lournal of
athematical
nequalities

Volume 4, Number 2 (2010), 259-270

ELEMENTARY PROOF OF THE LEFT MULTIDIMENSIONAL
HERMITE-HADAMARD INEQUALITY ON CERTAIN CONVEX SETS
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(Communicated by N. Elezovic)

Abstract. The left Hermite-Hadamard inequality of several variables for convex functions on
certain convex compact sets is proved via elementary approach, independently of Choquet the-

ory.

1. Introduction

The Hermite-Hadamard inequality plays an important role in research on inequal-
ities. The monographs [5] and [11] give a comprehensive review the literature. The
classical Hermite-Hadamard inequality [7], [9] is:

If f: (a,b) — R is a convex function, then

1 (457) <t e L1

Among the various generalizations of this inequality, is the problem of extending Hermite-
Hadamard inequality to convex function of several variables. C.P. Niculescu [12] gave
the most general answer to this problem. From Choquet theory [8], [13], [10] it follows
that if K is a compact convex set in a locally convex Hausdorff space, u is a positive
Borel measure, f: K — R is a convex function, then

1
f(bu) < mK/f(x)d!«h

where b, is the barycenter of K. Some particular cases for special convex sets have
been investigated by S.S. Dragomir [2], [3], [4], B. Gavrea [6] and by Bessenyei [1].
The aim of the paper is to verify left Hermite-Hadamard inequality on “simple” convex
compact sets via elementary approach, independently of Choquet theory.
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2. The main results
First, we define simple convex sets.

DEFINITION 2.1. Let n € N, n> 1, a<b, a,b € R, M| = [a,b], M} = (a,b).
We say that M, is a simple n dimensional convex set, if M, is a convex set, M, =
{(x1, ey xn); a<x1 < b, @1 (x1) <x2 < Yp(x7)s - ,(pj(xl,...,xj) <Xjr1 < l[/j(xl,...,xj),
<, (pn_l(xl,...,xn_l) <x; < wn_l(xl,...,xn_l)} where (pj(xl,...,xj), l[/j(xl,...,xj)
are functions with continuous first derivativeson M; for j=1,...,n—1, and @;(x,...,x;)
< yj(x1,...,x;) on the interior of M;, j=1,...,n—1.

The set of simple convex sets is “sufficiently” large set. For example, circles, ellipses,
triangles, cones, balls,... are simple convex sets.

First, we prove an auxiliary lemma and the left two dimensional Hermite-Hadamard
inequality.

LEMMA 2.1. Let My be a simple two dimensional convex set. Then

o)) [ ) - ous)ds < 5 [¥36) - 930)ds < wila)) [ vals) — (s,

2.1
X1 € |a,b], where

alx) =4 , X1 € (a,b] and aa) = a. (2.2)
Jwi(s) — @i(s)ds

a

Proof. Using the L’Hospital’s rule we have

lim o(x)= lim x1(wi(x1) — @1 (x1)) —a=aa)

x;—at x1—at Y1 (xl) — @1 (xl)

and thus o/(x;) is a continuous function on [a,b]. We also observe that oy (x;) < xp,
x1 € (a,b]. It is sufficient to prove only the right side of (2.1). Indeed, from M, is a
convex set we have @ (x1) is a convex function, yj (x;) is a concave function, — ¢ (x1)
is a concave function, —y(x;) is a convex function x; € [a,b]. According to the
assumption: —yi(x;) < —@i(x1), x1 € (a,b) the inequality

o)) i) = o) < 5 [ W)~ o (s)as

is equivalent to

%/(-%(S))z— (—yi(s))%ds < —(Pl(a(xl))/_(Pl(s) —(=wi(s))ds, xi € [a,b].
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Denote
G(x1) =y (o(x1) /l[/l S——/Wl ds, xj€a,b].

If we show G'(x;) > 0, x; € (a,b) the proof will be complete (G(a) = 0).

