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ORIGIN-SYMMETRIC BODIES OF REVOLUTION WITH
MINIMAL MAHLER VOLUME IN R*-A NEW PROOF

YOUJIANG LIN AND GANGSONG LENG

(Communicated by L. Yang)

Abstract. In [22], Meyer and Reisner proved the Mahler conjecture for rovelution bodies. In
this paper, using a new method, we prove that among origin-symmetric bodies of revolution in
R?, cylinders have the minimal Mahler volume. Further, we prove that among parallel sections
homothety bodies in R3, 3-cubes have the minimal Mahler volume.

1. Introduction

The well-known Mahler’s conjecture (see, e.g., [11], [18], [29] for references)
states that, for any origin-symmetric convex body K in R",
4n
P(K) > 2(C") = . (1.1)
where C" is an n-cube and & (K) = Vol(K)Vol(K*), which is known as the Mahler
volume of K .

For n =2, Mahler [19] himself proved the conjecture, and in 1986 Reisner [26]
showed that equality holds only for parallelograms. For n =2, a new proof of inequality
(1.1) was obtained by Campi and Gronchi [4]. Recently, Lin and Leng [17] gave a new
and intuitive proof of the inequality (1.1) in R?.

For some special classes of origin-symmetric convex bodies in R”, a sharper
estimate for the lower bound of &?(K) has been obtained. If K is a convex body
which is symmetric around all coordinate hyperplanes, Saint Raymond [28] proved that
Z(K) = 4" /n!; the equality case was discussed in [20, 27]. When K is a zonoid (limits
of finite Minkowski sums of line segments), Meyer and Reisner (see, e.g., [12, 25, 26])
proved that the same inequality holds, with equality if and only if K is an n-cube.
For the case of polytopes with at most 2n + 2 vertices (or facets) (see, e.g., [2] for
references), Lopez and Reisner [15] proved the inequality (1.1) for n < 8 and the min-
imal bodies are characterized. Recently, Nazarov, Petrov, Ryabogin and Zvavitch [24]
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proved that the cube is a strict local minimizer for the Mahler volume in the class of
origin-symmetric convex bodies endowed with the Banach-Mazur distance.

Bourgain and Milman [3] proved that there exists a universal constant ¢ > 0 such
that Z(K) > ¢"#(B), which is now known as the reverse Santalé inequality. Very
recently, Kuperberg [14] found a beautiful new approach to the reverse Santald in-
equality. What’s especially remarkable about Kuperberg’s inequality is that it provides
an explicit value for c.

Another variant of the Mahler conjecture without the assumption of origin-sym-
metry states that, for any convex body K in R",

(n+1)+D

PK) >

(1.2)
with equality conjectured to hold only for simplices. For n = 2, Mahler himself proved
this inequality in 1939 (see, e.g., [5, 6, 16] for references) and Meyer [21] obtained the
equality conditions in 1991. Recently, Meyer and Reisner [23] have proved inequality
(1.2) for polytopes with at most n + 3 vertices. Very recently, Kim and Reisner [13]
proved that the simplex is a strict local minimum for the Mahler volume in the Banach-
Mazur space of n-dimensional convex bodies.

Strong functional versions of the Blaschke-Santal6 inequality and its reverse form
have been studied recently (see, e.g., [1, 7, 8, 9, 10, 22]).

The Mahler conjecture is still open even in the three-dimensional case. Terence
Tao in [30] made an excellent remark about the open question.

To state our results, we first give some definitions. In the coordinate plane XOY
of R, let

D={(xy):—a<x<aly| < f0)}, (1.3)

where f(x) ([—a,a], a > 0) is a concave, even and nonnegative function. An origin-
symmetric body of revolution R is defined as the convex body generated by rotating D
around the X -axis in R3. f(x) is called its generating function and D is its generating
domain. If the generating domain of R is a rectangle (the generating function of R is a
constant function), R is called a cylinder. If the generating domain of R is a diamond
(the generating function f(x) of R is a linear function on [—a,0] and f(—a) =0), R
is called a bicone.

In this paper, we prove that cylinders have the minimal Mahler volume for origin-
symmetric bodies of revolution in R3.

THEOREM 1.1. For any origin-symmetric body of revolution K in R3, we have
(1.4)

and the equality holds if and only if K is a cylinder or bicone.

REMARK 1. In [22], for the Schwarz rounding K of a convex body K in R",
Meyer and Reisner gave a lower bound for £2(K). Especially, for a general body of
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revolution K in R3, they proved

(1.5)

with equality if and only if K is a cone and |[AO|/|AD| = 3/4 (where, A is the vertex
of the cone and AD is the height and O is the Santal6 point of K).

The following Theorem 1.2 is the functional version of the Theorem 1.1.

THEOREM 1.2. Let f(x) be a concave, even and nonnegative function defined on
[~a,a], a> 0, and for ¥ € [~1 1] define

a’a

N 1—xx
Fe) = T

Then, we have

(/' repar) ( I (f*(X’))zdx’> >3 (16)

with equality if and if f(x) = f(0) or f*(x')=1/£(0).

Let C be an origin-symmetric convex body in the coordinate plane YOZ of R?
and f(x) (x € [~a,a], a > 0) is a concave, even and nonnegative function. A parallel
sections homothety body is defined as the convex body

K= |J {f&x)C+x},

x€[—a,a]

where v = (1,0,0) is a unit vector in the positive direction of the X-axis, f(x) is called
its generating function and C is its homothetic section.

Applying Theorem 1.2, we prove that among parallel sections homothety bodies
in R3, 3-cubes have the minimal Mahler volume.

THEOREM 1.3. For any parallel sections homothety body K in R3, we have
2(K) > = (1.7)
and the equality holds if and only if K is a 3-cube or octahedron.

