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FURTHER GROWTH OF ITERATED ENTIRE FUNCTIONS-I

RATAN KUMAR DUTTA

(Communicated by A. Horwitz)

Abstract. In this paper we study the comparative growth of iterated entire functions and gener-
alise some earlier results.

1. Introduction, Definitions and Notation

Let f(z) and g(z) be two transcendental entire functions defined in the open com-

plex plane C. It is well known [1], {[13], p-67, Th-1.46} that lim, ... T}E{ﬁ — o0 and
T(r.fog) '

T(rg)
In 1985 Singh [9] proved some comparative growth properties of log T (r, f»g)

and T(r,f) also he raised the question of investigating the comparative growth of
logT (r,fog) and T(r,g). Lahiri [5] proved some result on comparative growth of
logT(r, fog) and T(r,g).

Song and Yang [11] established that f and g are any two transcendental entire
functions of positive lower order and finite order then

lim; _co

— oo,

m loglogM(r, fog) _ lim loglogM(r, fog)

—= oo

o loglogM (r, f) ~ roe loglogM(r,g)
In 1991 Singh and Baloria [10] asked whether for sufficiently large R = R(r)

loglogM(r, fo . loglogM(r, f,
limsupw<w and lim sup oglogM(r; fog)

r—e loglogM(R, f) r—e loglogM(R,g)

Singh and Baloria [10], Lahiri and Sharma [6] worked on this question. Also in a
resent paper [2] Dutta study some comparative growth of iterated entire functions. In
this paper, we investigate the comparative growth of iterated entire functions. we do not
explain the standard notations and definitions of the theory of entire and meromorphic
functions as those are available in [3], [12] and [13].

The following definitions are well known.
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DEFINITION 1.1. The order p; and lower order A of a meromorphic function f
is defined as

logT
py = lim sup logT'(r.f)
F—so0 logr
and
logT
2y = lim ing 22L0S)
r—e  logr
If f is entire then
. loglogM(r, f)
= 1 —_—
ps = lm rsgli logr
and
loglogM
2y = lim inf 0810EM (/)
r—eo logr

NOTATION 1.2. [8] log[o] X=X, eXp[O]x = x and for positive integer m, log[m] x=
log(log~x), expl™ x = exp(expl™1x).

DEFINITION 1.3. The p-th order pj’Z and lower p-th order )Ljf of a meromorphic
function f is defined as

o log?l T(r )
P _ ’
Py m rsgli logr
and
logl?l T
)L]’f — lim inf M_
' r—e  logr

If f is an entire function then

log” U M(r, f)

p _ .
Py = fim fﬂg logr
and
losPT1 pp
AP = lim inf logh " M(r.f)
r—eo logr

Clearly pi’f < pff_l and )L]’f < /1;7_1 for all p and when p = 1 then p-th order and
lower p-th order coincide with classical order and lower order respectively.

DEFINITION 1.4. Let f be an entire function of finite p-th order pf then we
defined of as,

logM
O';’:hmsupogigr"f)

r—>o0 f
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According to Lahiri and Banerjee [4]if f(z) and g(z) be entire functions then the
iteration of f with respect to g is defined as follows:

fil@) = f(2)
f(z) = f(g(z) = f(g1(2)
f(2) = f(e(f(2) = f(82(2)) = f(g(f1(2)))

) = flg(fe..... (f(z) or g(z))eeeeene ),

according as n is odd or even,

and so

g1(2) = g(2)
82(2) = g(f(2)) = 8(f1(2))
83(2) = g(f2(2)) = g(f(2g(2)))

gn(2) = g(fa-1(2)) = &(f(8n-2(2)))-
Clearly all f,(z) and g,(z) are entire functions.
2. Lemmas
The following lemmas will be needed in the sequel.

LEMMA 2.1. [3] Let f(z) be an entire function. For 0 < r < R < e, we have

R
1(.f) <log" M(r.f) <

T(R,f).

—-r

LEMMA 2.2. [1] If f and g are any two entire functions, for all sufficiently large
values of r,

M (4 (5:6) = 805 ) < M(s o) < MOM(:).)