X1

G/(xl):Wi(a(xl))a/(xl)/Wl(s)_(l’l(s)ds"' vi(a(xr))(wi(x1) — @1(x1))

a

L)~ 9 ()

X1

=y (or(xy))ed (x1) / w1(s) — @1 (s)ds + (w1 (oe(xr) — wi(x1)) (wi(x1) — @1(x1))

From
X1

) [ wi(s) = @i(5)ds = [ s(wi(s) ~ @1())ds

a

we get a formula for the derivative of « :

' / Wi (s) — @1 (s)ds = (k1 — o (x0)) (W1 (1) — 91 (1)),

The Mean Value Theorem gives that there is some & (x;) such that a < ot(x1) < & (x1) <
xp and y(xp) — yi(o(xr)) = wi(E(x1))(x1 — o(x1)). G'(x1) can be rewritten as

G'(x1) = i (a(x)) (xr — ou (x1)) (w1 (x1) — @1 (x1))
=y (&) (e — 0o (x1)) (Wi (x1) — @1 (x1)) + %(Wl (x1) = @1(x1))?

= (w1 (or(x1))=wi (& (x1))) (r1—on (x1)) (v (X1)—<01(X1))+%(W1 (x1) =1 (x1))*.

Since @ (x1) < wi(x1), x1 € (a,b), y; is a concave function on [a,b] we get G'(x) >
0, x1 € (a,b). The proof is complete. [J

THEOREM 2.1. Let M, be a simple two dimensional convex set. Let F(x,y) be a
convex function on M. Then

b b y1(x)
F(a6).8®) [ )~ ous)as < [ [ Fexydvas, (2.3)

a a ¢p(x)

—
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where
[5(u(s) ~ o1 ()ds T W206)~ 97 ()ds
ax) =4 , B(x):iax x € (a,b]
Jwi(s) — @i(s)ds Jwi(s) — @i(s)ds
and

1
a(a) =a, B(a) = 5(11/1 (@) + ¢1(a)).
Proof. Using the L’Hospital’s rule we get

Ui VWO —0F0) L
Jim B(x) = 3 tim TEEITES = 2 @)+ 01 (a) = Bla)

and thus f3(x) is a continuous function on [a,b]. Denote

//Fsydyds /l/fl (s)ds, x € [a,b].
a i(s

We show that H'(x) >0, x € (a,b) which implies H(x) > 0, x € [a,b] and the proof
will be complete.
" IF((). () | F(al), BL)
e I e )

Jo ap
o1 (x)

< [ i) = u(s)ds— F (@0 B0) (w1 (5) = 1))

The convexity of F(x,y) in variable y on each [@;(x), y1(x)], x € [a,b] and the classi-
cal Hermite-Hadamard inequality imply

w1 (x)

[ Feasz (x 25O (4, 3) - 1), x€
o1(x)
So
10 > (# (x 20 o, p >>) (1100~ 91()

B <8F(Oc(x)’3(x))a/(x)+8 )/llll $)ds, x € (a,b).
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According to Lemma 2.1 ¢; (ot(x)) < B(x) < wi(0(x)), x € [a,b]. From the convexity
of F we get

dF (x0,y0) dF (x0,y0)

F(x7y) P> F(X(),y()) + Ox (X—XO)+ T(y_y())v (x7y)7(x07y0) 6]M2~

This implies
F<@¢Mﬂ;WM))—FWWLM@)
So
H () > w ((x—a(x))(wl /WI )
+anggﬁ@»((mmw;wmw_ﬁ@o(mog_%@»

—(@/m@—@®w>

for x € (a,b). From

X

B [w(s)— (s = 5 [ 6) — e (s))ds

a

we get a formula for the derivative of 3 :

/% sy = (LT gy ) )~ oute),

Since a(x), B(x) are solutions of differential equations

X

(r= () (W1 (9) ~ 91(0) ~ &) [ i (5) — @1(5)ds =,

a

(20 ) () 016~ B') [ 96) — 1 5)ds =

a

€ (a,b) we get H'(x) > 0 on (a,b). The proof is complete. [

By the mathematical induction we prove the n dimensional version of the left hand
side Hermite-Hadamard inequality. First, we prove the following auxiliary lemma.
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LEMMA 2.2. Let ne N, n> 1, M, be a simple n+ 1 dimensional convex set.
Let

