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THE SCHUR CONVEXITY FOR THE GENERALIZED MUIRHEAD MEAN
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Abstract. For x,y >0, a,b € R with a+ b # 0, the generalized Muirhead mean is defined by

M(a,b;x,y) = (%) “In this paper, we prove that M(a,b;x,y) is Schur convex with

respect to (x,y) € (0,0) x (0,c0) if and only if (a,b) € {(a,b) €R?: (a—b)> > a+b>0&ab<
0} and Schur concave with respect to (x,y) € (0,00) x (0,00 if and only if (a,b) € {(a,b) € R% :
(a—b)? <a+b & (a,b) #(0,0)}U{(a,b) € R?*:a+b <0}, where R : =[0,0).

1. Introduction

Recall that the following notion of Schur convexity (see [1]).

DEFINITION 1.1. Let E C R"(n > 2) be a set with nonempty interior, a real-
valued function f: E — R is said to be Schur convex on E if f(x) < f(y) for each
pair of n-tuples x = (x1,---,x,) and y = (y1,---,y,) in E with x <y, i.e.

k k
D < 2y k=1,2-n-1
i=1 i=1
and
;xm = ;yw

where x|;) denotes the ith largest componentin x. f is called Schur concave if —f is
Schur convex.

The notion of Schur convexity was introduced by I. Schur in 1923 [2]. In the
recent past, the Schur convexity has been the subject of intensive research, many re-
markable inequalities have been established by using the Schur convexity theory [3-9].
In particular, the Schur convexity for means and symmetric functions has attracted the
attention of many researchers [10-24].
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For x,y >0, and a,b € R with a+b # 0, the generalized Muirhead mean M (a, b;x,y)
was introduced by T. Trif [25] as follows:

(1.1

xayb +xbyu ﬁ

mtabix) = (

It is easy to see that the generalized Muirhead mean M (a,b;x,y) is continuous on
the domain {(a,b;x,y) : a+b # 0;x,y > 0} and differentiable with respect to (x,y) €
(0,00) x (0,00) for fixed a,b € R with a+b # 0. It is of symmetry between a and b
and between x and y. Many means are the special case of the generalized Muirhead
mean, for example

M, (x,y) = M(p,0;x,y) is the power or Holder mean,
A(x,y) = M(0,1;x,y) is the arithmetic mean,
G(x,y) = M(a,a;x,y) is the geometric mean

and
H(x,y) = M(0,—1;x,y) is the harmonic mean.

In paper [25], the monotonicity of M(a,b;x,y) with respect to a or b was dis-
cussed, and a comparison theorem and a Minkowski-type inequality involving the gen-
eralized Muirhead mean M (a,b;x,y) were established.

The well-known Muirhead’s inequality (see [26]) implies that if x,y > 0 are fixed
then M(a,b;x,y) is Schur convex on the domain {(a,b) € R?:a+b > 0} and Schur
concave on the domain {(a,b) € R? :a+b < 0}. But no one has ever researched the
Schur convexity or Schur concavity of M(a,b;x,y) with respect to (x,y) € (0,e0) X
(0,00) for fixed a,b € R with a+b #0.

Our purpose is to discuss the Schur convexity and Schur concavity of M(a,b;x,y)
with respect to (x,y) € (0,00) X (0,0) for fixed a,b € R with a+b # 0. Our main
result is the following theorem.

THEOREM 1.1. The generalized Muirhead mean M(a,b;x,y) is Schur convex
with respect to (x,y) € (0,00) x (0,00) ifand only if (a,b) € {(a,b) ER?: (a—b)> > a+
b >0 & ab < 0} and Schur concave with respect to (x,y) € (0,00) X (0,00) if and only
if (a,b) € {(a,b) €R% : (a—b)*> <a+b & (a,b) # (0,0)}U{(a,b) e R* :a+b < 0},
where R := [0,00).

2. Preliminary Results

In this section we introduce and establish two lemmas, which will be used in the
proof of Theorem 1.1.

LEMMA 2.1. (see [1]) Let E C R? be a symmetric convex set with nonempty
interior intE and @ : E — R be a continuous and symmetric function on E. If ¢ is
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differentiable on intE, then @ is Schur convex (or Schur concave, respectively) on E if
and only if
do _d¢

y=—x)| =——==) 20 (or<0, respectively
dy dx

Sforall (x,y) € intE.