2. Definitions, notation, and preliminaries

As usual, S”~! denotes the unit sphere, and B" the unit ball centered at the origin,
O the origin and || - || the norm in Euclidean n-space R". The symbol for the set of
all natural numbers is N. Let ™" denote the set of convex bodies (compact, convex
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subsets with non-empty interiors) in R”. Let " denote the subset of #" that con-
tains the origin in its interior. For u € $"~!, we denote by u* the (n— 1)-dimensional
subspace orthogonal to u. For x, y € R", x-y denotes the inner product of x and y.
Let int K denote the interior of K. Let conv K denote the convex hull of K. we
denote by V(K) the n-dimensional volume of K. The notation for the usual orthogonal
projection of K on a subspace S is K|S.
If K € K, we define the polar body K* of K by

K'={xeR": x-y<1,VyeK}.

REMARK 2. If P isapolytope,i.e., P=conv{py, -+, pm}, where p; (i=1,---,m)
are vertices of polytope P. By the definition of the polar body, we have

Pr={xeR":x-py <1, x-pp<1}

:ﬂ{xER":x-piél}, 2.1

i=1

which implies that P* is an intersection of m closed halfspaces with exterior normal
vectors p; (i =1,---,m) and the distance of hyperplane

{xeR":x-pi=1}
from the origin is 1/ p;||.

Associated with each convex body K in R”" is its support function hg : R" —
[0,0), defined for x € R", by

hg(x) =max{y-x:y €K}, (2.2)
and its radial function px : R"\{0} — (0,c0), defined for x # 0, by
px(x) =max{A >0 : Ax€K}. (2.3)
For K, L € J#™", the Hausdorff distance is defined by
§(K,L)=min{A >0: K C L+AB", LC K+AB"}. (2.4)

A linear transformation (or affine transformation) of R" is a map ¢ from R” to
itself such that ¢x = Ax (or ¢x = Ax+1, respectively), where A is an n X n matrix and
t € R"™. It is known that Mahler volume of K is invariant under affine transformation.

For K € £, if (x1,x2, -+ ,x,) € K, we have (€1x1,---,&x,) € K for any signs
g&==x1(i=1,---,n),then K is a I-unconditional convex body. In fact, K is symmetric
with respect to all coordinate planes.

The following Lemma 2.1 will be used to calculate the volume of an origin-
symmetric body of revolution. Since the lemma is an elementary conclusion in calculus,

we omit its proof.
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LEMMA 2.1. In the coordinate plane XOY, let
D={(x,y):a<x<b,y<f(x)},

where f(x) is a linear, nonnegative function defined on [a,b]. Let R be a body of
revolution generated by D. Then

V(R) = 5 (b=a) [£(a)*+ f(@)f (b) + F(b)?]. 2.5)

3. Main result and its proof
In the paper, we consider convex bodies in a three-dimensional Cartesian coordi-

nate system with origin O and its three coordinate axes are denoted by X -axis, Y -axis,
and Z-axis.

LEMMA 3.1. If K € %3, then for any u € 8%, we have
K*Nut = (K|ut)*. (3.1)
On the other hand, if K' € % satisfies
K nut = (K|ut)* (3.2)
forany u € S*nN vé (vo is a fixed vector), then,
K =K*. (3.3)
Proof. Firstly, we prove (3.1).

Let x € u', y € K and y/ = y|u", since the hyperplane u
vector y—y’, then

1 is orthogonal to the

yx=0G+y=y)x=y -x+(—y) x=y x

If x € K*Nut, for any y' € K|u", there exists y € K such that y/ = y|u', then
x-y =x-y<1,thus x € (K|lut)*. Thus, we have K* Nut C (K|ub)*.

If x € (K|u")*, then forany y € K and y' = y|lu", x-y=x-y < I, thus x € K*,
and since x € u*, thus x € K* Nu*. Thus, we have (K|u")* C K* Nut.

Next we prove (3.3).

Let S! = $2 Ny . For any vector v € 52, there exists a u € S! satisfying v € u*.
Since K'Nut = (K|ut)* and K*Nut = (K|ut)*, thus K’ Nu' = K* Nut. Hence, we
have pg/(v) = pg+(v). Since v € §? is arbitrary, we get K’ = K*. [

LEMMA 3.2. In the coordinate plane XOY, let P be a I-unconditional convex
body. Let R and R be two origin-symmetric bodies of revolution generated by P and
P*, respectively. Then R' = R*.
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Proof. Let vo = {1,0,0} and S' = SNy, for any u € S', we have Rju' =
RNut. Since R'Nut = P* = (RNu't)* for any u € ', thus R'Nut = (Rlut)* for
any u € S'. By Lemma 3.1, we have R’ =R*. [

LEMMA 3.3. For any origin-symmetric body of revolution R, there exists a linear
transformation ¢ satisfying

(i) OR is an origin-symmetric body of revolution;

(ii) R C C = [~1,1]3, where C3 is the unit cube in R>.

Proof. Let f(x) (x € [—a,a]) be the generating function of R.
For vector v = (1,0,0) and any ¢ € [—a,a], the set RN (v +¢v) is a disk in the
plane v + v with the point (¢,0,0) as the center and f() as the radius.
b0O
Next, fora 3 x 3 diagonal matrix A= [0 ¢ 0|, where b,c € R", let §R = {Ax:
00c
X € R}, we prove that @R is still an origin-symmetric body of revolution.
For t' € [—ab,ab), if (¢',y',7) € QRN (v: +1'v), there is (¢,y,z) € RN (v +1v)
satisfying ' = br, y' = cy, 7 = cz. Hence, we have

H(t/hy/?Z/) - (l/,0,0)H = C”([,y,Z) - (t7O7O)H < Cf(t),

which implies that RN (v +'v) C B/, where B’ is a disk in the plane v +¢'v with
(¢',0,0) as the center and cf (' /b) as the radius.