LEMMA 2.3. [7] Let f(z) and g(z) be two entire functions. Then we have

1 1
T(r,fo8) = glogM (gMG,g) +0(1),f)

LEMMA 2.4. Let f(z) and g(z) be two entire functions of non zero finite p-th
order pj’,7 and p§ respectively, then for any € >0 and p > 1,

(,0;3 +€)logM(r,g) + O(1) when n is even

[(n=1)p+1] < ;
log M(r, fu) < { (pf +€)logM(r,f)+ O(1) when n is odd,

for all sufficiently large values of r.
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Proof. First suppose that n is even. Then from second part of Lemma 2.2 and
definition of p-th order, it follows that for all sufficiently large values of r,

M(r, fn) <
ie., log” M(r, f)<log[” M(M(r,gn,1>7f>
< M(rga-)) .
<

So, log” 2 M(r. f,) < log® M(r,g(f,-2)) +O(1).

Taking repeated logarithms (p — 2) times, we get

1og?P!M(r, f) < log?! M(M(r, f,-2),8) + O(1)
[M(rfn DPETE L 0(1)

log? M(r, fo2) +O(1).

<
<
ie., log?"* 2 M(r, f,) <

Again taking repeated logarithms (p-2) times, we get

1027 M(r, £,) < [M(r,4-3)"T €+ O(1).

Finally, after taking repeated logarithms (n —4)p times more, we have for all suffi-
ciently large values of r,

M)+ 0(1)

log =PI M (r, £,
r,fa) < (pf +€)logM(r,g) + O(1).

<
ie., logl = VrHp(r 1)) <
Similarly if n is odd then for all sufficiently large values of r

log "= P UM(r, £,) < (0§ +€)logM (1. f) + O(1).

This proves the lemma. [

LEMMA 2.5. Let f(z) and g(z) be two entire functions of non zero finite lower
p-th order /l}’ and A{ respectively, then for any 0 < € < min{/l}’,)tf} and p > 1,

A’p

—¢€)logM (2,,%175) +O(1) when n is even
(Af —€)logM (2,,%1,]‘ +O0(1) whennis odd,

for all sufficiently large values of r.
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Proof. First suppose that n is even. Then from first part of Lemma 2.2 we have
for all sufficiently large values of r and for any 0 < € < min{AF, Al},

M(V,fn) = M(r’f(gn—l))
1

> M (gM (558-1) - |gn1(0>,f)
> 1 (1o (1) 1 ).

AR —¢
1 i
" log[l’ M(r, fn) = [16M (%,gn1>] , using the Definition 1.3,

ie. logP U M(r,f) > ()L”—s)logl6 ( 1 8n— 1)
> ()Lp—s)logM<§,gn—1> +0(1)
ie. logP*2M(r, f,) > log? (§7g(fnfz))+0(1)
> 10 (1o (5.12) ) + 000

Taking repeated logarithms (p — 2) times, we get

log® M (1. £,) > logp]M<116 (2—2,fn—2>,g>+0(1)

1 r r—e
> [RM<2—27fn2>} +0(1)
_ r
ie., log?? 2 M(r, f,) > log? (Zz,f,hz) +0(1).
Again taking repeated logarithms (p —2) times, we get
Ay —¢€
1 r !
logPrM(r. £,) > [1—6M(2—3,gn3)} +0(1).

Finally, after taking repeated logarithms (n —4)p times more, we have for all suffi-
ciently large values of r,

1 r f
[(n—1)p] > | —m(—
tog ™17l (1, £,) > [ M (5 g)} +o()

e, log® P () > (A0 )1ogM( r08) +O(1).

Similarly if n is odd then for all sufficiently large values of r

logl VP p(r, ) > (/lg{’—g)logM<#,f) +0(1).

This proves the lemma. [J
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LEMMA 2.6. Let f(z) and g(z) be two non constant entire functions such that
0< pj’Z <o and 0 < p§ < oo. Then for all sufficiently large r and € > 0,

(pf +€)logM(r.g) +O(1) when n is even

[(n=1)p]
log T(nfu) < { (pf +€)logM(r, f) +O(1) whennis odd

where p > 1.