LEMMA 2.2. Let a and b be two real numbers such that a > b and a+ b # 0.
Let us define the function f:[1,0) — R,

1

= W(at"_b—bta_lﬂrl —at+D), fort>1.
a

f(@)

Then the following statements hold:

(1) If b>0 and (a—b)*> < a-+b, then f(t) <O forall t >

(2) If b>0 and (a—b)*> > a+b, then there exist 1,1 € (1,00
and f(ry) >0;

(3) If b< 0 and (a—b)*> < a+b, then there exist t3,t4 € (1,00) such that f(t3) <0
and f(t4) >0;

(4) If a+b>0, b<0 and (a—b)>>a+b, then f(t) >0 forall t > 1;

(5) Ifa+b <0, then f(t) <0 forall t > 1.

s

1
) suchthat f(t;) <0

Proof. Let g(t) = ‘a‘Jr;Z(a(a —b—1)—b(a—b+1)t). Then simple computation

leads to
f(1)=0, (2.1
£() = aib (aa— by —b(a—b+ 10" —a).,
/ (a—b)*—(a+b)
)= b ; (2.2)
f//(t) — ta—b—Zg(t),
—b
g(1) = Z+b ((a—b)*—(a+b)) (2.3)
and bla—b)(a—b+1)
1 bla—b)la—b+
g(t)= P . (2.4)
()If b >0 and (a—b)*> < a+b, then (2.2)—(2.4) imply
f'(1) <o, (2.5)
g(1)<0 (2.6)
and
g ) <0. 2.7)

Therefore, Lemma 2.2 (1) follows from (2.1) and (2.5)-(2.7).
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(2)If b>0 and (a—b)> > a+b, then from (2.2) we clearly see that f'(1) > 0.
Then the continuity of f’(¢) implies that there exists 8; > 0 such that

f(1)>0 2.8)

for 7 € [1,1+ &;). From (2.1) and (2.8) we know that f(r) >0 for 7 € (1,1+ 6;).
On the other hand, it is easy to see that ) liIJP f(t) = —eo. Hence Lemma 2.2 (2) is

true.
(3)If b <0 and (a—b)?> < a+b, then (2.5) again holds. Then the continuity of
f'(r) implies that there exists &, > 0 such that

f(1) <0 2.9)

for 7 € [1,1+ &) . From (2.1) and (2.9) we know that f(r) <O for 7 € (1,1+ &,).
On the other hand, we clearly see that tliIll f(t) = +e. Hence Lemma 2.2 (3) is

true.
@Ifa+b>0,b<0and (a—b)>>a+b,then (2.2)—(2.4) lead to

F(1)>0, (2.10)

g(1)>0 (2.11)
and

g (t)>0. (2.12)

Therefore, Lemma 2.2(4) follows from (2.1) and (2.10)—(2.12).
(5) If a+ b < 0, then inequalities (2.5)—(2.7) again hold. Therefore, Lemma 2.2
(5) follows from (2.1) and (2.5)—(2.7).

3. Proof of Theorem 1.1

Proof of Theorem 1.1. We use Lemma 2.1 to discuss the nonegativity and nonpos-
itivity of (y—x)(%% — 22) for all (x,y) € (0,) x (0,e) and fixed (a,b) € R? with

a+b+#0. Since (y —x)(%—ﬁy’l - ‘%’) =0 for x =y and it is symmetric with respect to x

and y, hence we assume y > x in the following discussion.
Let

Ey={(a,b) eR*: (a—b)*>a+b>0&ab<0},
Ey={(a,b) €R% : (a—b)* <a+b & (a,b) # (0,0)}U{(a,b) e R*:a+b < 0}
and

Es = {(a,b)eR*:b<0& (a—b)* <a+b}
U{(a,b) eR*:a<0& (a—b)* <a+Db}
U{(a,b) ER*:a>b>0& (a—b)>>a+b}
U{(a,b) ER*:b>a>0& (a—b)*>a+b}.
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Then E; UE, UEs = {(a,b) € R? :a+b # 0}. It is obvious that Theorem 1.1
is true if once we prove that M(a,b;x,y) is Schur convex, Schur concave, and neither
Schur convex nor Schur concave with respect to (x,y) € (0,0)? for (a,b) € E1,E, and
Ejs, respectively.

From (1.1) we get the following identity

oM IM\ 1 ab y boa\ @l (Y
(y_x)<8_y_ﬁ)_2 Xty (y—x)(xy +Xy> f(;) (3.1

for y > x > 0, where f is defined as in Lemma 2.2. Further, it is sufficed to study the
sign of f (), we divide our discussion into three cases.

Case 1. (a,b)€E;.Let Ey; ={(a,h)€R?>:a+b>0,b<0& (a—b)> >a+b}
and Ejp = {(a,b) ER?>:a+b>0,a<0& (a—b)>>a+b}.

