the inequalities

b a t
ciol < g2 @=0) [ (1= )V e @
2 (®=9)Va(f);

1 1
<Y (@) (S2 VL) dr)”, p> 1, L=
e (@ 0) ([ Ve ) )" p> 1 g =

Q20 [PV (f)) dt

Finally, we mention the following results from [20]:

PROPOSITION 6. (Dragomir 2007, [20]) Assume that g is bounded variation on
[a,b].

(i) If f is of bounded variation on [a,b], then

b b
<=V V. (4.8)

4>|~

IC(f,g:a,b)|

The constant % is the best possible in (4.8).
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(ii) If f is nondecreasing, then

’ 1 b +b
|C(f,g;a,b)|<2\a/(g)~ (b—a)z/a (t—a2 )f(t)dt (4.9)
5V (g)max{|f ()|, |f (B)]}:
e Ve@ I, b= i p> 1 S h =1

5 Va @) 11l

The multiplicative constants 2 and % are the best possible in (4.9).

PROPOSITION 7. (Dragomir 2007, [20]) Assume that g is K -Lipschitzian on [a,b).

(i) If f is of bounded variation, then

b
1
C(frgab)l < g-(b=a)K(f). (4.10)
The constant % is the best possible.
(ii) If f is L-Lipschitzian, then
1
C(f.8:0.b)| < 5 (b—a KL. (4.11)

The constant 11—2 is the best possible in (4.11).

(iii) If f is nondecreasing, then

bia/ub (t—a;b>f(t)dt 4.12)
1K (b—a)ymax{|f (a)|,|f (b)[};

IC(f,g:a,b)| <K-

1 _\Wa ; L, 1_q.
< 2(q+1)1/qK(b a) Hpr lfp>17 p+q_l’

KAl -

The first inequality is sharp. The constant % is the best possible.

REMARK 9. Inequalities (4.8) and (4.10) were obtained by Cerone and Dragomir
in [5, Corollary 3.5] in a different context. However, the sharpness of the constants %

and % was not discussed there.
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5. Other Error Functionals

In 2003 in order to approximate the Riemann-Stieltjes integral of a product the
author introduced in [10] the following generalised Cebysev functional for Riemann-
Stieltjes integrals:

1) i= s [P0 g0duo)

—m/abf(t)du(t).m[lbg(t)du(t), (5.1)

provided the involved integrals exist and u (b) # u(a). Since then, many sharp error
bounds for this functional have been obtained, see [11], [12] and [6].

From a different view point, in 2000, see [13] the author introduced the following
generalised Ostrowski functional for the Riemann-Stieltjes integral

O(f;u):= /ahf(t)du(t) —[u®)—u(a)f(x), x€la,b] (5.2)

and pointed out various bounds which provided sharp inequalities of Ostrowski type.
Since then, many other sharp error bounds have been obtained for different classes of
integrands and integrators, see [14], [1] and [9].

For other error functionals and sharp bounds, see the Research Report Collection
of RGMIA at

http://rgmia.vu.edu.au/reports.html.
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