On the other hand, if (¢',y’,7') € B, then ||(¢',y,Z) — (¢,0,0)|| < ¢f(¢'/b). Let
t=t'/b,y=y/cand z=7/c. Noting t' € [—ab,ab], we have t € [~a,a] and

H(t,y,z) - (t’O’O)” = l H(t/hy/?Z/) - (l‘/,0,0)H < f(t)

c
Hence, we have (z,y,z) € RN (v* +1v), which implies that (¢/,y,7') = (bt,cy,cz) €
ORN (vt +1'v). Thus, B’ C RN (v +1'v). Therefore, we have RN (v +1'v) = B'.
It follows that @R is an origin-symmetric body of revolution and its generating function
is F(x) =cf(x/b), x € [—ab,ab].
Set b=1/a and ¢ = 1/£(0), we obtain 9R C C> =[-1,1]*. O

REMARK 3. By Lemma 3.3 and the affine invariance of Mahler volume, to prove
our theorems, we need only consider the origin-symmetric body of revolution R whose
generating domain P satisfies T C P C Q, where

T ={(x,y): x|+ [y <1} and O = {(x,y) : max{|x|,|y|} < 1}.

In the following lemmas, let AABD denote conv{A,B,D}, where A = (—1,1),
B=(0,1) and D= (—1,0).

LEMMA 3.4. Let P be a 1-unconditional polygon in the coordinate plane X OY

satisfying
PN{(x,y):x<0,y >0} =conv{0,D,Ar,A|,B},
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where Ay lies on the line segment AB and Ay € intAABD, R the origin-symmetric
body of revolution generated by P. Then

Z(R) = min{ Z(Ry), ¥ (R2)} (3.4)
and
2
P®)> (3.5)

where Ry and Ry are origin-symmetric bodies of revolution generated by 1-unconditional
polygons Py and P, satisfying

Pin{(x,y):x<0,y>0}=conv{0,D,A,,B}

and
P,N{(x,y):x<0,y>0}=conv{0,D,C,B},

respectively, where C is the point of intersection between two lines A,D and AB.

Ay
A CF A, (-t 1) BO.1)
M
A(Xo¥o)
E
DET0) A, W N o X
Figure 3.1: P and P* in the second quadrant.
Proof. In Figure 3.1, let Ay = (x0,y0) and A} = (—1,1), then
—xo+yo—1

C— (xo—yo+l

71> and 0 <r <
Yo

Yo

From Remark 2, we can get P*, which satisfies

P N {(x,y) :x<0,y>0}=conv{M,E,D,0,B},
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where E lies on the line segment AD and M € intAABD. Let F be the point of
intersection between two lines EM and AB. Let
1

R = 3V(R), B = %V(R*) and F(t) = Fi (1) ().

Firstly, we prove (3.4). The proof consists of three steps for good understanding.

First step. We calculate the first and second derivatives of the functions F(t).
Since EF L OA; and the distance of the line EF from O is 1/||OA;||, we have the
equation of the line EF
X 1
y= x4 —. (3.6)
Yo Yo

Similarly, since BM 1 OA; and the distance of the line BM from O is 1/||OA||, we
get the equation of the line BM

y=tx+ 1. 3.7

Using equations (3.6) and (3.7), we obtain

11—y x4+t )
M = (xpy, = , 3.8
(o 1) (fyo+xo tyo+xo ©.8)
and
xo+1
E = (xg,yg) = (—17 0 ) (3.9)
Yo
Noting that

PO{(x,y):x<0,y>0}
= conv{D,A,,A5} Uconv{A},A;,A,, A} } Uconv{O,B,A,A} },

where A and A/, are the orthogonal projections of points A and A,, respectively, on
the X -axis, and applying Lemma 2.1, we have

T T
Fi(t) = g)%(xo-i- 1)+§(—f—xo)()’%+}’o+ 1)+ mt

T T
= g(—y(z)—yo-l-Z)t—l——(y(z)—xoyo—xo). (3.10)

OV

Thus, we have
/ T 2
Ft)=Z(=y—y0+2). (3.11)
Noting that

P N{(x,y):x<0,y>0}
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= conv{D,E,M,M'} Uconv{M,M',0,B},

where M’ is the orthogonal projection of point M on the X -axis, and applying Lemma
2.1, we obtain

T T
B(t) = g(xM —xg)(VE +YEYM + Vi) + g(—xM)(Y@+YM+ 1)

T/ 1— X0+ 1\2 xo+1 Xo+1 Xo+1 \2
= B ) | () () () ()
3 \tyo+xo Yo Yo 1yo + Xxo 1yo + Xxo

T —1 +1\2 +1
3 o)+ Go) 1
3 \1yo+xo tyo + X0 1yo + Xxo

T A+ Aot? + At + Ay

== : (3.12)
3 y(z)(f}’o +x0)3
where
Al = yg(x(z) +3x0+3),
Ay = y3(3x3 4 953 + 9x0 + 3 — 3y0 +2),
Az = 3yo[xg + 35 + 3x5 +x0 (35 — Y5 —yo+ 1),
Ay = x5 (3 4 3x3 + 3x0+ 2y — 3y3 + 1).
Thus, we have
F) =" (3A1x0 — Aayo)* + (2A0x0 — 2A3y0)1 + (A3x0 — 3A4y0)
? 3 Y%(IYO +x0)*
m —yo(yo +2)1% — 2x0(2y0 + 1)t — 3x3
= Zw—17 ( ) ( - Ji= 3% (3.13)
3 (tyo +x0)
Then, we have
F'(t) = F{(1)Fa(1) + Fi(1)F5 (1)
_ n? Alt4—|-Azt3—|-A3t2—|-A4t+A5 (3.14)
9 Y3 (tyo +x0)* ’ '
where
4 2 2 2
Al Yol (— yo yo+2) +3xo(—y yo+2)+3(—yo—yo+2)],
Yo[4x3 (=¥ — Y0 +2) + 12x5(—y5 — yo +2) + 12x0(—y5 — Yo+ 2)],
y0[6x4( y0+2)+18x0( yo+2)+18x(2)(—y(%—y0+2)
+xo(yg — 2yo +8y5— 13y0+6) + (—yS +3y5—21)],

