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ANOTHER APPROACH TO BECKNER’S INEQUALITY

RYOTARO TANAKA, KICHI-SUKE SAITO AND NAOTO KOMURO

(Communicated by J. Pecaric)

Abstract. A classical inequality which was proved by Beckner is an important tool for the study
of Banach space geometry. In this note, we present another proof of that inequality.

In this note, we consider the following classical inequality which was proved by
Beckner [1] (cf. [3, Lemma 1.e.14]).

THEOREM 1. Let 1 <p < g <oo, andlet ¥, 4=+/(p—1)/(q—1). Then

1 1
<|”+7p’qv|q+ |”_7p~,q"q)q < <|“+"|p+ u—V|p> b
2 = 2

forall u,v € R.

It is known that ¥, , in Theorem 1 is the best constant, that is, if ¢ > 0 and

1 1
<u+av|‘1—|—|u—av‘1)5 <|u—|—v|1’—|—|u—v1’>5
S|l————

2 2

for all u,v € R, then we have a < ¥, 4. We note that the case 0 < a < 1 is essential in
this direction. Indeed, letting # =0 and v =1 in the above inequality, we obtain a < 1.
The proof of this fact can be found in the proof of [7, Theorem 6].

Our aim is to present an elementary proof of Theorem 1 and the above fact (cf.
[2,4,5,6]). Itis needless to say that Theorem 1 is trivial if p =¢. So we only consider
the case p # q. Suppose that 1 < p < g < e and that b € [0,1]. Let Aj, be the linear
operator from (R?,||-||,,) into (R?,]| - ||,) defined by

1b
wv=(o)

and let ||Ap|| 4 denote the operator norm of A;. Put f, ,; be the real-valued function
on [0, 1] defined by

_—=

1 1\ 1 1N4
Fpan(®) = (17 4+ =0)7) "+ (7 +(1=1)7)")
First we prove the following two lemmas.
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LEMMA L. [|Ap|pq= maxo<,<1/2./p.q.6(t)-

Proof. Take an arbitrary (u,v) € R? such that ||(u,v)||, = 1. Then we have |v| =
(1—|u|?)"/7, and so

1G)()

1
= (Ju+bv|?+ |bu+v|?)a
q

< ((Jul +DIv)?T + (blul +v)?)

= (1l + 20— 1ury2 )"+ (bl + (1 = i) ) )
= fpanlul?)

7).
Joax Tp.ab(t)

=21

e,

N

Therefore, we have [|Ap||p.g < maxo<i<i fpq.5(f) . On the other hand, for each 7 € [0, 1],
putting x; = (11/7,(1 —1)/P) then we obtain

1Aslp.q = 1Abxellg = fr.q0()-

Hence, we have ||A||p.q = maxo<i<i fp,q.6(1)-
Since fp45(t) = fp.qp(1—1) forall € [0,1], it follow that maxo<;<1 fpq,5(f) =
maxo<,<1/2fp.q.6(t). Thus, we have 1Apl p.g = maxog<i/2fpgb(t). O

LEMMA 2. Let a € [0,1] and let b= (1—a)/(1+4a). Then, the following are
equivalent:

(1) The inequality

1 1
<u+av|q+|u—avq)q o <|u+v|p+u—v|p>l’
2 b 2

holds for all u,v € R.

(i1) fp,q,b(l/z) = maXogr<1/2 fp,q,h(t)'

Proof. First we note that f, ,,(1/2) = 2'/471/P(1+b). So, (ii) is equivalent to

11
14p]lp.g =27 7(1+b)

by Lemma 1.
Suppose that (i) holds. Take arbitrary u,v € R. Applying the inequality for u; =
(u+v)/2 and vi = (u—v)/2, we have

1 1
|(1+a)u+ (1 —a)w|i+|(1 —a)u+ (1+a)v|?\ @ o [u|P + [v|P\ P
24+1 h 2 '
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and therefore

