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Abstract. In this paper, we obtain new univalence conditions for the nonlinear integral operator

Fα(p)(z) =

⎡
⎣α

z∫
0

uα−1 exp

⎛
⎝ u∫

0

β(p(t)−1)
t

dt

⎞
⎠ du

⎤
⎦

1
α

where p(z) is analytic function in the

open unit disk and satisfies p(0) = 1, α ∈ C with Re(α) > 0 and β ∈ C∗ = C\{0} . The
numbers of known or new univalence conditions are shown to follow upon specializing the pa-
rameters involved in our main results.

1. Introduction and definitions

Let A denote the class of functions f (z) of the form

f (z) = z+
∞

∑
k=2

akz
k (1.1)

which are analytic in the open unit disk U = {z ∈ C : |z| < 1} , and let S denote
the subclass of A consisting of all functions f (z) ∈ A which are univalent in U .
Furthermore, let P be the class of functions p(z) of which are analytic in U and
satisfy p(0) = 1.

Very recently, Attiya [1] introduced the nonlinear operator defined by

Fα(q)(z) :=

⎡
⎣α

z∫
0

uα−1 exp

⎛
⎝ u∫

0

q(t)
t

dt

⎞
⎠du

⎤
⎦

1
α

(z ∈ U ) , (1.2)

where the function q ∈ A with q(0) = 0 and α ∈ C with Re(α) > 0.
Let Fα ,β (p) : P → A be the nonlinear integral operator defined by

Fα ,β (p)(z) =

⎡
⎣α

z∫
0

uα−1 exp

⎛
⎝ u∫

0

β (p(t)−1)
t

dt

⎞
⎠ du

⎤
⎦

1
α

. (1.3)
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where p∈P , α ∈C with Re (α) > 0 and β ∈C∗ = C\{0}. The exponential function
in the above relation is the principal value.

The problem of finding sufficient conditions for univalence of various integral op-
erators has been investigated in many recent works (see, for example, [2]–[10], [12],
[14]).

In our present investigation, we study the univalence conditions for the integral
operator Fα(p) defined by (1.3). Here and throughout in the sequel every many-valued
function is taken with the principal branch.

In order to derive our main results, we have to recall here the following lemmas.

LEMMA 1.1. ([11]) If p(z) ∈ P , then

1−|z|
1+ |z| � |p(z)| � 1+ |z|

1−|z| (z ∈ U ). (1.4)

LEMMA 1.2. ([17]) Let λ � 0 and M > 0. If p(z) ∈ P satisfies

∣∣p(z)+ λ zp′(z)−1
∣∣< M (z ∈ U ),

then we have

|p(z)−1|< M
1+ λ

(z ∈ U ). (1.5)

The result in (1.5) cannot be improved.

Also, in the proofs of our main results we need the following univalence criterion.

LEMMA 1.3. ([13]) Let α be complex number with Re(α) > 0. If h ∈ A satis-
fies

1−|z|2Re(α)

Re(α)

∣∣∣∣ zh′′(z)h′(z)

∣∣∣∣� 1,

for all z ∈ U then the integral operator

Fα(z) =

⎧⎨
⎩α

z∫
0

tα−1h′(t)dt

⎫⎬
⎭

1
α

(1.6)

is in the class S .
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2. Univalence condition for Fα ,β (p)

We begin with the following sufficient condition for integral operator Fα ,β (p) to
be analytic and univalent in U .

THEOREM 2.1. Let the function p ∈ P . If α ∈ C and β ∈ C∗ with

|β | �
⎧⎨
⎩

Re (α)
4 , if 0 < Re (α) < 1

1
4 , if Re (α) � 1.

(2.1)

then the integral operator Fα ,β (p)(z) defined by (1.3) is in the class S .