The lemma follows from Lemma 2.1 and Lemma 2.4.

LEMMA 2.7. Let f(z) and g(z) be two non constant entire functions such that
0< /1]’3 <ooand 0 < A < oo. Then forany € (0 < ¢ <min{/lff,)t,f}) and p > 1,

()L;’ —&)logM ( 57,8 ) +O(1) whenn is even

log "= VT (1 f,) >
(A —€)logM 1./ ) +O(1) whenn is odd

for all sufficiently large values of r.

Proof. To prove this lemma we first consider n is even. Then from Lemma 2.1
and Lemma 2.3 we get for € (0 < &€ <min{As,A.}) and for all large values of r

T(r,fn) = T(r,f(8gn-1))

1 1 r
> = “m( .
> SlogM <8M (47g,,,1) +0(1),f)

1
© 1og! T (1, f) > logP M <§M (5-80-1) +0<1>,f) +0(1)

AP —g
1 r U
> log |:§M(Z7gnl>+0(l):| +0(1)

Al —¢
1 f
> log [§M (%&1)] +0(1)
> (A —e)logM (7.81-1) +0(1)

> (1 =) (.80-1) +0(1)

WV

(3f )y 10eh (g (5.) + 016 ) +0(0),

that is,
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log® T(r, /) > log*' (%M (g3:f2) + 0(1),g) +0(1)

Af—e

> tog | M (2. 2) +o)| o)

A —e
>1og[$M(4%7fn2)] +0(1).
o 1gPAT(r £,) > (A €)logM (3. fu2) +O(1)

Therefore, logl" =27/ T(r, f,) > (A — €)logM (L_zf (g)> +0(1). 2.1)
So, logl™ VPl T(r ) > (/lp—s)logM<4 1,g) +0(1) when nis even.

Similarly

log[(" I)p T(r,fy) > ( P —g)logM <4n_r_1’f> +0(1) whenn is odd.

This proves the lemma. [J

3. Theorems

THEOREM 3.1. Let f and g be two non constant entire functions of non zero
finite p-th order and lower p-th order; also 0 < o%, 0} < e. Then

(- 1)p+1] 405 P
(i) lim inf %8 Mos) < 201
== 1oglIT(r. f(g)) Ay
logl®=VP+1 a1 (£, A
(”) lim sup og (V,f) 2 fp
r—e  log? T(r,f(g)) (21 pf

when n is even and

(iii) lim inf logl" V7 M(r, f) < 4 ok ,
== 1oglPIT(r, g(f)) Ag

(iv) limsup logl~Dr+1lp (rf) A

r—e logl” T(r,g(f)) (2" NeF pl

when n is odd.
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Proof. First we suppose that n is even, then from Lemma 2.4 we have for all large
rand € >0,

log!" P M(r, £,) < (0 +€)logM(r,g) +O(1)
< (p?+€)(0f +€)r’ +0(1) by the Definition 1.4. (3.1)

From Lemma 2.3 we get

10.1@) > y10eM (1M (5.2 s )

Since /l}’ is the lower p-th order of f, so for given € (0 < € < /l}’ ) and for all large
values of r,

log[p]T(r,f(g)) > log[pH]M <11_6M (2,5’) ,f> +0(1).
log? T (1 £(2)) > (] —e)togh (%) +0(1). (32)

Again for a sequence of values of r tending to infinity,

logM(£7g> > (o? —e)<4)p”'. (3.3)

Therefore from (3.2) and (3.3) we get for a sequence of values of r tending to infinity,

log" T (1, f(3)) > (A —€)(0f — &) (4)pg +o() G4

where 0 < & <min{Af,0¢'}.
Now from (3.1) and (3 4) we have for a sequence of values of r tending to infinity,

Jogl (=P 1] pg M) (o +)(af + )Pt +0(1)

log” T (r, f(g)) (x;’—e)(a,, —&)(5)™ +0(1)

+é)
_ (pf+e)(og P4 e)aPs +o(1)
(Af —e)(of —€)+o(1)