1
Olpy1,j(x) = / / Xjdxpyi..dxy, j=1,...,n+1, x € (a,b],
gn+1(x)
a @ xl) an(xl’ 7x'1)
2.4)
1 V1) W (x,x2,000)
o, (X) = = Xjp1dxpy...dxy, j=1,...n, x € (a,b],
gnH(x)
?1 (x) qoll(xvx%"'vxﬂ)
x W1(x1)  Wan(xp,exn)
gn+1(x) :/ / / ldxyq1...dx;, x € a,b).
@ @1(x1)  @a(x1,e%n)
Then
(an+1,l(x)gn+l(x))/ zxg;+1(x)7 X € (avb)v (2.5)
(anJrl,j(x)gnJrl(x))/ = ;,j—l(x)g;url(x) Jj=2,.,n+1, x¢€ (avb)v (2.6)
a<Opi11(x)<x, x€(ab], oyi11(a)=a, 2.7)
Qi (0 1,1(X), ey Opp1,j (X)) < Oyt jr 1 (X) S WG (g1, 1 (), o, Ogr (X)), (2.8)

j=1,..,n, xé€(a,b].

Proof. First, we prove that 04,41 (x), @, ;(x) are right continuous functions in

the point a. Using the L’Hospital’s rule we have lim+ Opt1,1(x) =a, lim+ Oy 1,j(x) =
X—a X—a

lim o jo1(x) =tj—y for j=2,..,n+1, where t; is a i—barycentric coordinate of
x—a ’ ’
My = My N {(x1,.X041); X1 = a}. Tt follows from that (x, (%), ..., & (%)),

x € (a,b) is a barycentre of n— dimensional convex set My,+1 N {(x1,...,%,+1); X1 =X}

(a cross section of M, ) and lim+ (x, (x;’l(x), ey Ol (x)) = (a,t1,...,t;). Next, using
X—da

elementary calculations we obtain (2.5), (2.6), (2.7). By induction on j we get (2.8).
We need prove only the ride side of (2.8), because the left side of (2.8) can be written
in the form of the right side of (2.8). Indeed,

¢j(an+171(x)7"‘7a"+17j(x)) < a"+17j+1(x)v Jj=1,..,n
is equivalent to

x —@1(s1) —@2(s1,=52)  —@u(51,=52,0,—5n)
/ / / / $ i3y 1ot < — (0 1.1 (X)s oy Oy 1.5 (6)) g1 (),
a —yy(s1) —va(s1,—52)  —Wn(S1,—52,0,—5n)

where x € [a,b], —@; are concave functions, —y/; are convex functions, j=1,...,n
owing to the convexity of M. We prove (2.8) for j=1. Let j=1 then a1 2(x) <
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W1 (0y1,1(x)) is equivalent to

x Wi(x1)  W(xp,eetn)

vi(x) :gn+1(x)11/1(ocn+1,1(x))—/ / / Xodxpst...dx; = 0.
a @r(x1)  Qu(x1,eeXn)

Since vi(a) = 0 it is sufficient to show that v} (x) > 0, x € (a,b).

Vi (%) = g1 () W1 (06 1,1(%)) + gna 1 (X)W1 (g 1,1 (X)) 0y g 1 (%)
V() W (xx2,0%0)
—yi(x / / ldxp+1...dx;
O1)  Qulxaz )

= (V10411 (x)) = W1 ()81 () + 81 ()W (G 11 (x)) Oy 1 (%)
= Gn 1 (W1 (01,1 (X)) 1 1 (%) = 81 (X)W1 (81 () (x = Oy 1,1 (X)),

where a,111(x) < & (x) < x. We used the Mean Value Theorem. From this

V1 () = (W1 (0n1,1(6)) = w1 (81 (0))) (¥ = 1,1 (x)) 8514 (x) > 0

because of v/ is a concave function.
Assume that 04,41 i41(x) < Wi (0g1,1(x), ..., y11,i(x)) is valid for all i such that
1 <i< j. Weprove Opq,j+1(x) < Wj(0y1,1(x), ..., 0p1,j(x)) which is equivalent to

X Wl(xl) WH(XI""vx")
vj(x):gn+1(x)1//j(a,,+171(x)7...,O(,,H?j(x))—/ / / xdean...dxl >0.
a (01(x1) (Pn(xl""vxﬂ)

Since v;(a) = 0 it is sufficient to show that v,(x) > 0, x € (a,b).