Proof. Define the function h(z) by

h(z) =
z∫

0

exp

⎛
⎝ u∫

0

β (p(t)−1)
t

dt

⎞
⎠ du. (2.2)

Then it is easy to see that h(0) = h′(0)−1 = 0 and

zh′′(z)
h′(z)

= β (p(z)−1). (2.3)

Hence from (2.3) and (1.4), we get

1−|z|2Re(α)

Re (α)

∣∣∣∣zh′′(z)h′(z)

∣∣∣∣= 1−|z|2Re(α)

Re (α)
|β | |p(z)−1|

� 1−|z|2Re(α)

Re (α)
|β |
(

1+ |z|
1−|z| +1

)

� 1−|z|2Re(α)

Re (α)
|β | 2

1−|z| , (2.4)

for all z ∈ U .
Let 0 < Re (α) < 1. Then, we observe that the function φ : (0,1) → R, φ(ζ ) =

1−b2ζ ; (0 < b < 1) is increasing function. Thus, for b = |z| ; z ∈ U , we obtain

1−|z|2Re(α) � 1−|z|2 (2.5)

for all z ∈ U . If Re(α) � 1, the function ψ : [1,∞) → R, ψ(ζ ) = 1−b2ζ

ζ ; (0 < b < 1)
is decreasing function, then for b = |z| ; z ∈ U , we have

1−|z|2Re(α)

Re (α)
� 1−|z|2 . (2.6)
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for all z ∈ U . From (2.4)–(2.6), and the hypothesis (2.1), we get

1−|z|2Re(α)

Re (α)

∣∣∣∣zh′′(z)h′(z)

∣∣∣∣ �

⎧⎨
⎩

4|β |
Re(α) , if 0 < Re (α) < 1

4 |β | , if Re (α) � 1,

� 1

for all z ∈ U . Applying Lemma 1.3 for the function h(z), we prove that Fα ,β (p)(z) ∈
S . This evidently completes the proof of Theorem 2.1. �

THEOREM 2.2. Let the function p ∈ P satisfies∣∣p(z)+ λ zp′(z)−1
∣∣< M (λ � 0, M > 0; z ∈ U ). (2.7)

If α ∈ C and β ∈ C∗ with

|β | � 1
2M

(1+ λ )(2a+1)
2a+1
2a (Re(α) = a > 0), (2.8)

then the integral operator Fα ,β (p)(z) defined by (1.3) is in the class S .

Proof. In view of Schwarz’ Lemma and (1.5), we have

|p(z)−1|� M
1+ λ

|z| (z ∈ U ). (2.9)

Hence from (2.3) and (2.9), we get

1−|z|2a

a

∣∣∣∣zh′′(z)h′(z)

∣∣∣∣= 1−|z|2a

a
|β | |p(z)−1|

�
(

M
1+ λ

)
|β | |z| (1−|z|2a)

a
, (z ∈ U ). (2.10)

Let us denote |z| = x , x ∈ [0,1], Re (α) = a > 0 and Ψ(x) = x(1−x2a). It is easy
to prove that the maximum is attained at the point x = 1/(2a+1)1/2a and thus we have

Ψ(x) � 2a

(2a+1)
2a+1
2a

.

In view of this inequality and (2.10), we obtain

1−|z|2a

a

∣∣∣∣ zh′′(z)h′(z)

∣∣∣∣� 2M |β |
(1+ λ )(2a+1)

2a+1
2a

(z ∈ U ).

It follows from (2.8) that

1−|z|2a

a

∣∣∣∣zh′′(z)h′(z)

∣∣∣∣� 1 (z ∈ U ).

Applying Lemma 1.3 for the function h(z), we prove that Fα ,β (p)(z) ∈ S . The proof
is completed. �
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3. Some consequences of the main results

In this section, we give some applications of the results produced in the second
section.

Letting p(z) = z f ′(z)/ f (z) in Theorems 2.1 and 2.2, we obtain the next two corol-
laries.

COROLLARY 3.1. Let the function f ∈ A . If α ∈ C and β ∈ C∗ with

|β | �
⎧⎨
⎩

Re(α)
4 , if 0 < Re(α) < 1

1
4 , if Re(α) � 1,

(3.1)

then the integral operator

Hα ,β ( f )(z) =

⎡
⎣α

z∫
0

uα−1
(

f (u)
u

)β
du

⎤
⎦

1
α

(3.2)

is in the class S .

COROLLARY 3.2. Let the function f ∈ A satisfy∣∣∣z f ′(z)/ f (z)+ λ z
(
z f ′(z)/ f (z)

)′ −1
∣∣∣< M (λ � 0, M > 0; z ∈ U ). (3.3)

If α ∈ C and β ∈ C∗ with

|β | � 1
2M

(1+ λ )(2a+1)
2a+1
2a (Re(α) = a > 0), (3.4)

then the integral operator Hα ,β ( f )(z) defined by (3.2) is in the class S .