Since € > 0 is arbitrary,

((n=1)p+1] 40¢ pP
lim inf 122 M(r.fn) ff
== logl”! T(r, f(g)) Af

Also when 7 is even then from Lemma 2.5 we get for all sufficiently large values of r

logl VP pp(r 1) > ()L”—e)logM<2n 1,g> +0(1).
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Now for a sequence of values of r tending to infinity we have

oas (50e) = of -0 (57)"

Therefore for a sequence of values of r tending to infinity, we get
(- 1)p+1] p p r_\e
log M(fi) > (W —e)of =) (5i7) +00) (33
where 0 < ¢ < min{A%, o} }.

Again by Lemma 2.1 we have for all large values of r,

log” M(r, f(g))

log?”! M(M(rg), /)

[M(r.g)]7 .

(pf +€)logM(r.g)

< (pf+ e)(ag—ke)r"g. (3.6)

logP 1T (r, f(g))

INCININ N

log” T (r, f(g))

Therefore from (3.5) and (3.6) we have for a sequence of values of r tending to infinity,

p

o —2) (55)" +oq)
(0] +¢)(0f + &)t
(2f —€)(of —&) +o(1)

(
@"w%<§+ww£+w'

logl(= 1)p+1]M(,,f) ( —€
log”'7(r,f(g))

Since € > 0 is arbitrary,

logl =P+ gy £, AR
lim sup o8 5 (r:1n) = ! T
rw  loglP) T(r, f(g)) (2n=1)P% pf

Similarly for odd n we get the second part of this theorem.
This proves the theorem. [J]

REMARK 3.2. If f is of regular growth i.e. p{ = A and n is even then

(i) lim inf logl" V7 M(rfu)
== log?T(r f(g))

(ii) lim sup logl"=Lr+1la (rf) !
r—oo log[l’ T(r,f(g)) (2n 1)pg
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Also if g is of regular growth i.e. p§ = A} and n is odd then

(iii) lim inf logl D im(rf)
== loglP T (r, g(f))

(iv) limsup logl" D7 M (r, ) !
= 1oglPI T (r,g(f)) (2n ey

REMARK 3.3. The conditions non zero lower p-th order and finite p-th order are
necessary for Theorem 3.1, which are shown by the following examples.

EXAMPLE 3.4. Let f(z) =exp?!z and g(z) = exp!?~!z. Then py=Af=1and
pg =g =0
Here f(g) = exp/?~!z and
3T(2r,f(g)) = logM(r, f(g)) = exp® 2 r
1
ie. T(nf(g)) > gexp™ %
log” (1, f(g)) > expl” 2 Z+0(1).
Now
= exp"?~ 3z when n is even
B exp[’”’_%]z when n is odd.

So when n is even,
M(r,f,) = expl"?2lr
ie. logl" =P pp(r, £,) = logl"=DP+ 1 explnr=51

= exp[p_%_l] r.

Therefore

log[(nfl)p‘Fl]M(r,fn) < exp[p_%_l] r
log? T(r,f(g))  explr=2r
1

= ﬂ+0(1)—>0}1asr—>w
€Xp'2 r

+o(1)

Similarly for odd n,

logl™=DP U p(r, £,) o explt~*7 1y

< +o0 —0 S,oTas oo,
log” T (r,g(f)) explr—2lr W 72

EXAMPLE 3.5. Let f(z) = exp?!z and g(z) = exp/?™!/z. Then p? = Af=1and
pg = AP — oo,
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Here g(f) = expl?*!lz and

T(r,g(f))
. logl' T(rg(f))

logM(r,g(f)) = exp?!r

<
< exp[l’] r

Now

n .
7 expl”?*3lz when n is even
n = n=1 .
exp™**T 1z when n is odd.

So when 7 is odd,

M(r, f,) = explP "2 ]
i.e. ogl" VPt M (r, £,) = logl= VP explw+ 2] -

n_1_
= explPt T Uy,

Therefore

log[(n 1p+1 (r fn) < expp+_2_ 1]7‘

log? T(rg(f)) ~  expllr

= exp[ng_l_l]

r—ooLdasr— oo,

THEOREM 3.6. Let f and g be two non constant entire functions of non zero
finite p-th order and lower p-th order; also 0 < o%, 0} < e. Then

RV 4
(4n 1) gp?