L Wi (O 1 (X), e, Oy (X
) = £y (005 G110 )+ () 3 PGt

1(0)  Walxxz,..n)

v
X 0ty 14 Xjr1dxpy1...dx;
(] (x (Pn XX 5euny xn)

L Wi (O 1 (X), e, Oy (X
> 1V (1. () 1) 01 () 3, L “‘a(a)ﬂ, 1)
i=1 n+-1,i

V1(X)  Wn (XX, xn)
XO(,IHI Wi (x,x2, .0, X )dXp g1 .. dx)

O1(x)  @u(xx2,00)

Ef: oW (Cni11 (%), 0, g1 (%)) o (x)

=gnr1(x i (X
n—+ = aan+lz n+1,i
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Vi (X Wn XX 50 7x'1)
u/j(x7x27...,xj) — l[/j(an+171(x),...,O(,,H?j(x)))dxnﬂ...dxz.
O1(x)  Pn(xx2,0Xn)

The concavity of y; implies

II/j(X X2, .. ) - U/j(OCn+1,1(X),-~-705n+1,j(x))

2 oW (Cuy1,1(X), ey Opi1,(X)) (x;
D aa}’l“rll l

- an+1,i(x))

where x| = x.
From this

J oy (yy11(x), ..., Qe i(x
/(x) > 2 j( +1,19(a1+1i +1,J( ))

i=1
x| oy (g (x) — / / (X1 — Gy 140 )i 1.2
¢1(x) On (XX, Xn)

_ 0O 1.1 (X), s O (X))<
I0t1,1

01,1 (6)81(3) = (X = G1,1(3)) g ()

OV (Cpt1,1(X), ey g1 (X))
+2 a05n+lz

x (an+1,i<x>gn+1<x> (01 (6) = 01,108 ()
From (2.5), (2.6) we get
01,1 (0) 81 (X) — (% = O 1,1(x)) 8141 (¥) =0, (2.9)
Q1 ()81 (¥) = (G 11 (X) = Q1,i(X)) gy (0) =0, i=2,..j.  (2.10)

It implies v’j (x) = 0. The proof is complete. [J

THEOREM 2.2. Let n € N, M| be a simple n+ 1 dimensional convex set. Let
F(x1,....;xp+1) be a convex function on Myy,. Then

F(01,1(D)s ey Qg1 1(D)) (Mg 1) / F(x, .oy Xpg1)d(My 1),

VH’I
where 0, 11j(x), j=1,...,n+1 are defined in Lemma 2.2,

b wi(x1)  Wn(xp,esXn)

M(Mn+1):/ / / ldan...dxh
a q)l(xl) (Pn(Xl,m,xn)
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b wi(x)  Wn(xp,...xn)

/F(xla~~~7xn+l)d(Mn+l):/ / / F (X1, Xp11)dXyq1...dxy.

Myt a @r(x1)  Gu(xy,en)

Proof. We use the mathematical induction on n. Theorem 2.2 is valid for n = 1
(Theorem 2.1). Suppose that Theorem 2.2 is valid for all i such that 1 <i<n. We
prove that Theorem 2.2 is valid for i = n. Denote

Since H,1(a) =0 it is sufficient to show H,_ ;(x) >0, x € (a,b).

Y (%) WX, xn)
H;2+1(X) = / / F(x,x2, ;X1 )dXpp1...dxo
O1(x)  Ou(xx2,.0%)

" OF (O 1,1(x),eey Ot 1 (%))

—gn+1(x) 2051 Oy 1)
n+1,i

i=1
- g;+1(x)F(O¢n+1,1 (x),..., Oyt1,n+1 (x))-

Lemma 2.2 and the induction assumption imply that
V1Y) W (X,%2,0%0)

F(x7x27"'vxn+1)dxn+1"'dx2 P F(x7 Ot;;l(x),...,a;’n(x))g;H(x),
O1(x)  Qu(x,x2,-%n)

x € (a,b]. From this we have

Hyy1(x) 2 (F (3, 051 (), 0003 07 (%)) = F (O 1,1(6),ooos O g1 (%)) 841 ()

