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NEW CEBYSEV TYPE INEQUALITIES FOR DOUBLE INTEGRALS

A. GUEZANE-LAKOUD AND F. AISSAOUI

(Communicated by A. Vukelic)

Abstract. The aim of this paper is to establish new extension of the weighted Montgomery iden-
tity for functions of two independent variables, then obtain new CebySev type inequalities.

1. Introduction

In [4], Cebyé.ev proved for two absolutely continuous functions f,g: [a,b] — R
that

T8l < 5 & =[]l ll¢]l... (1.1)
where the functional T (f,g) is defined by
,
_ 1.2
1.8 = a/f x)dx b— a/f b_a/g(x)dx , (12)
and||||.. denotes the norm in L. [a,b] defined as || f||., = esssup |f (7)].
t€la,b]

In [6] the authors gives the following Montgomery identity

(1.3)

where
a<t

//\

)

e X
P(x)=4 " (1.4)
b b

X<t

N

is the Peano kernel.

In the last years, many papers were devoted to the generalization of Cebygev type
inequalities, we can mention the works [1,3,5,7-11]. Find new inequalities in the mul-
tidimensional cases still an interesting problem. In [2,5], the authors proved the double
integrals Montgomery identity:

1 b 1 d
fxy) = m/ﬂ f(f»y)dl‘Fm/C f(x;s)ds (1.5)
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—ﬁ/b/df(us)dsdt

+//th (v,9) ;E; )ddt7

where f: 1= [a,b] X [c,d] — R is differentiable, the derivative 9 a’;g *) is integrable on

I, P(x,t) is defined by (1.4) and the Peano kernel Q (y,s) is defined by

:127c<s<y
Q(y,s) = (1.6)
0:5) :Idy<s<d

The main purpose of this work is to obtain new Cebysev type inequalities using new
extension of the double integrals weighted Montgomery identity.

This paper is organized as follows: In section 2, we establish new Ceby3ev type
inequalities similar to (1.1) for functions of two independent variables.

In the third section, we prove a new extension of the weighted Montgomery iden-
tity for double integrals then we used it to establish new Cebysev type inequalities.

2. (vJeby§ev type inequalities for double integrals

THEOREM 1. Let f,g: 1 — R be differentiable functions such that their second

derivatives aza’; (B‘Y;[) and ag’;g;t) are integrable on I. Then
R s e N B IS
where
1 b rd
T08)= gama L | Feneaay 22)
1 b rd b
e b [ et [ sy
1 b rd d
_m/a /c g(x,y)/c S (x,s)dsdxdy
1 b rd d b
+—(b—a)2(d—c)2/u /C f(x7s)dsdx/c /a g (t,y)drdy.
Proof. Let F, G, F and G be defined as follows
1 b 1 d
sz(X’Y)—m/a ft,y)dt— m/c f(x,s)ds (2.3)

+Wl(d_c>/ab/cdf(t7s)dsdt,
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G= (2.4)
b a)(d—c) / / 8 (t,s)dsdt,
- a2f( ) )
F= P
/u / (00 (0,8) =52,
and ,
~_ [P 9°g(t,5)
G= P(x,t dsdt.
/a / 1) Q0.8 =5 55 s
Since N
FG=FG
1
integrating F'G over I, multiplying the resultant equality by —————— it yields
(b—a)(d—rc)

e | [ s
s [ e [ renadsay
i [ [ dsiay
v L [ reasas [ ey
it L[ ([ frenanan) a5
([ [rooosn 2am) s

Consequently
1 *f(1,9) d%g(t,s)
R - 06
b rd b rd 2
X/ (/ / P(X7Z)Q(y7s)|dsdt) dxdy
— 1 9f (t,s) g (t,s)
C16(b—a)*(d— C)3 dtos ||| drds |

/ /d< +(b-x) ] {(y—0)2+(d—y)2D2dxdy

f (t,s) ’ g (t,s)

Jdtds dtds -

(b—a)’(d—c)?

3600

oo
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THEOREM 2. Under the hypothesis of Theorem 1, we have

9*f (t,5)

(.9 < 8(b_a)§ o Il {g(x,y) ' L @7)
el | 2252 |
X [((x—a)2 + (b—x)2> ((y—c)2 + (d—y)z)] dxdy.
Proof Applying identity (1.5) to the function g we get
g(x,y>=ﬁ/ﬂbg(t,y)dwﬁ/cdg(x,s)ds 2.8)

+m/ab/cdg(t7s)dsdt

b 9%g(t,s)
+/a /C P(x,t) Q(y,s) ETER dsds.

Multiplying (1.5) by mg (x,y), (2.8) by mf()@y), summing the resul-
tant equalities, then integrating on I, we obtain

b rd
m /a /c f(x.y) g (x,y) dxdy

_ m/ab/cdg<x7y>/abf<uy>dzdxdy

_m/ab/Cdg(x7y)dxdy/ab/Cdf(t7s)dsdt
tsomma—s ][ e ([ [ oo aggﬁm) dxdy
[ e ([ [ Penous TEEas ) asa].

from that we deduce

.t
2(b—a)(d—c)

‘ [/b /cdg (x.7) ( /ab / "P)0(n) a2;t g;s) dsdt) dxdy
" /ab /cdf (x,) ( /ub / P (1) Q(y.5) ai;g:) dsdt) dxdy] ,

T(f.8) = (2.9)
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consequently

d%f (t,s)
T (f,8)l < 80— aPd—) // [gxylH 510

I aza J
X K(x—a) +(b—x) ) ((y—c)2+(d—y)2>] dxdy. O

oo

3. éebyéev type inequalities for double weighted integrals

t

Let w: [a,b] — [0, +oo[ be a probability density function and set W () = [w(x)dx
fora<tr<b,soW(a)=0and W (b) = 1.
S
Let @ : [c,d] — [0,+eo[ a probability density function and set ¥ (s) = [¢@ (y)dy

forc<s<d,so¥(c)=0, ¥(d)=1.
Now we give a new extension of the weighted Montgomery identity for functions
of two independent variables.

