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UNIVALENCY OF A NONLINEAR INTEGRAL
OPERATOR OF ANALYTIC FUNCTIONS

B. A. FRASIN

(Communicated by J. Pecaric)

Abstract. In this paper, we obtain new univalence conditions for the nonlinear integral operator

u
g t)—1
Fo(p)(2) = | o fu*Lexp /Mdt du where p(z) is analytic function in the
0 ;
0

open unit disk and satisfies p(0) =1, a € C with Re(a) >0 and § € C* = C\{0}. The
numbers of known or new univalence conditions are shown to follow upon specializing the pa-
rameters involved in our main results.

1. Introduction and definitions

Let o/ denote the class of functions f(z) of the form

fe) =2+ iakzk (1.1)

k=2

which are analytic in the open unit disk = {z€ C:|z] <1}, and let . denote
the subclass of &7 consisting of all functions f(z) € &/ which are univalent in %/ .
Furthermore, let & be the class of functions p(z) of which are analytic in % and
satisfy p(0) = 1.

Very recently, Attiya [1] introduced the nonlinear operator defined by

1

u o
Fo(q)(2) :== Ov/u""leXp /@dt du (ze), (1.2)
0 0

Z

where the function ¢ € & with ¢(0) =0 and o € C with Re (o) > 0.
Let Fy, g(p) : & — </ be the nonlinear integral operator defined by

Fop(p)(2) = a/u“—lexp /wm du| . (1.3)
0 0
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where p € &, oo € C with Re (@) >0 and 8 € C* = C\{0}. The exponential function
in the above relation is the principal value.

The problem of finding sufficient conditions for univalence of various integral op-
erators has been investigated in many recent works (see, for example, [2]-[10], [12],
[14]).

In our present investigation, we study the univalence conditions for the integral
operator Fy(p) defined by (1.3). Here and throughout in the sequel every many-valued
function is taken with the principal branch.

In order to derive our main results, we have to recall here the following lemmas.
LEMMA 1.1. ([11]) If p(z) € P, then

1 -z
1+

1+
1]

<p(@)] <

(zeU). (1.4)

LEMMA 1.2. ([17]) Let A >0 and M > 0. If p(z) € & satisfies
|p(2) +Azp'(z) — 1| <M (zew),

then we have

M
|p(z)—1|<m (ZE%). (1.5)

The result in (1.5) cannot be improved.

Also, in the proofs of our main results we need the following univalence criterion.

LEMMA 1.3. ([13]) Let a be complex number with Re (o) > 0. If h € of satis-
fies
1— |Z‘2Re(06)

7" (2)
Re(a) S

W(z)

forall z € U then the integral operator

Folz) = a/t“—lh’(t)dz (1.6)
0

is in the class & .
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2. Univalence condition for F;, 5(p)

We begin with the following sufficient condition for integral operator Fy, g(p) to
be analytic and univalent in % .

THEOREM 2.1. Let the function p € 2. If a € C and B € C* with

Rele)  if 0<Re(a)<1
B| < 1 . 2.1)

then the integral operator Fy g(p)(z) defined by (1.3) is in the class 7.

Proof. Define the function h(z) by

h(z) = / exp / Br®=1 4\ 4. 2.2)

0 0

Then it is easy to see that h(0) =4’ (0) — 1 =0 and

Zh//(z) B B
e =B(p(z)—1). (2.3)
Hence from (2.3) and (1.4), we get
|Z|2Re ,h”(Z) B 1_H2Re(a)
e | = R Bl -1
1 — |zRe(®) L4l
< R o)
|Z|2Re 2
Re() Bl (2.4)

forall z€ % .
Let 0 < Re(a) < 1. Then, we observe that the function ¢ : (0,1) = R, ¢({) =
1—b%%; (0 < b < 1) is increasing function. Thus, for b = |z|; z € % , we obtain

1= [z]Re@ < 1 — [¢? 2.5)

forall z€ % . If Re(a) > 1, the function y: [1,00) = R, w({) = b (0<b<1)

is decreasing function, then for b = |z|; z € % , we have
1— |Z|2Re(0£)

2
Re (0] <1—|7°. (2.6)
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for all z € % . From (2.4)—(2.6), and the hypothesis (2.1), we get

ePRe@ | () % if 0<Re(o)<1
Re( ) K@) 41B], if Re(a)> 1,

<1

forall z € % . Applying Lemma 1.3 for the function /(z), we prove that Fy, g(p)(z) €
. This evidently completes the proof of Theorem 2.1. [

THEOREM 2.2. Let the function p € & satisfies
lp(2)+Azp'(2) = 1| <M (A>0, M>0; z€ ). (2.7)
If a € C and B € C* with

Bl < (1+A)(2a+1)% (Re(ct) =a > 0), (2.8)
then the integral operator Fy g(p)(z) defined by (1.3) is in the class . .

