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PROPERTIES AND REFINEMENTS OF ACZEL-TYPE INEQUALITIES

JINGFENG TIAN AND MING-HU HA *

(Communicated by J. Pecari¢)

Abstract. In this paper, we present some new properties of Aczél-type inequalities, and then we
obtain some new refinements of Aczél-type inequalities.

1. Introduction
The famous Aczél’s inequality, which is of wide application in the theory of func-

tional equations in non-Euclidean geometry, was given by Aczé€l [1] as follows.

THEOREM A. Let n € NT, n>2, andlet a;, b; (i=1,2,---,n) be real numbers
such that a3 — ¥ ya? >0 and b3 — 3! ,b? > 0. Then

n n n 2
(at-3) (s1-5%) < (wrtr~ S ) 1)
i=2 i=2 i=2

1

In 1959, Popoviciu [3] first established an exponential extension of the inequality
(1) in the following theorem.

THEOREM B. Let n e NT, n>2, let Ay > 1, A, > 1, )L_11+ 7%2 =1, and let

aj, b; (i=1,2,---,n) be nonnegative real numbers such that a%l -y, a?l > 0 and
b2 =31 b% > 0. Then

AR AR - <

<a11 —Zai1> (bﬁ—Zbﬁ) <aiby— Y, aib;, 2)
i=2 i=2 i=2

which is called as Aczél-Popoviciu inequality.

In 1982, Vasi¢ and Pecari¢ [9] presented the following reversed version of Aczél-
Popoviciu inequality (2).
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THEOREM C. Let n € NT, n>2, let 11 <1 (AI#O) )i —l—}} =1, and let a;,

b; (i=1,2,---,n) be positive real numbers such that a1 - zall > 0 and b/12
o b?z > 0. Then

L n
(@ $e) (- £0) oamBen o

i=2
which is called as Aczél-Vasié¢-Pecaric inequality.

In another paper, Vasi¢ and Pecari¢ [10] obtained a further extension of the Aczél
inequality (1) as follows.

THEOREM D. Let nym e N*, n>2, let 4; >0, ) 1/1 > 1, and let a,j (r=

1,2,---,n; j=1,2,---,m) be positive real numbers such that aibj—Zfzzarj >0 (j=
1,2,---,m). Then

A( 29 fio 8 o

j=1
In 2012, Tian [5] gave the reversed version of inequality (4) as follows.
THEOREM E. Let n,meN+, n=2,let M#0, A; <0 (j=2,3,---,m), 7, +
]
1 and let ar, (r=1,2,---,n; j=1,2,---,m) be positive real numbers such that
“1, py 2a”>0(]—12 ,m). Then

m 2’ n )L i m n m
I (%f - Zar}) > [laj =2 [Tar 5)
j=1 r=2 j=1 r=2j=1
Moreover, Bjelica in [2] obtained a new interesting Aczél-type inequality as fol-
lows.

THEOREM F. Let n ¢ NT, n> 2, let 0<A<2, andlet a;, b; (i=1,2,---,n)
be nonnegative real numbers such that al — 3" ,a} >0 and b7L 1 b* > 0. Then

1 1
n % n A 1!
(dt -3 ) (=20 )" <artn- S ®
i=2 i=2

i=2
which is called as Aczél-Bjelica inequality.

Recently, Tian and Zhou [8] presented the reversed version of Aczél-Bjelica in-
equality (6) as follows.

THEOREM G. Let n € N*, n>2, let A <0, and let a;, b; (i=1,2,---,n) be
positive real numbers such that a1 Z" al >0 and b’l >4, b* > 0. Then

<a’}—ia?) (l/L Eb) = aib) — iaibb (7
i=2 i=2



PROPERTIES AND REFINEMENTS OF ACZEL-TYPE INEQUALITIES 177
An important research subject in analyzing inequality is to convert an univariate
into the monotonicity of functions [4, 6, 7]. In this paper, we give some new mono-

tonicity properties of the above Aczél-type inequalities (2)—(7), and then we obtain
some new refinements of Aczél-type inequalities (2)—(7).