If we take α = 1 and λ = 0 in Corollary 3.2, we immediately obtain the following
result due to Pescar [15].

COROLLARY 3.3. Let the function f ∈ A satisfies

∣∣∣∣ z f ′(z)
f (z)

−1

∣∣∣∣< 3
√

3
2 |β | (β ∈ C

∗; z ∈ U ), (3.5)

then
z∫
0

( f (u)/u)β du ∈ S .

Letting p(z) = 1+ z f ′′(z)/ f ′(z) in Theorems 2.1 and 2.2, we obtain the next two
corollaries.
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COROLLARY 3.4. Let the function f ∈ A . If α ∈ C and β ∈ C∗ satisfy the
inequality (3.1), then the integral operator

Qα ,β ( f )(z) =

⎡
⎣α

z∫
0

uα−1 ( f ′(u)
)β

du

⎤
⎦

1
α

(3.6)

is in the class S .

COROLLARY 3.5. Let the function f ∈ A satisfies∣∣∣z f ′′(z)/ f ′(z)+ λ z
(
1+ z f ′′(z)/ f ′(z)

)′∣∣∣< M (λ � 0, M > 0; z ∈ U ). (3.7)

If α ∈ C and β ∈ C
∗ satisfy the inequality (3.4), then the integral operator Qα ,β ( f )(z)

defined by (3.6) is in the class S .

By setting α = 1 and λ = 0 in Corollary 3.5, we immediately obtain the following
result due to Pescar [15].

COROLLARY 3.6. Let the function f ∈ A satisfies∣∣∣∣z f ′′(z)
f ′(z)

∣∣∣∣< 3
√

3
2 |β | (β ∈ C

∗; z ∈ U ), (3.8)

then
z∫
0

( f ′(u))β du ∈ S .

Letting p(z) = z f ′(z)+1 in Theorems 2.1 and 2.2, we obtain the next two corol-
laries.

COROLLARY 3.7. Let the function f ∈ A . If α ∈ C and β ∈ C
∗ satisfy the

inequality (3.1), then the integral operator

Kα ,β ( f )(z) =

⎡
⎣α

z∫
0

uα−1
(
e f (u)

)β
du

⎤
⎦

1
α

(3.9)

is in the class S .

COROLLARY 3.8. Let the function f ∈ A satisfies∣∣z f ′(z)+ λ
(
z2 f ′′(z)+ z f ′

)∣∣< M (λ � 0, M > 0; z ∈ U ). (3.10)

If α ∈ C and β ∈ C∗ satisfy the inequality (3.1), then the integral operator Kα ,β ( f )(z)
defined by (3.9) is in the class S .

By setting λ = 0 in Corollary 3.8, we immediately obtain the following result due
to Attiya [1].
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COROLLARY 3.9. Let the function f ∈ A satisfies∣∣z f ′(z)
∣∣< M (M > 0; z ∈ U ). (3.11)

If α ∈ C andRe(β ) > 0 with

|β | � 1
2M

(2a+1)
2a+1
2a (Re (α) = a > 0), (3.12)

then the integral operator Kα ,β ( f )(z) defined by (3.9) is in the class S .

By setting λ = 0 in Corollary 3.9, we immediately obtain the following result due
to Pescar [16].

COROLLARY 3.10. Let the function f ∈ A satisfies∣∣z f ′(z)
∣∣< 1 (z ∈ U ) (3.13)

If α ∈ C; Re(α) = a > 0 with

|α| � 1
2
(2a+1)

2a+1
2a (3.14)

then the integral operator

Tα( f )(z) =

⎡
⎣α

z∫
0

uα−1
(
e f (u)

)α
du

⎤
⎦

1
α

(3.15)

is in the class S .

If we take α = 1, in Corollary 3.9, then we obtain the following result.

COROLLARY 3.11. Let the function f ∈ A satisfies

∣∣z f ′(z)
∣∣< 3

√
3

2 |β | (β ∈ C
∗; z ∈ U ), (3.16)

then
z∫
0

(
e f (u)

)β
du ∈ S .