A

logP I M(r, £(g)

i) lim inf
(@) o0 log[(" 1)p] T(r, f

)
)
[p+1] /lp
(i) Tim sup log”"  M(r,f(g))
r== logl" =P T (1, £,)

2”8 p

when n is even and

[p-‘rl 4n71 pf’? p
(iif) Tim inf 28 ( s )p Pe.
et AT ) S A
[p+1 p
(iv) lim sup log[( ( 8(f )) /},”
r—ee log" = PIT (1, f) 2pf pf

when n is odd.

Proof. When n is even then from Lemma 2.7 we get for all large values of r and
any € (0<e<Aj),

logl"PIT (1. ) > (A — €)log ( .8) +0(1). (3.7)
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Again for a sequence of values of r tending to infinity

ro\PE
logh (1.8) > (of —¢) (1) - (3.8)
Therefore from (3.7) and (3.8) for a sequence of values of r tending to infinity,
of
og VAT (1 £,) > (1 =)o =) () +0(1) (3.9

where 0 < ¢ < min{A%, o} }.
Now from second part of Lemma 2.2 we get for large values of r

tog?* 1M (7, /() < log ! M(M(1,g). )
< (pf +€)logM(r,g)
< (p}a+£)(0;+£)rp£, (3.10)

Now from (3.9) and (3.10) for a sequence of values of r tenging to infinity

log" U M(rf(e) _ _ (PpFe)or+e)r™
log[("—l)P]T(Vafn) h (l}? E) O-g " ( 1>P +0
_ (pf+e)(of +e) (4! i

(/l}’—e)(o; —€)+o 1) -

Since € > 0 is arbitrary,

p+1 gn—1 P;,I') p
i ing 107 M7/ (5) LE)Ter
F—o log[(" 1 (r fn) )‘f

Again for all sufficiently large value of » we get from first part of Lemma 2.2

log”* 1 M(r, () > log"* 1M ( v (5.g) f)

)LP

1 r 7€
> log | 16 (3
og 16 (3.4)|
> ()Lf—s)logM(%,g)—l—O(l). (3.11)
Also for a sequence of values of r tending to infinity
r Pg
1ogM(§,g) > (o0 —¢) (2) . (3.12)

Therefore from (3.11) and (3.12) for a sequence of values of r tending to infinity,

togl (s f1g)) > (32 —e)(of — ) () + o) (3.13)
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where 0 < ¢ < min{A%, o} }.
Also when 7 is even then from Lemma 2.6 we get for r tending to infinity
logl"™= VPl (r, 1) < (o} +€)logM(r,g) +O(1)
< (p?+e)(of +&)r’ +0(1).

Now from (3.13) and (3.14) for a sequence of values of r tending to infinity,

log" (/) o, (4 —€)(ok - £)(5)" +o)
logl™ V1T (rf,) (o] +e&)(of +e)r +O(1)
(AF —€) )+o(1)

(og
B (of —¢
— 27x(pf +e)(af +e)+o(1)

Since € > 0 is arbitrary,

 logt UM(rf(g) L A
lim su > s,
2 og " T f,) T 20

Similarly when 7 is odd we get second part of the theorem.
This proves the theorem. [J]

REMARK 3.7. If f is of regular growth i.e. pf = A7 and n is even then
los!?) M »
(i) lim inf w < (4;7—1)!3@:7
r—o0 log[(n )p) T(r f )

logl”) M 1
r—elogl" " VPIT(r, f,) 208

Also if g is of regular growth i.e. p§ = A} and n is odd then

b

mmmmﬂﬂWﬂﬁ<Wﬂﬁ
r—o0 log[(n 1P]T(rf)

) log”! M(r,
(iv) limsup W Z —5.
r—e log T(r,fu) 2P

The next theorem is the generalization of the above theorems.