2. Main results

LEMMA 2.1. [10] Let a,,>0 (i=1,2,---,n, j=1,2,--- m).
(a)If A; >0, and if 3 gl 1)& > 1, then

Za?f)l'"- (8)
=1
(b)If A; <0 (j=1,2,---,m), then

€)

M:
s
2
~
\V
—s
—
M:
S
C\P
~—
<

()If M >0, ;<0 (j=2,3,---,m), and if ¥, %] <1, then

1
> Ilai =11 (Za?;") v (10)

The above inequalities (8), (9) and (10) are called as generalized Holder’s inequal-
ities.

THEOREM 2.2. Let nm € NT, n>22, let Ay = > > Ay >0 with 37 17L
1, and let a,j (r=1,2,---,n; j=1,2,---,m) be positive real numbers such that

af’}— }’:l=2afj]: >0 (j=1,2,---,m). If we denote

2
=TT (- %) "~ (T3, Fan )
j=1 r=2 j=1 r=2j
then B B

Vin+1)<V(n)<O. (11)

Proof. Put
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> An >0, and m be even. After simple calculation we get

1°Let Ay >Ap > ---

12)

By (4) and performing some simple computations, we have

D(n+1)—d(n)

y

1

m

1

m

n
[Tay— X ITay
; e

J

N——
|

o™

—

-

a —
o=
— N
AN

._

=
=1
N—

1

m

2j

n

r

1

n+1 m
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Hence, by (13), (12) and (8), we get

n+1

1
" 1
A\ A
< ([T |11 (ot - zar,) DGR TIN
J=1 Jj=1 r=2
— 1
- (Ha(nH ) ( Ean) (an Ea ) ) (allr’:l_ Eair:ln
=1 i=2 i=2
1 1
m n+1 T n+1 T n+1
MmN A )2 A A
+<Ha(n+1)j> <a11 - Zail) <a12— Eaﬂ e\ AT 2L Wi
=1 i=2 i=2 i—
11 L
A PR K ) A )"
. 2 2 2 1 2 2
== a@+uz<au-—25aa) a@+n1<au an)
=2 =2
_ L 11
A PR N Y IR A
2 1 1 4 4 4
X a@+nz<au-§5an> a@+n4<am- EE“M>
i i i
_ L L
A IR LN Y now )|
3 4 4 4 3 3
X1 n1)3 (“14 - ) Aint1)4 (“13 2. )
i i=2 i=2
X .
_ % T 1 lnl
n m m—1 n—1
Am Am )Lm Am -1 QLm
XNt 1)m (alm - zéaim A1) (m— (alm Z“ )
=
& £
n m—1 n+1 2 M
A’ITI A”Tl* AM7 2/
X%Hm(%mn_%%mu [ %at1)2 “u Z“
=
! 1k x
n+l 1 n+1 1
x | a2 Y M a a Z a
(n+1)2 11 4 il (n+1)1 12 12
=
! Ak x
1 1
y 7L4 7L4 B n+ Ay 4 A3 )L n+ 3
Aing1ya| 414 o Lnt1ya an Za
i=2
: 14
1
X PN e
XN s | Ga — 20 %
L l:2 -
X .
_ )Ll — 1 X 1
n+1 m m—1 n+1 m—1
Am Am Am Am
x a(n+l)m <a1m o ziaim) a(n+l)m< 2 az (m—1 )
=
_ 7 1
n+l m—1
}mel A A
X a(n+l)(m—1) (al;r; - zéair::l)
=
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im =
Mo A 2 )
2 1 1 1 2 2
1%t <a11 zéail ) +a(n+l)l<al2 25%2)
i= i=