Ag = yol4x5(—y5 — yo+2) + 1265(—¥5 — Yo +2) + 125 (=¥ — yo +2)
+x(2)(2y(5) 4y3 +4y(3) + 4y(2) — 14y +8) +xo(—4y8 + 6y(5) — 2y(3))},
As = x§(—y5 — yo+2) +3x5(—¥5 — Yo +2) +3x5(—y5 — o +2)
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-+ () — 250 + 495 — 45 — Yo+ 2) +x5(— 355 + 635 — 35)-
Simplifying the above equation, we get

22
e —=yg—Yo+2
F'(t) = —2))()7})()3{(x(2)+3x0+3)y8t3—|—3xo(x(2)—|—3xo—|—3)y(%t2
9 y5(tyo+xo)
+[35 + 95 + 955 + x0(—¥5 + 3y — 5y0 + 3) + ¥5 (vo — 1)]yot
y0+y0 3y(2)+yo+2 . 3y8—3y3]} (3.15)
yo+2 0 yo+2 ' '

+ XO+3XO+3XO+

From (3.14), we can get

" n? (4A1x0— Agyo)l3+(3A2xO—2A3y0)12+(2A3X0—3A4y())l+(A4X0—4A5y0)
F() =+ ) 5
9 Yo (tyo+xo)
m?Tit> + ot +T
_ B2 4Tyt 4T (3.16)
9 Y3(tyo+xo)
where

Ty = —2x0y5 (3 — 256+ 8Y5 — 13y0+6) — 255(—y5 + 3y0 — 2),
T = xgyg(—4yg + 8y — 125 + 4y -+ 16y0 — 12) -+ x0y5(10y3 — 18y5 + 6y +2),
3 = xgy3(—2y¢ +4vg — 123 +20y0 — 10) -+ x3y$ (8y5 — 183 + 12y — 2).

Simplifying the above equation, we get

e (5-30)
Y3 (tyo +x0)*
_ o (-1
9 (tyo +x0)
+ x5 (—=2y5 — 10) +x0y5 (8y0 — )]} (3.17)

F//t:n—
1) =3

————{[~2x0(y0 +2) (5 — 2y0+ 3) + 25 (o + 2))¢

Second step. We prove that

_ —1
(i) F/(w) <0 for (x0,y0) € 7
Yo
and 1
(”) F//(%) < OfOV (XO,yO) € ‘@2’
Yo
where
—1 5
=i rerero B2 e

3 2 _ _
Yy +2y°+3y—06 0<y< l+\/§}

B R I
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)\Y
A B(0,1)
D1
-15
2
D2
D(-1,0) o x}
Figure 3.2: The domains of D1 and D;.
and
3 2
42y 4+3y—6 —14+5
D = {(x,y) P <x<y—1,0<y< 7} (3.19)
2-y)+3) 2
In fact, from (3.15), we have that
—x0+yo—1 2
P2 = 25 o), (3:20)
Y0 9v3

where

G(x0,¥0) = x5(2 — y0) (o +3) — x0(yg + 3¥5 + 4o — 12) — (yo+2) (v + 3y0 — 3).

Noting that G(xg,yo) is a quadratic function of the variable xy defined on [—1,yo — 1]
and 0 < yg < 1, the graph of the quadratic function is a parabola opening upwards.
When xy = —1, we obtain

G(—1,y0) = =505 +yo+1) <0.

When xo =yo— 1, we have

G(yo—1,y0) = =3y5(05 +yo— 1).
Then we have

ﬂg 1

G(yo—1,y0) <0 for >

N

Yo
and

—1 5
G(yo—1,y0) =20 for0O < yp < +\/_
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When . )
+2y5+3y0—6
xOZyO yO Y E[_layo_l]a
(2=y0)(vo+3)
we have . 5
Yo +2y5+3y0—6 )
Vo) =G(—1,y9) <O.
( 2—y0)00+3) "~ (=L.y0)
Hence,

G(xo,y0) <0, for (xo,y0) € Z1.
From (3.20), we have

F/(_x0+y0_l

) <0 for (x0,y0) € Z1. (3.21)
Yo

By (3.17), we get

—xo+yo—1 n? 1
F”(’“’i> = ——— _H(x0,0), (3.22)
Y0 9 yo(1—yo) (3030)
where
H (x0,y0) = 12x3 — xo(4y3 4+ 2y0 — 12) — 2y3(yo + 2). (3.23)

Noting that H(xo,yo) is a quadratic function of the variable xo defined on [—1,yg — 1]
and the coefficient of the quadratic term is positive, the graph of the quadratic function
is a parabola opening upwards.

Let xo =yo— 1, we have

H(yo — 1,y0) = =6y — 10y0(1 — yo) <0. (3.24)
Let
243506
X0 = )
(2=y0)(yo+3)
we have

(y3+2y3+3y0—6 )
2—y0) (0 +3) "

2yf + 4y + 24y + 50y — 38y — 18y — 48y5— 72v0

- (2—=y0)*(vo+3)?

<0. (3.25)

From (3.24) and (3.25), we have
H(x9,y0) <0 for (x0,y0) € Z».
Therefore, from (3.22) and 0 < yg < 1, we have

F//(_x0+y0_ 1

) <0 for (x0,y0) € P> (3.26)
Yo
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Third step. We prove Z(R) > min{ Z(R,), Z(R2)}.
By (3.17), we have

2 (yo—1)?