" OF (1,1 (%), ey Qi1 1 (X))
— gnt1(x) 2 - P - oy 1 i(x).
i=1 Or4-1,i

The convexity of F implies

F(x7 a;zk,l (X), (X3} a;tk,n(x)) - F(an+l,l(x)’ (X3} an+1,n+l (x))

oF o, ooy Ol n
> Ottt g, )
Opt1,1

" OF (1.1 (%), ooy O 11 (X)),
P> 001 (g i1 (x) = Qut1,i(x))-

i=2
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So, we have

2t o S D (5 0301 0) ) (0)

ntl BF Otn+11 ) vanJrl,nJrl(x))
0041

x ((a,;:,-,l () = G118l (6) — 1 (X)8n41 () )

From (2.9), (2.10) we get H, (x) >0, x € (a,b). The proof is complete. [

Hypq(x) >

_|_

3. Examples

EXAMPLE 3.1. Let My = {(x1,x2);0 < x; < b, Ix; <xp < kx;} where [ <k,
0 < b. Then M, is a triangle.

X

fx1 (kX1 — lxl)d)q

o(x) = 9 < ==X,
f(kxl —lxl)dxl
0
! [ (k22 — 1Px3)dx,
Bx)= Eax— =(k+1)x.

f(kxl — lxl)dxl

a

So a(b) = %b, B(b) = %(k—kl)b. If F(x,y) is a convex function on M, then

b kxl

2
F F(
<3b 3(k+l)b> = b2// (x1,%0)dxadx.

0 lx1

EXAMPLE 3.2. Let M) = {(xl,xz) —m<x <m, — m2—x %1/ %}
where 0 < m, 0 < n. Then M, is aellipse.

p T (2 — )P =) b0
f\/fmd)q 3\ x/(m? —x%) —m2arccos (£) +m?m |’ '

Thus a(m) =0, B(m)=0.If F(x;,x;) is a convex function on M, then

1
F(0,0) < — /F(xl,xz)dxldxz.
mni
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EXAMPLE 3.3. Let M3 = {()Cl,)CQ,)C3);O <x1 <b, —kxy <xp <kxy, —y/k2xT — X3

<axz <y /h23 —xz} where 0 < k, 0 < b. Then M3 is a cone.

x kxp kle 7x2

03, 1 / / / xldX3dXde1

0 —kxy —\/K2x2 7x2

x kxp kzx%_x%
3, 2 )Qd)gd)@dxl = 07
—k 7_2
M —\/I2x1—x3
x kxp iz xl —x2
o3, 3(x x3dxzdxydx; =0

—Vk xl *xz

x kxg k )clfx2
k2 3

/ / / ldxzdxrdx) = 3

2_
k=x] x2

Thus o3 1(b) = Zb, 032(b) =0, a3 3(b) =0. If F(x,x2,x3) is a convex function on
M3 then

3
( b,0 O) 7rk2b3 /F (x1,x2,x3)dx1dxpdxs.

EXAMPLE 3.4. Let Ms — {(xl,xz,xg);—R <X <R, — /R -2 <0<\ JR2— 2,

R —x3—x3<x <\ /R2—x2 —x%} where 0 < R. Then Mj is a sphere.

\/ R? —x% R2 —x% —x%
o / / x1dxzdxydx __g(R—x)2
3,1 (% 1axzdxadx; = 42R—x)
-R \/Rz—xlf szx%fx%
o32(x) = / / / xpdxzdxrdx; =0
’ 83(x)_R

— 2_x2 _ 222
Re—x1 Re—xi{—x5

2 2_.2

x VR*=xi /RP—x-x]

1
06373()6) = ) / / / x3dxszdxydx; =0
X
SR I S
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\/R? —xl \/Rz—xl—)c2
/ / / ldx3dxydx) = g(R+x)2(2R—x).
\/m7 szxlf)c2

Thus o31(R) =0, a32(R) =0, a33(R) =0. If F(x1,x2,x3) is a convex function on

M;

[1]
[2]
[3]
[4]
[5]
[6]

[7]
[8]
[9]

then
(O O O X1,X2,.X3 dX1dX2dX3
M
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