From Lemma 2.2 (4) and the assumption y > x we know that f (%) > 0 for
(a,b) € Eqy, then (3.1) and Lemma 2.1 together with the continuity and symmetry of
M(a,b;x,y) with respect to (a,b) imply that M(a,b;x,y) is Schur convex with respect
to (x,y) € (0,00) x (0,0) for (a,b) € E}.

Case 2. (a,b) €E,. Let Ey; = {(a,b) €R?>:a>b>0& (a—b)*> <a+b},
Eyn={(a,h)cR*:b>a>0& (a—b)><a+b}, Exz={(a,b)cER*:a>b&a+b<
0} and Eyq = {(a,h) ER*: b >a & a+b < 0}.

From Lemmas 2.2 (1) and 2.2 (5) together with the assumption y > x we clearly
see that f () <0 for (a,b) € E»; UE3, then (3.1) and Lemma 2.1 together with the
continuity and symmetry of M(a,b;x,y) with respect to (a,b) lead to the conclusion
that M(a,b;x,y) is Schur concave with respect to (x,y) € (0,00) X (0,) for (a,b) €
E>.

Case 3. Let E3; = {(a,b) €R?>:b <0 & (a—b)*> <a+b}, Ezy ={(a,b) €
R?>:a<0& (a—b)*<a+b}, Ex3={(a,p) eR*>:a>b>0& (a—b)>>a+b}
and E3y = {(a,b) ER?>:b>a>0& (a—b)>>a+b}.

From Lemmas 2.2 (3) and 2.2 (2) together with assumption y > x we clearly see
that £ (2) is neither nonpositivity nor nonnegativity for (a,b) € E3; or Es3, then (3.1)
and Lemma 2.1 together with the symmetry of M(a,b;x,y) with respectto (a,b) show
that M(a,b;x,y) is neither Schur convex nor Schur concave with respect to (x,y) €
(0,00) X (0,00) for (a,b) € E3. O

4. Applications
In this section, we establish some inequalities by use of Theorem 1.1 and the

theory of majorization.
The following Corollary 4.1 follows from Theorem 1.1 immediately.

x”+y” » # 0
COROLLARY 4.1. The power mean Mp(x,y) = 2 ' P7Y of order p
VY, p=0

is Schur convex with respect to (x,y) € (0,00) if and only if p > 1 and Schur concave
with respect to (x,y) € (0,00)? if and only if p < 1.
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COROLLARY 4.2. Let us consider two real numbers a and b, such that a+b #0.
Then

(1) M(a,b;(1— a)x+ oy,ax+ (1 — &)y) < M(a,b;x,y) for all (x,y) € (0,)?
and o € [0,1] if and only if (a,b) € E|.

In particular, taking oo = 1/2, we have

A(x,y) < M(a,b;x,y), for x,y > 0 and (a,b) € Ey;

(2) M(a,b;(1— a)x+ oy,ox+ (1 — &)y) = M(a,b;x,y) for all (x,y) € (0,)?
and a € [0,1] if and only if (a,b) € E;.
In particular, taking oo = 1/2, we have

A(x,y) = M(a,b;x,y), for x,y >0 and (a,b) € Es.

Proof. Corollary 4.2 follows from Theorem 1.1 and the fact that
(1—a)x+ay,ax+(1—a)y) < (x,y)

forall (x,y) € (0,00) X (0,0) and o € [0,1].

As a geometric application of Theorem 1.1 we have the following Corollary 4.3.
O

COROLLARY 4.3. Let a,b € R with a+b #0, A=A A>A3 be a triangle in R?
with vertexes A1,Ay,As, and P be an arbitrary point in the interior of A. If B1,B, and
B3 are the intersection points of the straight line A1 P with segment AyAs, straight line
AP with segment A1As and straight line AsP with segment A1A;, respectively, then

(1) M(mb;%,%) > 2 and M(a,b; 2L, B2y > 1 — A for (a,b) €

- 24383 P AB1 Ay 24383
15
. PB PB PA . PA PA PA
. (2) M(a,b: 54 05) < a5 and M(a,b; 13- %) < 1 — 504 for (a,b) €
9.
Proof. We clearly see that
PB PB PB
e BTl M (4.1)
A1B1  AxBy  A3B;
Equation (4.1) implies
PA PA PB, PB
o ) < (e (4.2)
2A3B3 " 2A3B3 A1By AxB»
and A A A A
P P PA, P,
-2 -3 ) o (2L 22 (4.3)
2A3B;"  2A3B; A\B,’ A2B,

Therefore, Corollary 4.3 follows from (1.1) and Theorem 1.1 together with (4.2)
and (4.3). O
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