Pl =% e

where

1(1) = [~2x0(yo +2) (¥ — 2v0 +3) + 2y (vo + 2)]t
+ x5 (—2y5 — 10) +x0y5(8y0 — 2)]
and
—xo+yo—1
Yo '

0<1<

Since
—2x0(yo +2) (¥ — 2v0 +3) + 2y5 (0 +2) > 0,

I(r) is an increasing function of the variable 7.
By (3.26), for any

(x0,¥0) € D,
we have |
F//(_XO+YO— ) <o.
Yo

From (3.27), we have
I(M) <0,

Yo
which implies that 7(z) < 0 for any
0<t< Lyo—l
Yo
Therefore F” (1) < 0 for any
0<t< Lyo—l
Yo

It follows that the function F(z) is concave on the interval

{07 —Xo+yo— 1} ,
Yo
which implies
- —1
F@);mm{FmLF<;@iﬂL—)}.
Yo

Therefore, we have
Z(R) Zz min{ Z(R,), 7 (R2) }.

387

(3.27)

(3.28)

(3.29)
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By (3.21), for any (xo,y0) € Z), we have

F/<_x0+y0_l

)go.
Yo

Now we prove that the inequality (3.4) holds in each of the following situations:

- —1
) 1(&) <0;
Yo
- 1
(i) ,(&) >0 and 1(0) < 0;
Y0

(i) 1(0) > 0.

We have proved (3.4) in the case (i), and now we prove (3.4) in cases (ii) and (iii).
For the case (ii), since I(¢) is increasing and by (3.27), there exists a real number

- —1
to € (O,ionryo )
Yo
satisfying
F"(t) <0 for t € [0,
and |
F"(1)>0 for t € (IO,M}.
Yo

It follows that F’(r) is decreasing on the interval [0,7] and increasing on the interval

( —x0+yo— 1}
tg, ————|.
Yo

If F'(0) <0, and since
F/<_x0+)’0— 1) <0,
Yo

we have
—Xo+Yo— l]

Yo
which implies that the function F(r) is decreasing and

F'(t) <0 for any ¢ € [0,

—xo+yo—1

—Xx0+Yo— 1]
Yo '

OE F< .

) for any ¢ € {07

Therefore we have
P(R) Zmin{ Z(R)), P (R2)} = P(R2).
If F'(0) > 0, there exists a real number

—Xo+ Yo — 1)

1€ (O,
Yo
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satisfying
F'(t) >0 for any 7 € [0,1])
and |
F'(t) <0 for any t € [tl,w],
Yo

which implies that the function F(¢) is increasing on the interval [0,7;) and decreasing

on the interval
[t —xo+yo—1 }
L |-

Yo
It follows that

—x0+yo—1

_x0+}’0_1}
Yo '

F(1) >min{F(0)7F< Yo

)} for any ¢ € [0,

‘We then have
Z(R) z min{Z(R,), #(R>)}.

For the case (iii), since the function I(¢) is increasing, we have

— -1
I(r) >0 for any t € {O,w}.
Yo
Hence, from (3.27), we have
— -1
F"(t) >0 for any t € [O,w}.
Yo

Therefore, the function F’(z) is increasing on the interval

{O —x0+yo— 1}
) yO )
and since |
F/(M) <0,
Yo
we have .
F'(t) <0 for any € [QM}
Yo

which implies that the function F () is decreasing on the interval

{O, —xo—i-yo—l}
Yo

Therefore, we have

—xo+yo—1

—Xx0+Yo— 1]
Yo ’

OE F( o

) for any ¢ € {07



390

Y. LIN AND G. LENG

A
A o] B‘ hy A F B v
A2 A2
X X
D o > 0 o>
(1) (2
Ay
A F v A G
E
X X
> 5 o>
P ) 0 )

Figure 3.3: P, Py, Ppgp, and their polar bodies in the second quadrant.

which implies that

Z(R) Z min{ Z(R,), Z(Ry)} = P (Ra).

Secondly, we prove (3.5).
In (3.4), if
min{ Z(R}), Z(Rz)} = Z(R3).
Let
T={(xy): x+y<1}
and

Q = {(x,y) : max{|x,|yl} < 1},

Let Ry and Ry be the origin-symmetric bodies of revolution generated by 7" and O,
respectively. In (3.4), replacing R, Ry, and R>, by Ry, Ry, and Ry, respectively (see
(1) of Figure 3.3), we obtain

4 2
P (Ry) > min{ 2 (Rr), 7 (Rg)} = 5. (330)

It follows that

2
PR) > P(Ry) > 4%
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In (3.4), if
min{ Z(Ry),Z(R2)} = Z(R1),

let E, F be the vertices of P;' in the second quadrant, where E, F lie on line seg-
ments AD and AB, respectively (see (2) of Figure 3.3). Let Ppgp be a 1-unconditional
polygon satisfying

PpesN{(x,y):x<0,y >0} =conv{E,D,O,B},

and let Rpgp be an origin-symmetric body of revolution generated by Ppgp. In (3.4),
replacing R, Ry, and R, by R(*, Rpgp, and Rp, respectively (see (3) of Figure 3.3),
we have

z@(R) 2 <@(Rl) = <@(Rl*) Z min{,@(RDEB),@(RQ)}. (331)

In (3.31),if
min{ & (Rpeg), ¥ (Ro)} = Z(Ro),
we have proved (3.5); if
min{Z#(Rpgg), Z(Ro)} = & (RpEes),

let

Ppeg” N{(x,y) :x <0,y >0} =conv{G,D,0,B},
where G lies on the line segment AB, which is a vertex of Ppgp* (see (4) of Figure
3.3). In(3.4), replacing R, R1, and R, by Rpeg*, Ry, and Ry, respectively, we obtain
4r?