Proof. In view of Schwarz’ Lemma and (1.5), we have

M
—1l< . .
p(2) 1\\1+AIZ\ (ze) (2.9)
Hence from (2.3) and (2.9), we get
L— |2 20" (2) | 1=z
W | BlIp(2)— 1]

2a
<<l+x>|ﬂ2|( — I )’ (zew). (2.10)

Let us denote |z| = x, x €[0,1], Re(a) =a >0 and W(x) = x(1 —x*%). Itis easy
to prove that the maximum is attained at the point x = 1/(2a+1)'/2¢ and thus we have

2a
(2a+1)*%
In view of this inequality and (2.10), we obtain
20 (2) . 2M |B|
W@ |~ (14+2)(2a+1)%

P(x) <

1— |Z‘2a

a

(ze¥).

It follows from (2.8) that

1— ‘Z|2a Zh”(Z)

n(z)

Applying Lemma 1.3 for the function A(z), we prove that Fy, g(p)(z) € /. The proof
is completed. [

<1 (ze).

a
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3. Some consequences of the main results

In this section, we give some applications of the results produced in the second
section.

Letting p(z) = zf"(z)/f(z) in Theorems 2.1 and 2.2, we obtain the next two corol-
laries.

COROLLARY 3.1. Let the function f € o . If oo € C and B € C* with

Rele)  jf 0<Re(a)<1
1Bl < (3.1)
2 if Re(a)>1,
then the integral operator

1

Z ﬁ o
Hop(f)(z) = | / u! (@) du (3.2)

0

is in the class ..
COROLLARY 3.2. Let the function f € </ satisfy
of (2)/f )+ A2 (zf (2)/f(2) - 1\ <M (A0, M>0; ze%). (3.3)

If a € Cand B € C* with

2a+1
2a

\ﬁl<ﬁ(1+x)(2a+1) (Re(a) =a>0), (3.4)

then the integral operator Hy, g(f)(z) defined by (3.2) is in the class . .

If we take o =1 and A =0 in Corollary 3.2, we immediately obtain the following
result due to Pescar [15].

COROLLARY 3.3. Let the function f € o satisfies

3V3
2|B|

zf'(z)
f(2)

—1‘< (BeC zew), (3.5)
then fz(f(u)/u)ﬁduef.
0

Letting p(z) = 1 +zf”(z)/f'(z) in Theorems 2.1 and 2.2, we obtain the next two
corollaries.
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COROLLARY 3.4. Let the function f € . If oo € C and B € C* satisfy the
inequality (3.1), then the integral operator

Z

Qup(NE) = o [ (7'(w))” du (36)

0

is in the class ..
COROLLARY 3.5. Let the function f € o satisfies

") @)+ Az(1+2f"2)/f(2) | <M (A=0, M>0; ze%). (3.7)

If o € C and B € C* satisfy the inequality (3.4), then the integral operator Qg g(f)(2)
defined by (3.6) is in the class ..

By setting oo =1 and A =0 in Corollary 3.5, we immediately obtain the following
result due to Pescar [15].

COROLLARY 3.6. Let the function f € o satisfies

@) _3v3

2(B|

7(2) (BeC ze¥), (3.8)

then fz(f’(u))ﬂ duec.?.
0

Letting p(z) = zf’(z) + 1 in Theorems 2.1 and 2.2, we obtain the next two corol-
laries.

COROLLARY 3.7. Let the function f € . If o € C and B € C* satisfy the
inequality (3.1), then the integral operator

Ko p(f)(z) = a/u‘)‘*l (ef(")>ﬁ du (3.9)

is in the class & .