545

(3.14)

THEOREM 3.8. Let f and g be two non constant entire functions of non zero

finite p-th order and lower p-th order; also 0 < o%, 0} < e. Then

4
[(=1)p+1] g 4n=1\Ps pp
(i) lim inf log (7, fu) < ( )p Pr
r—0 log[(n 1p]T(rf) A’f

logl 0P+ p(r £, AP
(ii) lim sup og (1 1n) > fp 5
roe logl=DPIT (1 £,) (2n-1) “p?

)
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when n is even and

[(n—1)p+1] 4n—1\Pf P
(iii) lim inf 128 Mf) | ),7 Pe.
r—oo lOg[( Dp ]T(r’ fn) )Lg
1 [(n 1)17+1]M A )LF
(iv) lim sup °g (7 fn) > .
F—soc0 log[(n—l)p] T(r’fn) (2;1_1)[)70 pg

when n is odd.

Proof. When n is even then from (3.1) and (3.9) we get for a sequence of values
of r tending to infinity and for 0 < & < min{A, 07},

logl VP pp(r, 1)) < (pf +&)(og +&)rPs +0(1)
log" VM7 (1. ) ()t —e) ()" +0()

4n—1

(ol e)(al +e) (1) to1)
T el e+l

Since € > 0 is arbitrary,

(= 1)p+1] 41)PE pp
llm lnf log M(r fn) \ ( )p pf .
r—0 log[(" 1 (r fn) )‘f

Also from (3.5) and (3.14) we have for a sequence of values of r tending to infinity and
for 0 < e <min{A?, of},

logli=Dp+1] 7 M) (AF —¢)(cf —¢) (2}%1)% +0(1)
log™ VAT ()~ (P} +e€)(af +&)rfk +0(1)
(A? —&)(cf — &) +0(1)
(o)l +e) @) (1)

Since € > 0 is arbitrary,

log[(nfl)p‘Fl]M(r,fn) S A;:
lim sup Lo 17 > VS
r—e log T(rfa) (21 pf

Similarly for odd n we get second part of the theorem.
This proves the theorem. [J]
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REMARK 3.9. If f is regular growth i.e. pf =4/ and n is even then
logl VP 7y £, )
(l) llm lnf 0g 1 (rf) < (4"71)1)5’,

r—oo IOg[(n P]T(r fn)

logl=Dr+ pr(y £, 1
(ii) lim sup 8 : (7, fu) > >
r—oo IOg[(n_ )7l T(r, fn) (2n—1)pg

Also if g is regular growth i.e. p¥ = A} and n is odd then

[(=D)p+1] pq »
(i) lim inf 22 i M(fn) (1ol
r—e= log T(r, fu)
1 [(n— lp+1 1
(iv) limsup °g M7 fn) > .
r—e logl"™ VAT (1, f)  (2n-1)Pf

THEOREM 3.10. Let f(z) and g(z) be two entire functions such that 0 < /l}zg <
ng <ooand 0 <A} < pf < oo. Then for any positive number A,

p n— p p
“Jog < lim inf —log[( o L0 /n) < % < lim sup —log[( (o) pf"”
Apg r=e JoglPI T (4 g) AL rw loglP!T(r,g) — AAY

when n is even.

Proof. When n is even then from (2.1) we have for all large values of r and
arbitrary €(0 < € <min{Af,A¢}),

togl " VAT (1, £,) > (2f,, — €)log (55 ) +O(1) (3.15)

and Definition 1.3,
log? T (", g) < A(p! + €)logr. (3.16)

So for all large values of r,

log[(n—l)p]T(r’fn) N (/l;:g—s> (10gr—10g4"*2) +0(1)
logl? T (4, g) A(pf +¢€)logr

Since € > 0 is arbitrary,

[(n=1)p] AP
fim inf 28T ) o 2

> . 3.17
P log T () AR (17

Again from Lemma 2.6 we have for all large values of r and € > 0,

logl"=DPIT (1, £,) < (pF + €)logM(r, f(g)) + O(1).
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Now for a sequence of values of r tending to infinity,
log" I M(r, f(g)) < (A] ,+€)logr
Therefore for a sequence of values of r tending to infinity we get,
logl"=VPIT(r, 1) < (A_g)g +¢€)logr +0(1)
and for all large values of r,
logl”' T(,g) > A(AF — €)logr

where 0 <& <A/ .
So for a sequence of values of r tending to infinity,

- P
loglP! T(r4,¢) A(dg —¢)
Since € > 0 is arbitrary, it follows that
logltn=Dpl T AL
lim inf 108" T(Sn)  Zus
= loglT(rg) T Ak
Also for a sequence of values of r tending to infinity,

logl”! T(#,g) < A(Af +¢€)logr.