W(RDEB*) Z min{@(RT), <@(RQ)} = 3 . (332)

Hence, we have

4r?
Q(R) > Q(Rl) 2 Q(RDEB) = T U

LEMMA 3.5. Let P be a 1-unconditional polygon in the coordinate plane X OY
satisfying

PN{(x,y):x<0,y>0}=conv{A,Az,---,Ap_1,D,0,B},

where A\ lies on the line segment AB, Ay, ---,A,_1 € IntANABD, and the slopes of lines
OA; (i=1,---,n— 1) are increasing on i, R the origin-symmetric body of revolution
generated by P. Then

PZ(R) zmin{ Z(R)), Z(Ry)}, (3.33)

where Ry and Ry are origin-symmetric bodies of revolution generated by 1-unconditional
polygons Py and P, satisfying

Pl m{(x7y) X g Oa y 2 O} :COHV{AZaA3a"'7An—17D707B}



392 Y. LIN AND G. LENG

n-1

Y <

Figure 3.4: P and P* in the second quadrant.

and
PN {(x,y):x<0,y>0}=conv{C,A3z,---,Ap_1,D,0,B},

respectively, where C is the point of intersection between two lines AyAs and AB.

Proof. In Figure 3.4,1let A; = (—t,1) and Ay = (x0,0). Let the slope of the line
A3A, be k, then

1—
y0<k< Yo
—X0 xo+1

(3.34)

and the equation of the line A3A; is
y—yo = k(x—xp). (3.35)
In (3.35), let y =1, we get the abscissa of C

1—yo
Xc =x0+ P
Let E, F and B be the vertices of P* satisfying BELOA| and EF L OA,. Let [

be the point of intersection between two lines EF and AB. We have

BE: y=tx+1
and

Yo Yo
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1—
I:< y071>
X0

Then, we get

and
E—( l—yo t+xo )
tyo+xo tyo+xo/
Let
F(t) = SV(R)SV(R) = 2 2(R)
2 2 4 ’

which is a function of the variable ¢, where

—xok+yo—1

0<t < —xc= X

Our proof has three steps.

First step. Calculate F'(t) and F"(1).
Let V = 1V(R;) and V* = JV(R;*), then we obtain

F6) = (V+32-y-)

2
y VO_Eyo—l 5 1+ X0 _<I+XO) .
3 X0 tyo +Xo tyo + X0

Therefore, we have

Fi)y="= (2= 30— Y2) (@113 + D12 + D31 + Dy)
3 (yot +x0)3

)

where

7 (1—y0)*(2y0+1)
3 X0

@, = —7(1—y0)*(2y0+ 1) + 3V x0)5,

@3 = —27(1 —y0)*x0 +3Vx3y0 + (vo — 1)V,

3xo(1 —yo)V
Dy = VOx3 — (1 —y)V
yo+2

+ VO3,

D@ =yo| —

Thus, we have

Y
P10 = 5

393

(3.36)

(3.37)

(3.38)

(3.39)

(3.40)

(3.41)
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where

J(t) = (yo+2)[Vyo + mxo(yo — 1)]t
+x0[V (40 — 1) + 7x0(y5 +y0 — 2)]. (3.42)

Second step. We prove that

—xok -1 —xok -1
(i) F’(%) <0 or F"(%) <0 for (x0,y0) € 71

and . {
(if) F”(%) <0 for (x0,0) € P,
where 9y and 9> have been given in (3.18) and (3.19).
By (3.39) and (3.40), let

_ “Xok+yo—1
0— X s
we have
T
F'(1y) = E(Y’1V0+T2V+Y’3), (3.43)
where
Y1 = (1-yo)(yo+2),
K (—xok +y0+2)
Y, = -
(Xok—yo)
T yo+2 33 ),
U= =3 i K —1)(—2y0+3)+3k —D(2v0—3
3 3x0(ka_yO)3[ %3 (yo — 1) (—=2y0+ 3) + 3k%3y0(yo — 1) (20 — 3)
+3kxo(1 = 30)* 230+ 1) +y0(2y0 + 1) (0 — 1) (3.44)

Since k >0, xo <0 and 0 < yp < 1, we have that Yy > 0 and Y, < 0, thus, as V
increases and V decreases, F'(ty) decreases.
Let Py be a 1-unconditional polygon satisfying

Pon{(x,y):x<0,y>0}=conv{A,,D,0,B}

and Ry be an origin-symmetric body of revolution generated by Py. Let Vy = %V(Ro)
and V" = %V(R(’;). In (3.38), let V =V, and V° = V,*, we get a function Fy(z), which
is the same function as F(¢) in Lemma 3.4.

Since V >V, and V0 < Vi, we have
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Since |
—)o <k< Yo ’
—X0 xo+1
we have
0< —xok+yo—1 < —X0+ Yo — l.
k Yo
In (3.45), let
P
xo+1
we have
- —1 - —1
F’(ixﬁ_yo ) <F6(7x0+y0 ). (3.46)
Yo Yo

From Lemma 3.4, we have

_ 1
Fé(%) <0 for any (xq,y0) € %1, (3.47)
0
hence
. ~1
}ﬂ(&) <0 for any (xo,yo) € 9. (3.48)
Yo

If F”(ty) >0, by (3.41), J(19) > 0, since xo < 0 and 0 < yo < 1, J(¢) is an increasing
linear function, thus J(r) > 0 for t > 9, which implies F”(¢) > 0 for ¢t > ty. Thus
F'(z) is increasing for 7 > 1. Since

F/<_x0 +yo—1

) <o,
Yo

we have F'(tg) < 0. Therefore we have proved (i).

Next we prove (ii).