COROLLARY 3.8. Let the function f € o/ satisfies
lof' @)+ A (Pf" @) +zf )| <M (A20, M>0; z€U). (3.10)

If a € C and B € C* satisfy the inequality (3.1), then the integral operator Ky g(f)(z)
defined by (3.9) is in the class ..

By setting A = 0 in Corollary 3.8, we immediately obtain the following result due
to Attiya [1].
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COROLLARY 3.9. Let the function f € o/ satisfies
l2f(2)| <M (M>0; ze%). (3.11)
If a € C andRe () > 0 with

IB] < (2a—|—1) (Re(or) =a>0), (3.12)
then the integral operator Ka.p (f)(z) defined by (3.9) is in the class ..

By setting A =0 in Corollary 3.9, we immediately obtain the following result due
to Pescar [16].

COROLLARY 3.10. Let the function f € </ satisfies
l2f ()| <1 (ze%) (3.13)
IfaeC; Re(a)=a>0 with

1
|a|<§(2a+l) (3.14)
then the integral operator
L
4 o
—1 ()
T(f)(z) = |o [ u® (e' ) du (3.15)
0
is in the class & .
If we take oo = 1, in Corollary 3.9, then we obtain the following result.
COROLLARY 3.11. Let the function f € </ satisfies
3V3
l2f'(z)| < 2}—[{ (BeCr zew), (3.16)

then ({Z(ef(”))ﬁdue .

. < f/
Letting p(z) = -21 Vi (Zfﬂ(zz))
=

two corollaries.

— 1) +1 in Theorems 2.1 and 2.2, we obtain the next

COROLLARY 3.12. Let the functions fj € o, yj € C*; (j=1,...,n) and a €
C. If B € C* satisfies the inequality (3.1), then the integral operator

1

Dyp, . 5, (f)(2) = / * 1]'[( )ﬁyj du a (3.17)

0

is in the class & .
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COROLLARY 3.13. Let the functions fj € o7, v; € C*; (j=1,...,n) satisfy
n o (2fi(z) 1 (2fi(z) ’
j +Az -1
,.zzl”<fj<z> ) (Z (fm
(3.18)

Also, let oo € C with Re (o) =a >0 and B € C* satisfy the inequality (3.4), then the
integral operator Do p, . p,(f)(2) defined by (3.17) is in the class . .

<M (A=20, M>0; ze¥).

Letting p(z) = Z Y (Z;:, ((Z))> + 1 in Theorems 2.1 and 2.2, we obtain the next

two corollaries.

COROLLARY 3.14. Let the functions f; € o/, vy € C*; (j=1,...,n) and oc € C.
If B € C* satisfies the inequality (3.1), then the integral operator

Iop,. p,(f)(2) = / * 1]'[ NPV du (3.19)

0

is in the class & .

COROLLARY 3.15. Let the functions fj e,y €C*; (j=1,...,n) satisfy

n 1" n 1"
$(22) < (50(22))
fi(2) fi(@)
(3.20)
Also, let oo € C with Re (o) =a >0 and B € C* satisfy the inequality (3.4), then the
integral operator Io, g, p,(f)(2) defined by (3.19) is in the class ..

<M A=20, M>0; z€%).

Finally, by setting p(z) = Z vi(zfj(z)) + 15 (j=1,...,n) in Theorems 2.1 and

2.2, we obtain the next two corollarles

COROLLARY 3.16. Let the functions f; € o/, vy € C*; (j=1,...,n) and oo € C.
If B € C* satisfies the inequality (3.1), then the integral operator

R_I=

Gop,..p.(F)2) = /“ 1H( )ﬁy’ (3.21)

0

is in the class & .

COROLLARY 3.17. Let the functions fj € o, yj € C*; (j=1,...,n) satisfy

i 1) (2 e >>>
2

<M (A>0, M>0; ze%). (322
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Also, let oo € C with Re (o) =a >0 and B € C* satisfy the inequality (3.4), then the
integral operator G, , . p,(f)(2) defined by (3.21) is in the class .7 .

REMARK 3.18. If weputn=1, 3 =1 and f; = f in Corollaries 3.12-3.17, we

obtain Corollaries 3.1, 3.2, 3.4, 3.5, 3.7 and 3.8, respectively.
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