1
l4+a (|u+bv|?+ |bu+v|? g o ul? +|v|P\ »
2 2 h 2

Since (1+a)(1+4b) =2, it follows that

*%(1+b)H(u,V)||p»

e\'—

1
145 (u,v)llg = (Ju+bv]? + [bu+v]1) 7 <

which implies ||Ap||p4 = 2/971/P(1+b). This proves (i) = (ii).
Conversely, we assume that (ii) holds. Let u,v € R. Put up =u+vand vo =u—v,
respectively. Then, we have

1
utavf!+lu—avif\a _1+a i
<| | 2‘ |> =~ (2 +bva|? + [buz + v, |*) 4
24+
1
274
1

( )”Ab(u27v2)Hf]

_|_

R

2
< —|A )
(1+b)” bllp.all (w2, v2) 1

_1
=2 7[[(u2,m2)llp

. <u+v|f’+u—v|f’)5
_ (Ll

Thus we obtain (ii) = (i). O
Now, let

l=%qg Vag—1—+p— p+q 2-2+/(p—1)( —1
I+%e V4 +\/ q—rp

and let ¢ = 1/p and B = g — 1, respectively. We note that 0 < @ < 1 and f+1 >
off — o+ 1. Henceforth, 6, 4 is simply denoted by 6.

Pq —

LEMMA 3. Let b€ [0,0] and let g, be the real-valued function on [0,1] defined
by

1

g1p(u) = —Bbi® + (af + o — 1) (1 +b*)u— 20— 1)Bb —2(1 — o) buT=3 .

(i) If 1 < p <2, then there exists a real number ug € (0,1) such that g ;(up) =0,
g1.p(u) <O forall u € [0,up), and g (1) > 0 for all u € (ug,1).

(i) If 2 < p <o, then g (u) >0 forall uc (0,1).
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Proof. Since 0 < & < 1, we have (1 — o)~ > 1. This implies that g is strictly
concave on [0, 1]. We first note that
gip(1) = (aB+a—1)(1+b*) —2(aB —a+1)b
1
=~ ((a=p)b*=2p+4=2b+4-p) >0.

(i) Suppose that 1 < p < 2. To prove (i), we first show that g ,(u;) > 0 for some
ur € (0,1]. If b < &, then we have gy ,(1) > 0. For b= §, the derivative of g, 5, is

$1,600) = ~2B8u+ (0f+ o~ 1)(1+6%) —26ura.
Since B +1> aff —a+1, we have
g 5(1) = (aB+o—1)(1+8%) —2(B+1)8
<(af+o—1)(1+8%) ~2(ap—a+1)§=0.

Therefore g; s is strictly decreasing on (1 — g, 1] for some £ >0, and so g; 5(1 —€) >
8175(1) =0.

Thus, we obtain g;,(u;) > 0 for some u; € (0,1]. Since g;;(0) = —(20t —
1)Bb < 0, by the intermediate value theorem, there exists a real number uy € (0,1)
such that g1 (o) = 0. By the strict concavity of g; 5, we have (i).

(i) If 2 < p < oo, then we have g;,(0) = —(200 —1)Bb > 0. So we obtain
g1.5(u) >0 forall uc (0,1) since gy p is strictly concave. This completes the proof.  [J

LEMMA 4. Let b € [0,0] and let gy be the real-valued function on (0,1] defined
by
g25(s) = (0B + o — 1)(1+b%)s* — afb(s** ' +5) — (1 — a)b(s** + 1).
() g2,5(s) <O forall s<[0,1].
(ii) If 0 < b < 8, then there exists a real number so € (0,1) such that g ;(s0) =0,

82.5(5) <0 forall s €(0,s0), and g2 5(s) >0 forall s € (so,1).

Proof. The derivative of g, is

ghp(5) = ™ gy (s 7).