Let G be the point of intersection between two lines AD and AjAs, then G =
(—=1,y0—k(xo+1)). Let Py be a 1-unconditional polygon satisfying

Pyn{(x,y) :x<0,y>0}=conv{A,,G,D,0,B}

and Rjy; an origin-symmetric body of revolution generated by Py;. From Lemma 2.1,
we have that

SV (Ru) = 2 Dl(00—K(xo-+ D)2+ (o —K(xo-+ 1)y +33
+Z(=20) 08 +y0+ 1), (3:49)

In (3.42), let
V= Ly
= SV (Ru
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and
. —xok+yo—1
-—
we get a function of the variable k
O +0,k2+03k+0
L(k) = 20 k+ LD (3.50)
where
__r 300 1\2
0= 3)60()60-1-1) (vo—1)7,
T
0, = g(xo +1)%y0(vo — 1) (4x0y0 — %0+ yo +2),
T
3 = 3 (v — 1)(=5x5v5 — 9 — 335 — Rxoyg — 5 — 335 — 630),
T
04 = g()’O — 1)(yo +2) (2x05 + 3¥5 — X0¥5 + 2xX0y0 — 3X0). (3.51)
Let
Li(k) = ©1k° + Oxk* + O3k + Oy. (3.52)

Since k > 0, to prove L(k) < 0, it suffices to prove Lj(k) < 0. In the following,
we prove L; (k) <0 for

L —yo <kg Y
—Xo xo+1

By (3.52), we have

Lll/(k) = 60k+20,. (3.53)
Since 5

L//< Yo ) — _TE 1 3 _ 1 2 < O
A 3 (x0+1)"yo(yo—1)(yo+2)
and 7t
0, = —gxo(onr 1)*(yo—1)*>0,

then

1—>’o<k< Yo

L] (k) <0 fi < .
(k) or any — o

Hence, the function L/ (k) is decreasing on the interval

l—yo yo
—xp xo+11°

By (3.52), we have

L (k) = 30,k* + 20,k 4 O3. (3.54)
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From (3.54), we have that

Yo T
Lg( ) = = (1—y0) 3233+ 1) +x0(2y5 +43) + v + 232

xo+1 3
3 2\ 2 2 3
T Yo+ 2% Yoo +2)(1—yp)
=(1— 2y +1
10 | @+1) (r+ 220 ) 2000
> 0. (3.55)

Therefore

1—>’o<k< Y0

L) (k) >0 f < .
1 (k) or any — e

It follows that the function L; (k) is increasing on the interval

l—yo Yo
—X0 ’X()—|—1 '

When

we have Ry; = Ry and

—xok+yo—1 —xo+yo—1
k Yo '
In Lemma 3.4, for R = Ry, we had proved

F//<_x0 +yo—1

) <0 for (x0,y0) € Ds.
Yo

Hence,

Yo
L( )<0f 0) € Do,
G or (x0,y0) € 2

which implies that L; (k) < 0 for any

1 —yo k<
—Xo xo+1

when (xo,y0) € Z».
It follows that, for R = Ry,

1 —yo <k<
—X0 xo+1

F ( —xok+yo—1

k ) < 0 for any

when (xo,y0) € Z5.
In Lemma 3.4, for R = R, we know that

F//<_x0 +yo—1
Yo
from (3.41), which implies that

) <0 for (xo,y0) € 25,

J(—xo +yo—1

) <0 for (x0,y0) € P».
Yo
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Since J(¢) is an increasing linear function and

—xok+yo—1 _ — —1
X0K + Yo < X0+ Y0 fork<y—0,
k Yo xo+1
we have ' )
J(%) <0 for (xo,y0) € 25,

which implies, for R = Ry, that

F//(_x0k+y0_1><0
k ~
for any
l—yo<k< Yo
—X0 = \xo—i—l

and (xo,yo) € D.

Therefore, for
V =V(Ry) or V=V (Ry),

we have
J< —xok+yo—1

. ) <0 for (x0,y0) € Ds.

Since
() = [(yo+2)yor +x0(4yo — D]V + [mxo(yo — 1) (yo +2)1 = x5 (2 — 0 — )], (3.56)
which can be considered as a linear function of the variable V, and
V(Ry) <V(R) <V(Ry),
we have, for any V =V (R), that

—Xxok -1
J( Xok + Yo

. ) <0 for (x0,y0) € Z>. (3.57)

It follows that

F" ( —xok+yo—1

- ) <0 for (x0,y0) € P> (3.58)

Third step. We prove
Z(R) Zz min{ Z(R,), 7 (R2) }.

We omit the proof of this step which is similar to the proof of third step in Lemma
34. O

LEMMA 3.6. For any a 1-unconditional polygon P C [—1,1]% in the coordinate

plane XOY satisfying B,D € P, let R be an origin-symmetric body of revolution gen-
erated by P. Then

(3.59)

with equality if and only if R is a cylinder or bicone.
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\ e
\ e

(1) @

Figure 3.5: The two cases of 1-unconditional polygon P.

Proof. Let A1,Az,---,A, be the vertices of P contained in the domain {(x,y) :
x <0,y >0} and the slopes of lines OA; (i = 1,---n) are increasing on i. Without
loss of generality, suppose that the vertex A, coincides with point D. The vertex A
satisfies the following two cases:

(1) A; coincides with the point B;

(i1) A; does not coincide with the point B, but lies on the line segment BC (C is
the point of intersection between two lines A,A3 and AB).

If R satisfies the case (ii), from the Lemma 3.5, we obtain an origin-symmetric
body of revolution R; with smaller Mahler volume than R and its generating domain
P, has fewer vertices than P.

If R satisfies the case (i), then its polar body R* satisfies the case (ii). Since
P(R) = Z(R*) and P has the same number of vertices as P*, from the Lemma 3.5,
we can also obtain an origin-symmetric body of revolution R; with smaller Mahler
volume than R and its generating domain P; has fewer vertices than P.