n n+1
A A A n
x la(ﬁ+1)4 <ali - _Z%’f) 4 ( Z a; )
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A A A n+1
n—1 m m
X a(n+1)( (alm Za ) n+1)m< Zal )
1
n+1 N n+1 p—
—|—<Cl (m—1) Z ai(m 1 ) (alm Z aj )
7L A n+1
m—1 m—1 m
n+l Zal ) (n+l)( (alm Z a; )
1
Py n+l n+l An—1
1 1
n+1 n+1 XA
- n+l a12 Za ) n+l)2 (alz Ea )
oL
A 2 2 n+1 n A
1 2 2
x a(n+1)1<a12_2ai2> <a11 Ea ><a12 Za )
L i=2 i=2 i=2
- L
A Mo A o SN = )"
2 1 1 2 2 1 1
X1y ajl =Y a |+ ap— X ag ) arl — D @)
(n+1) J
I i=2 i=2 j=2 ]
~ 1 1
ntl n+1 A ey
A4 A4 A4 A4 A4 A4
Xt 1) (2 <a14 - 2 4 ) Tpaya | T (am -2 )
i=2 i=2
1
A N S A PSR WA
3 4 4 3 3 4 4
X1 nt1)3 <a14_2ai4> + <a13— ai3> <a14— 2",‘4)
L i=2 i=2 j=2 |
)LL
n n+1 n 3
M A A M M A A
n+1)4\ “13 i3 14— i4 13 i3
X a( )<a Za )—l—(a a a Zaj
L i=2 i=2 j=2 |
X .
A n+1 . n+1 2 Zm
X a(rrz’:rl) 2 (aI:rnl Z im ) + a n+1)m (alm Z i )
=2
_ 1
2 n A n+l1 A A A An—1
m—1 m m—1 m—1 m m
X141y (m— (alm 2261 ) + (a 1m—1) ~ Eéai(m 1 ) ( Z%m)
i i=
X alm a)Lm 1 _ ialmfl
(n+1) I(m—1) . ! i(m—1)
i—
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1
2 n+1 n+1 *ﬂ
it ! !
_{ [(“(3+1)2) +2"( +1)2 (“15 )y l22> +<

i=2 ]
[ n ~ N A i
x (%%—261 )(“11 Za )] {(“11‘2‘%‘1‘)(“12 2 )}
L i=2 i=2 i—
M 2 n+1 n+1 2 E7E
A A A A A A
X (a(3+1)4) +2a(,, )4 (‘Hi 22 zf) + ( 14— ziaif) ]
1= 1=
- 1 L
14 < 14 7[,3 < 7L3 3 )L3 . 3
X\~ 2“;’4 api— 2“;’3 a3 — Zaz a14 2“
L =2 =2 i=2
X...
i 2 n+1 n+1 20 A Ay
Am Am Am lm Am lm
x (a(n+l)m> +2a(n+l)m (alm - zéaim) + <alm - zéaim) ‘|
i= i=
r n n A
Am Am Amfl Am—l An—1
X (alm_zaim) (al(m 1)‘2“;‘@1)”
L =2 =2
- 1
Am -1 < lmf }Lm C )Lm =1
x (al(ml)_zal(ml)) (alm_zalm>:| }
L i=2 i=2
T A o A %
== H <aljf - z ar;') _‘.P(n>7 (14)
j=1 r=2
which implies

dn+1)—¥n+1)
So

> ®(n) —¥(n).

Y(n+1)—dn+1)

<W¥(n) —@(n),
and then, we have

V(n+1)<V(n). (15)
Thus, by inequalities (4) and (15), we obtain immediately the desired inequality (11)
2°Let Ay > Ay > -+

> Ay >0 and k be odd. After simple calculation we get

oo - [ (- ) (- zaﬂa*Kﬁ zax% s

) (- £)] i E )V“f
(- E) (- £) | [ (- B )(“w £4)|”
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n n T In—1 Fm—2
)mel Amfl Amfl Amfl
1(m—1) %‘%m-u) (“1(m—1) - jzz“j(m—u)
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- 1
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n 2
X))
Uiy
i=2

From inequality (5) and performing some simple computations, we get
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. TAA ;
n+l 2 1 n+1 1
7o) ) 7
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1 1
" 2 _n+ P 1 ii 4 A3
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1=
- 1A 5
n+l1 3 n+1 3
x |a™ Y a" Z a
(n+1)4\ 713 4 i3 n+1 14—
1=
X .

n+l Am—1 Am—2
Amfl 2 l
x a(n+l)(m 1) 2az(m 1)

2 n+1 l Am—2
m—1 m—2
x a(n+l)(m 1) (a Eéaz(m 2)

i

i A n+1 P ) An—2 n+1 T}n
m—2 m— l
X a(nJrl)( ( Zzal( ) n+1 (alm Zatm) :

' ' (17)

Therefore, from (17), (16) and (8), and by the same methods as in Case 1°, we can
obtain the desired inequality (11).

3° Let Ay > Ay > --- > A, > 0 and at least one of “=""be valid, and let k be even.
By the same method as in 1°, we can obtain the inequality (11).