Letting p(z) =
n
∑
j=1

γ j

(
z f ′j(z)
f j(z)

−1

)
+1 in Theorems 2.1 and 2.2, we obtain the next

two corollaries.

COROLLARY 3.12. Let the functions f j ∈ A , γ j ∈ C∗ ; ( j = 1, . . . ,n) and α ∈
C . If β ∈ C

∗ satisfies the inequality (3.1), then the integral operator

Dα ,β1,···,βn( f )(z) =

⎡
⎣α

z∫
0

uα−1
n

∏
j=1

(
f j(u)

u

)β γ j

du

⎤
⎦

1
α

(3.17)

is in the class S .
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COROLLARY 3.13. Let the functions f j ∈ A , γ j ∈ C∗ ; ( j = 1, . . . ,n) satisfy∣∣∣∣∣
n

∑
j=1

γ j

(
z f ′j(z)
f j(z)

−1

)
+ λ z

(
n

∑
j=1

γ j

(
z f ′j(z)
f j(z)

−1

))′∣∣∣∣∣< M (λ � 0, M > 0; z∈U ).

(3.18)
Also, let α ∈ C with Re(α) = a > 0 and β ∈ C∗ satisfy the inequality (3.4), then the
integral operator Dα ,β1,···,βn( f )(z) defined by (3.17) is in the class S .

Letting p(z) =
n
∑
j=1

γ j

(
z f ′′j (z)
f ′j(z)

)
+ 1 in Theorems 2.1 and 2.2, we obtain the next

two corollaries.

COROLLARY 3.14. Let the functions f j ∈A , γ j ∈C∗ ; ( j = 1, . . . ,n) and α ∈C .
If β ∈ C

∗ satisfies the inequality (3.1), then the integral operator

Iα ,β1,···,βn( f )(z) =

⎡
⎣α

z∫
0

uα−1
n

∏
j=1

( f ′j(u))β γ j du

⎤
⎦

1
α

(3.19)

is in the class S .

COROLLARY 3.15. Let the functions f j ∈ A , γ j ∈ C∗ ; ( j = 1, . . . ,n) satisfy∣∣∣∣∣
n

∑
j=1

γ j

(
z f ′′j (z)
f ′j(z)

)
+ λ z

(
n

∑
j=1

γ j

(
z f ′′j (z)
f ′j(z)

))′∣∣∣∣∣< M (λ � 0, M > 0; z ∈ U ).

(3.20)
Also, let α ∈ C with Re(α) = a > 0 and β ∈ C

∗ satisfy the inequality (3.4), then the
integral operator Iα ,β1,···,βn( f )(z) defined by (3.19) is in the class S .

Finally, by setting p(z) =
n
∑
j=1

γ j(z f ′j(z))+ 1; ( j = 1, . . . ,n) in Theorems 2.1 and

2.2, we obtain the next two corollaries.

COROLLARY 3.16. Let the functions f j ∈A , γ j ∈C∗ ; ( j = 1, . . . ,n) and α ∈C .
If β ∈ C∗ satisfies the inequality (3.1), then the integral operator

Gα ,β1,···,βn( f )(z) =

⎡
⎣α

z∫
0

uα−1
n

∏
j=1

(
e f j(u)

)β γ j
du

⎤
⎦

1
α

(3.21)

is in the class S .

COROLLARY 3.17. Let the functions f j ∈ A , γ j ∈ C∗ ; ( j = 1, . . . ,n) satisfy∣∣∣∣∣
n

∑
j=1

γ j(z f ′j(z))+ λ z

(
n

∑
j=1

γ j(z f ′j(z))

)′∣∣∣∣∣< M (λ � 0, M > 0; z ∈ U ). (3.22)
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Also, let α ∈ C with Re(α) = a > 0 and β ∈ C∗ satisfy the inequality (3.4), then the
integral operator Gα ,β1,···,βn( f )(z) defined by (3.21) is in the class S .

REMARK 3.18. If we put n = 1, γ1 = 1 and f1 = f in Corollaries 3.12–3.17, we
obtain Corollaries 3.1, 3.2, 3.4, 3.5, 3.7 and 3.8, respectively.
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