From the above discuss and the proof of (3.5), let Ry = R, we can get a sequence
of origin-symmetric bodies of revolution

{R07R17R2 tee 7RN}7
where N is a natural number depending on the number of vertices of P, satisfying

P(Riy1) < Z(R;) (i=0,1,---,N—1) and Ry is a cylinder or bicone. Therefore, we
have

with equality if and only if R is a cylinder or bicone. [
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THEOREM 3.7. For any origin-symmetric body of revolution K in R3, we have

(3.60)

with equality if and only if K is a cylinder or bicone.

Proof. By Remark 3, without loss of generality, suppose that the generating do-
main P of K is contained in the square [—1,1]* and B,D € P.

Since a convex body can be approximated by a polytope in the sense of the Haus-
dorff metric (see Theorem 1.8.13 in [29]), hence, for P and any & > 0, there is a
I-unconditional polygon P. with §(P,P;) < €. Let R, be an origin-symmetric body
of revolution generated by P, then 6(K,R;) < €. Thus, there exists a sequence of
origin-symmetric bodies of revolution (R;);cn satisfying

lim §(R;,K) = 0.

1—00

Since Z(K) is continuous in the sense of the Hausdorff metric, applying Lemma 3.6,
we have

(3.61)

with equality if and only if K is a cylinder or bicone. [l

In the following, we will restate and prove Theorem 1.2 and 1.3.

THEOREM 3.8. Let f(x) be a concave, even and nonnegative function defined on
[—a,a], a> 0, and for x' € [-1 1] define

1 _ /
- (3.62)

f* (x ) - xe%rjg,a] f(x) ’

Then

( /_ ug(f(x)fdx) ( /_ | (f*(x’))zdx’> > % (3.63)
with equality if and if f(x) = f(0) or f*(x')=1/£(0).

Proof. Let R and R’ be origin-symmetric bodies of revolution generated by f(x)
and f*(x'), respectively, then their generating domains are

D={(x,y): —a<x<aly < f(x)}

and

1
D ={(): = <X << ),

Q|-
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respectively.
Next, we prove D' = D*. For (¥,y’) € D’ and (x,y) € D, we have

1 —x'x
fx)
1

which implies (¥',)') € D*. If (x',y') ¢ D', then either |¥'| > L or [x'| <1 and |y/| >

(o)) (x,y) =xx+yy <Xx+ () f(x) <Hx+ flx) =1,

a

FA(). I X' > L (or ¥’ < —1) then for (a,0) € D (or (—a,0) € D), we have

(x,y)-(a,0) > 1 (or (¥',y)-(—a,0)>1),

which implies (¥',y') ¢ D*. If |¥'| < L and y/ > f*(x') (or y/ < —f*(¥')), let
1 —x'xg
[ = ;
=) f(xo)

then for (xo, f(x0)) € D (or (xo,—f(x0)) € D), we have
(") - (x0, f(x0)) > x'xo + f* (') f (o) = 1

(or (X',y") - (x0,—f(x0)) > xX'x0+ f*(x') f(x0) = 1),

which implies (x',y") ¢ D*. Hence, we have D' = D*. By Lemma 3.2, we get R' = R*.
By Theorem 3.7, we have

[ eras [ (e = SvRVER) = 2(R)> 5

—a

)

a

with equality if and if f(x) = f(0) or f*(x')=1/f(0). O
By Theorem 3.8, we prove that among parallel sections homothety bodies in R?,

3-cubes have the minimal Mahler volume.

THEOREM 3.9. For any parallel sections homothety body K in R3, we have

P(K) > (3.64)

57

with equality if and only if K is a 3-cube or octahedron.

Proof. Let
K= |J {f&x)C+xv},

x€[—a,d]
where f(x) is its generating function and C is homothetic section. Next, for

K/: U {f*(x’)C*—i—x/v},

x’E[—%,%]
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where f*(x') is given in (3.62), we prove K’ = K*. For any
(X',y,7) €K' and (x,y,2) €K,

we have
(0,y,2) € f*(x')C* and (0,y,2) € f(x)C.

Hence, we have

(O,y/,zl).(o,y,z)gf*(x/)f(x)g 70 Sfx)=1-xx

It follows that
(x/7ylvz/) : (x,y7z) :)C/)C+ (07)/72/) : (07y7z) < 17

which implies that (x',y',7') € K*.

If (x,y,7) ¢ K', then either [x'| > 1 or [¥| <1 and (0,),7) ¢ f*(¥)C*. If

x> é (or x < —é), then for (,0,0) € K (or (—a,0,0) € K), we have

(x/ay/az/) : ((1,0,0) > 1 (OI' (x’,y’,z/) : (—a,0,0) > 1)7

which implies that (x',)',') ¢ K*. If |¥'| < 1 and (0,),2) ¢ f*(x')C*, there exists

(0,y,z) € C such that

(0,%,2)-(0,Y,2) > f*(x').
Let
_ 1—xxo

fe)= f(xo)
For
(X0, f(x0)y, f(x0)z) € K
we have

(x/’y/’zl

=xxo+f
> xXxo+f

- (%0, f (x0), £ (x0)2)
xO)(O’y’Z) : (O7y/7zl)
x0)f*(¥')
1 —x'xg

= x'x0+ f(x0) 700)

—~ ~ N =

:1’

which implies that (x',y’,7’) ¢ K*. Hence, we have K’ = K*.
Therefore, we obtain

P(K) =V(K)V(K')

= 2(0) [ (rPax [ (77 ()P
424 43

2 AT A A
213 3!

with equality if and only if K is a 3-cube or octahedron. [J

(3.65)

(3.66)
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