4° Let Ay > Ao > --- > A, > 0 and at least one of “="" be valid, and let k be odd.
By the same method as in 20, we can obtain the inequality (11).

The proof of Theorem 2.2 is completed. [J

By the same method as in Theorem 2.2, but using Theorem E in place of Theorem
D, we can obtain the following Theorems.

THEOREM 2.3. Let nm € NV, n > 2, let 1} <A <... < Ay < 0, and let ay;

. Aj
(r=1,2,---,n;j=1,2,--- ,m) be positive real numbers such that alj e 2arj >0
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(j=1,2,---,m). If we denote
m n l n m 2
~ _ )Lj )Lj 7L
V(”)—H alj_zarj Halj EH“U’ )
j=1 r=2 r=2j=1
then B B
V(n+1)=V(n) > 0. (18)
THEOREM24 Let nnm € NT, n>2, let 11 >0, A <... < Ay <0 with
) /1 <1, andlet a,; (r— 1,2,-+-,n;j=1,2,--- m) be positive real numbers such
thata1 -y 2a”>0 (j=1,2,---,m). If we denote
2 2
~ m 2’! n )L n m
V(n):H(alj—Za”> (Hall ZH“’J) ,
r=2j=1

then B B
V(n+1)=V(n) > 0. (19)

Setting m =2, a,y = a,, app =b, (r=1,2,---,n) in Theorem 2.3 and Theorem
2.4, we get the following result.

COROLLARY 2.5. Let n € Nt, n > 2, let 11 #0, A < 0, ,11 4—11 1, and

let aj, b; (i=1,2,---,n) be positive real numbers such that “1 - 2al' >0 and
b%z -, b?z > 0. If we denote

2 2
. B 2’1 n Al xl 2’2 n Az AQ n 2
Vi(n)={q —Za, b} —Eb, — albl—Earbr ,
r=2 r=2 r=2

Vin+1)=>V*(n) >0. (20)

then

Similarly, setting m =2, a,; = a,, a,, =b, (r=1,2,---,n) in Theorem 2.2, we
have the following Corollary 2.6.

COROLLARY 2.6. Let n€NT, n>2 let 1 > Ay > 0, i+ —l—i 1, and let a;,

b; (i=1,2,---,n) be positive real numbers such that a1 Z" 2a}Ll > 0 and b o
s b?z > 0. If we denote

2 2
. B 2’1 n Al xl 2’2 n Az AQ n 2
Vi(n)={d —Za, b} —Eb, — albl—Earbr ,
r=2 r=2 r=2

Vin+1)<V*(n) <O0. (21)

then
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More particularly, if we set A} = A, = A < 0 in Corollary 2.5, then we have the
following property of reversed Aczél-Bjelica inequality (7).

COROLLARY 2.7. Letn€NT, n>2,let A <0, andlet a;, b; (i=1,2,---,n) be
positive real numbers such that a% —3" ,al >0 and b’ll — 3", b} > 0. If we denote

2 2 2
. n P n P n
V*(n) = (a%—Eaf) (b%—zibf) - (albl—Earbr) ;
r=2 r=2

r=2

then we have

Vi(n+1) = V*(n) > 0. (22)
Similarly, if we set A; = A, = A in Corollary 2.6, then we have the following

property of Aczél-Bjelica inequality (6).

COROLLARY 2.8. LetneNT, n>2,let 0< A <2, andlet a;, b; (i=1,2,---.n)
be positive real numbers such that a’ — ¥ ya? >0 and b} — ¥, b} > 0. If we denote

2 2 2

. n P n P n

V*(n) = (a{L - Zaﬂ) (b{L - be) - <a1b1 - Za,b,) ,
r=2 r=2 r=2

then we have
V*(n+1) <V*(n) <0. (23)

From Theorem 2.3, we obtain a new refinement of generalized Aczél inequality
(5) as follows.

COROLLARY 2.9. Let nym €NT, n>2,let A <A <3 <... <A, <0, and let
arj (r=1,2,---,n;j=1,2,---,m) be positive real numbers such that a%’,:—Z;’:zafj’f >
0 (j=1,2,---,m). Then

V(2) ’
(H'}Ll a1j— 2 H'}Ll arj)?