+o(1).

(3.18)

(3.19)

(3.20)

Now from (3.15) and (3.20) we get for a sequence of values of r tending to infinity,

logl™=VPI T (1, £,) N (/l}zg - 8) (logr—log4"—2) + 0(1).

log” T(r4,g) ~ A(AY +€)logr

Since € > 0 is arbitrary, we obtain

o 192 T ) A
S logl T(rhg) AR

Again from Lemma 2.6 we have for all large values of r and € > 0,
log " VP (1, £,) < log?*!M(r, £(2)) + O(1)
(pf o +€)logr+0(1).

NN

So from (3.18) and (3.22) we obtain for all large values of r,
log" T (rfy) _ Plete
logl?! T(r4g) T A —¢)

Since € > 0 is arbitrary, it follows that

+o(1).

logl=VrIT (1 £, o?
llm Sup Og (r7f ) < fo;g7 .
e logllIT(rh,g) Ak
Therefore the theorem follows from (3.17), (3.19), (3.21) and (3.23).
This proves the theorem. [J]

(3.21)

(3.22)

(3.23)
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THEOREM 3.11. Let f(z) and g(z) be two entire functions such that 0 < )L(g)f <
p;i;f < oo and 0 < /1;7 < ,0]’3 < oo. Then for any positive number A,

[(n— [(n— p

o log DRI (1 £ log T(rfn) _ Peor
Ap? Slmm Lfo[p— < A;L < lim sup M—A Ail’
P r== loglPl T(r4, ) 7 roe log” T (rh, f)

when n is odd.

THEOREM 3.12. Let f(z) and g(z) be two entire functions such that 0 < /l}zg <
plg}g < oo and 0 < p} < eo. Then for any positive number A,

[n=1)p] 7 [n=1)p]
lim inf w < pfog < . u w
roe JoglPl T (4, g) Apg e logl?l T(r4,g)

when n is even.

Proof. From the definition of p-th order, we have for a sequence of values of r
tending to infinity and arbitrary € > 0,

log” T(*,g) > A(p? — €)logr. (3.24)

So from (3.22) and (3.24) it follows for a sequence of values of r tending to infinity,

[(n—1)p] P te
IOg T(r’f") < pfo;ﬁ’7 _|_0(1)
logl”! T (4, g) A(pg —¢€)

Since € > 0 is arbitrary,

logl of,
lim inf 1280 " T fa) < s (3.25)
= loglPl T(r4, ) Apg
Again for (2.1) we get for a sequence of values of r tending to infinity,
logl "= VPlT(r, 1) > (pf ,—€)log <4n 2) +0(1). (3.26)

Now from (3.16) and (3.26) it follows for a sequence of values of r tending to infinity,

log[(n—l)p]T(r’fn) N (p}%—e) (logr—log4”‘2) +0(1)
log T(rh ) ~ A(pg +¢)logr .

Since € > 0 is arbitrary, it follows that
logl of,
lim sup —og (7 fu) > /. g,
r—e  logPlT(r,g) ~ Apg

So the theorem follows from (3.25) and (3.27).
This proves the theorem. [

(3.27)
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THEOREM 3.13. Let f(z) and g(z) be two entire functions such that 0 < A;)f <

p[i)f < oo and 0 < ,0]’3 < oo. Then for any positive number A,

[(n=1)p] r [(n=1)p]
10g T(V,fn) g ‘Ogo; éhmsup IOg T(V,fn)
== Jog?l T(r4, f) Apy e logl? T(rA, f)

when n is odd.
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