REMARK 1. If we take p(t,s) =w(t)@(s), t € [a,b], s € [c,d], in Theorem 1
from [9], then weighted Montgomery identity can be written as

ren=[ v ()f(tydt+/<p fes)ds 61

/ / o (s) f(1,5)dsdt

+//P (x,1) Qg (v,5) f( )ddf

where f, g: I — R are such that the partial derivatives 9 a(it) of 5; ) and 2 af gtt) exist

and are continuous on I, P, (x,7) and Qy (y,s) are the Peano kernel defined by

_ W(t),a<t<x _ Y(s),c<s<y
Pw(x’t)_{W(t)—l,x<t<b and Q(p(y’s)_{‘ll(s)—l,y<s<d'

To simplify the notation, for some given functions f and g:I — R, we denote

(w,0,f,8) / / f(x,y)g(x,y)dxdy (3.2)

// xy>(/" 01 t3)dr ) sy
—/a/cw(x)(p 2(x,y) (/ o (s xsds)dxdy
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([ reon)e)
<([Lon ([ wostna)w)

Now we give new Cebysev type inequalities for double integrals:

THEOREM 3. Let f, g: I — R such that the partial derivatives afa(i’t) , %

and 3 (a d exist and are continuous on 1. Then

9*f (t,9)
otds

T (w,0,f,8)] < ‘ y)H? (x,y)dxdy, (3.3)

atas

oo

where

b d
Hwy) = [ [ R (e0) @ ()] dsir
Proof. Noting that the identity (3.1) is satisfied for both f and g then we can write
g y g

g(xy) = /b (g (tydr+/ ¢ ()2 (x,5)ds (3.4)

/ / 0 (s)g(1,5)dsdr
<[ ['n ngq,m” s
Multiplying (3.1) by (3.4) we obtain
s = [ v s e o6 sesass v [Co6) s dsal
<[ = [w0etna- [oeewaast [wi [Cowet.asa]
[//thQ(py,)a2f ddzH//szQ(py,) 8, )ddz}

(3.5)

Consequently,

Flengen) -~ Fon) [ Wz a
—fxy/(p xsds—|—fxy/ /(p (¢,5)dsdt

g(xy)/u tydt+/ tydt/ w(t)g(t,y)dt

a
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/ tydt/dq)s

—/ w(r)f tydt/ /(p (t,5)dsdt

o) [T0 renast [ <p<s>f<x,s>ds/ahw<r>g<t;y>dt
+/C w(S)f(xst/q)s

Fonsns oo

—|—gxy/ /(p £ (2.5 dsdr

—/b (1)g tydt/ /(p £(t.5)dsdr

/(p xsds/ /q) £t,s)dsdt

/ /(p tsdsdt/ /(p Ft,s)dsdi
(//P (1) Qo (3,5) a2f ddt)(//P (x,1)Qp (v.5)

Multiplying both sides of (3.6) by w(x) @ (v), then integrating the resultant identity
over I, we get:

T (w.9.f.g) // (3.7)
[(/Q/CP“QM ) asar)
<//P (0,1) G (5) ( g )}dxd)@

( )d dt)
(3.6)

that implies
azf(t7s) azg(t,s)
T (w,0,f,8)| < oi0s |l "oras |
b rd 2
X// w(x) o (y) (// |PW(X,I)Q¢(y,S)|det> dxdy
Pfs)| ||9%e(s)
|| oras ||| oros m// H (x,y) dxdy.

This completes the proof of Theorem 3. [
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THEOREM 4. Under the hypothesis of Theorem 3, we have

b pd 82
rono. <t [ / w0 0) [|g<x,y>| J) 68)
+|f(x 8t8 } H (x,y) dxdy.

Proof. Multiplying (3.1) by w(x) @ (y)g(x,y) and (3.4) by w(x) @ (y)f(x.y),
summing the resultant identities, then integrating over I, we obtain

/ub /cd w(x) @ () f(x.y)g(x,y)dxdy
:% [/ah/cdw(x ¢ (v)g(x,y) /”w(t)f(z,y)dtdxdy

—|—/b/dwx xy/(p 7 (x, ) dsdxdy
// xydxdy// £ (t,5)dsdt
[ [ w007 [ wiog
+//Wx xy/q) g (x,5) dsdxdy
// Flxy dxdy// tsdsdt}

A feamomin( s et esfi
+/ab/cdw(x) f(x,y) (//thQ¢y, ( ) )dxdy}

T (w,0,f.8) —%[//w (3.10)

(//P (1) Qo (3,5) f( )dsdt>dxdy

+/a/cwx (x,y
(//p (x,1) Qg (3,5) ( >dsdz)dxdy]

From (3.10) and using module’s properties, it yields

roosel <z | [ [ w0l

(3.9)

So,
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(/ / 0 (5,1) Qg (3,9)] % dsdt) dxdy
[ ooy
( / / Oy (v,5)] '% dsdt) dxdy}

<%//wvm@ﬂ “WPE&”
8t8s> J
(/ / w (%,1) Qg (v, |dsdt> dxdy
AL frmolur |42

+1f (x IH aza }H(x,y)dxdy

=

+VxHH

=

This completes the proof of Theorem 4. [

REMARK 2. We can mention that results from Theorems 3 and 4 for uniform

weighted functions are reduced to results of Theorems 1 and 2.
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