> [Taj = 2 [1an, (24)

1+

1
m n 1.
lj lj )L./'
I I (alj— E2a,j) >
r=

j=1

~ A ANE 2
where V(2) =TT}, (a)’ —azj-) b — (H;'nzlalj —H;-":sz) .

Proof. From Theorem 2.3, we find

V(n)=V(2) >0, (25)
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and then, we have

[ (e $7)" > [(nzn>+vz

J=1 r=2j=1

n

> H“w

r=2 j=1

1
V(2) ’
H;”zlau—Z',’:gH;":larj)z .

(26)

The proof of Corollary 2.9 is completed. [

Making similar technique as in the proof of Corollary 2.9 and by using Theorem
2.4 and Theorem 2.2, we get the following refinements of generalized Aczél inequalities
(5) and (4).

COROLLARY 2.10. Let n.m€NT, n>2,let 11 >0, L, <A3<... <A, <0
with 3L ”L <1, andlet arj (r=1,2,---,n; j=1,2,---,m) be positive real numbers
such that al - 2a” >0 (j=1,2,---,m). Then

n

Hau 5. [Tas |

r=2j=1

1
V(2) ’
HTzlaU_zr L IT} Lyar)?

> Hau - > [Tay 7)

j=1 r=2j=1

H (alj Z%,)

j=1

Aj Aj }% m m 2
where V(2) = [ " (a)] 612]) J (Hj:lalj_Hj=la2j) :

ayj

COROLLARY 2.11. Let n,m € NJr n>=2let Ay >2x ==L, >0 with
j 1/1 > 1, and let ayj (r=1,2,---,n; j=1,2,---,m) be positive real numbers

n Aj

such that aﬁ»— ,2a”» >0 (j= 1,2,~~~,m). Then, we have

{1(e ) < (fo $ f1on) |1+ o2

=1 =2 j=1 (HJ 141 — 2?:21_['}1:1%])2

<[la;- 2 1a (28)

_ 2
where V(2) =T}, (a%j aé,)”—(l'[, 141 — H;‘nzlalf)z'

Similarly, we have the following refinements of Aczél-type inequality.
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COROLLARY 2.12. Let n € N*, n>2, let Ay #0, 2 <0, Al le 1, and

let a;, b; (i=1,2,---,n) be positive real numbers such that a%‘ -y '> 0 and
b2 =3 b7 > 0. Then

L n
( zm) (;ﬁz zbgz)*2>albl_za,b,
r=2 r=2

n
> a1b; — Z a,by, (29)

1
V(2 :

L -

(albl - 2;«:2 arbr)

where V*(2) = (a%‘ —a%l)% (bilz —b;z) % - (a1b1 —a2b2)2 >0.

COROLLARY 2.13. Let n € N*, n>2, let Ay >0, x2>0 Tt =L and

let a;, b; (i=1,2,---,n) be positive real numbers such that a1 - 2akl > 0 and
b2 ¥ bR > 0. Then

1 1
(a’lll 22M> (b’lz 21%2) \<a1b1—z2arb,)

< a1b1 — Za,b,, (30)

1

V*(2 :
ST
(albl - Zr:2 arbr)

2

where V*(2) = (a%‘ —a%l)% (b’llz —b;z) 2 — (arb —a2b2)2 <0.

COROLLARY 2.14. Letn € NJr >2, let A <0, andlet a;, b; (i=1,2,---,n)
be positive real numbers such that al Z? 2a >0 and b7L " bl’-l > 0. Then

n % n % n
(a%—Zaf) (b%—be) > albl—Earbr
r=2 r=2 r=2

2 a1b1 — Ea,b,, (31)
r=2

Nl—

)
(albl - 2?:2 arbr)z

where V*(2) = (at —d?) 3 (v} —b%)% — (arby —a2b2)2 > 0.

COROLLARY 2.15. Let n ¢ Nt, n > 2, let 0< 7L <2, and let a;, b; (i =
1,2,---,n) be positive real numbers such that a1 - 2a >0 and b7L Y 2b7L > 0.
Then

AT YRR S Vi (2) :

(al —%a,) (bl _rzibr> < (albl—;zarb,> 1+(a1b1—2;':2arb,)2

n
< a1b1 — 2 a,b,, (32)
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>

where V(2) = (af —ab) ; (b} —b5)* = (aiby —azb2)2 <0.
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