We note that g, ,(0) = —(1 —a)b < 0. So by Lemma 3, the behavior of g, is as
follows: If 1 < p < 2, putting

1
uy=uy *

then g, ;, is strictly decreasing on [0, ;] and strictly increasing on [uy, 1].

Ky O N uy l

+

8 - 10
&b | — |\ /!
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If 2 < p < oo, then gy is strictly increasing on [0, 1].

g/2.,b +
gp | — |/

On the other hand, we have
25(1) = (B +a—1)(1+b*) —2(af — o+ 1)b.

It follows that g, 5(1) =0 and g5 (1) >0 forall » < §. Thus, we have g, 5(s) < 0 for
all s €[0,1]. If 0 < b < §, by the intermediate value theorem, there exists a real number
50 € (0,1) such that g; 5(s) <0 forall s € [0,50) and g2 5(s) > 0 forall s € (s0,1), as
desired. O

LEMMA 5. Let g3 be the real-valued function on [0, 1] defined by
g3(5) = (s%+b)P (s —b) + (bs® + 1)P (bs*~1 — 1).
(i) g35(s) >0 forall s<[0,1].

(ii) If 0 < b < 8, then there exists a real number s\ € (0,1) such that g3 ;(s1) =0,
g35(s) >0 forall s €[0,51), and g3;(s) <O forall s € (s1,1).

Proof. We put
bo=bTa.

Since s*! > 1 for each s € [0,1], we have s* ! —b > 0. If 0 < s < by, we obtain
bs® 1 —1>0, and so g35(s) > 0. Let g4; be the real-valued function on (b, 1]
defined by

2ap(s) = log(s* +b)P(s* 1 — b) —log(bs® + 1)P (1 — bs*1).
Then, it is clear that g3 ,(s) > 0 if and only if g4 ;(s) > 0. The derivative of g4, is

= (1—b%)s%2g5 (s)
S48 T S b) (5% T = b) (bs® + 1)(1— o)’

Thus, we have g/, 5(s) <0 forall s € (bg, 1] by Lemma 4 (i). Since the function g4 is
decreasing on (bo, 1], we have g4 5(s) > g45(1) =0 forall s € (b, 1].
If 0 < b < 0, the behavior of g4, is as follows by Lemma 4 (ii):

Ky bo SO N 1

+

84p - 10
gp || N|—1| |0
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Hence, by the intermediate value theorem, there exists a real number s; € (0, 1)
such that g4 5(s) > 0 forall s € [0,s1) and g4 (s) <O forall s € (s;,1). O

Proof of Theorem. Suppose that b € [0,0]. Let g, be the real-valued function on
[0,1/2] defined by

8(t) = (fogn(t)* = (17 + b(1 = 1))+ (b7 + (1 —1)7)1.

The derivative of g, is

/ q 41 t
t)=—=(1—-1)r — .
a0 =200 0 ()
By Lemma 5 (i), we have gi(r) > 0 for all # € [0,1/2]. Thus the function gg
is nondecreasing on [0,1/2], and hence we obtain gs5(1/2) = maxo<,<1/2(#). This
means that f, ; 5(1/2) = maxo<,<1/2 fp.q,5(¢). Thus, by Lemma 2, we have

1 1
u+ Y|+ ="\ T _ [ |ut P+ lu—vP\?
2 < 2

for all u,v € R. This proves Theorem 1.

Finally, we show that v, , is the best constant for Beckner’s inequality. Suppose
that y,, <a<1. Let b= (1—a)/(1+a). By Lemma 2, it is enough to prove that
Fpan(1/2) <maxoci<i/2 fpqp(t). To this end, we remark that 0 <b < . By Lemma 5
(ii), gp is strictly increasing on [0,s,] and strictly decreasing on [s3,1/2], where s, =
s1/(L+s1).

tlOo | s || 12
8h + 10~
8b / N

From this fact, we have f,,,(1/2) < fpq5(s2) = maxo<,<i/2 fpqp(t). The proof is
complete. [J
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