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A PARAMETER–BASED OSTROWSKI TYPE INEQUALITY

ON TIME SCALES WITH k POINTS FOR FUNCTIONS

HAVING BOUNDED SECOND DERIVATIVES

SETH KERMAUSUOR AND EZE R. NWAEZE

(Communicated by J. Pečarić)

Abstract. In this paper, we introduce a parameter λ ∈ [0,1] , and obtain a generalization of the
Ostrowski type inequality on time scales for k points for functions whose second derivatives are
bounded. Our results generalize some results in the literature and thereby, injects into the math-
ematical community some inequalities which we hope can be used to approximate the integral
of a function in applied mathematics and/or mathematical physics. In addition, we apply our
main theorem to the continuous, discrete, and quantum calculus to derive more inequalities in
this direction.

1. Introduction

In 1938, Ostrowski [4] proved the following inequality which approximates a func-
tion by its integral average.

THEOREM 1. Let f : [a,b] → R be a differentiable mapping on (a,b) with the
property that | f ′(x)| � M for all x ∈ (a,b). Then∣∣∣∣ f (x)− 1

b−a

∫ b

a
f (t) dt

∣∣∣∣ �
[

1
4

+
(x− a+b

2 )2

(b−a)2

]
(b−a)M

for all x ∈ [a,b]. The constant 1/4 is the best possible in the sense that it cannot be
replaced by a smaller constant.

In order to unify the theory of integral and differential calculus with the calculus
of finite difference, the German mathematician Stefan Hilger [5] in 1988 introduced
the concept of time scales (see Section 2 for a brief overview). This subject area has
generated great deal of interest among mathematicians. The question of interest has
always been: can we extend a classical inequality to time scales? In answering this
question, Bohner and Matthews [3], in 2008, obtained the following time scale version
of Theorem 1. In particular, they proved:
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THEOREM 2. Let a,b,x,t ∈ T , a < b and f : [a,b] → R be differentiable. Then
for all x ∈ [a,b], we have∣∣∣∣ f (x)− 1

b−a

∫ b

a
f σ (t)Δt

∣∣∣∣ � M
b−a

(h2 (x,a)+h2 (x,b)) , (1)

where h2 (·, ·) is given in Definition 11 and M = sup
a<t<b

∣∣ f� (t)
∣∣ < ∞. This inequality is

sharp in the sense that the right-hand side of (1) cannot be replaced by a smaller one.

The above theorem has been improved upon by many researchers. For more on
this and related results, we refer the interested reader to the papers [6, 9, 12, 13, 14, 16,
19, 20, 21] and the references therein.

For functions whose second derivatives are bounded, Liu and Ngô [11] obtained
the following perturbed version of Theorem 2.

THEOREM 3. Let a,b,x,t ∈ T , a < b and f : [a,b]→ R be a twice differentiable
function on (a,b) and f ΔΔ : (a,b) → R is bounded, that is, M := sup

a<t<b
| f ΔΔ(t)| < ∞.

Then for all x ∈ [a,b], we have∣∣∣∣
∫ b

a
f σ (t)Δ− f σ (x)(b−a)+

(
h2(x,a)−h2(x,b)

)
f Δ(x)

∣∣∣∣ � M
(
h3(x,a)−h3(x,b)

)
.

Within the same period, Liu et al. [10] derived the following generalization of
Theorem 3 for k points x1,x2, . . . ,xk.

THEOREM 4. Suppose that

1. a,b∈ T, Ik : a = x0 < x1 < · · ·< xk−1 < xk = b is a partition of the interval [a,b]
for x0,x1, · · · ,xk ∈ T,

2. αi ∈ T (i = 0,1, · · · ,k + 1) is k + 2 points so that α0 = a, αi ∈ [xi−1,xi] (i =
1, · · · ,k) and αk+1 = b,

3. f : [a,b]→ R is a twice differentiable function on (a,b) and f ΔΔ : (a,b)→ R is
bounded, that is, M := sup

a<t<b
| f ΔΔ(t)| < ∞.

Then, we have the following inequality∣∣∣∣∣
∫ b

a
f σ (t)Δt−

k

∑
i=0

(αi+1−αi) f σ (xi)+
k−1

∑
i=0

[
h2(xi+1,αi+1) f Δ(xi+1)−h2(xi,αi+1) f Δ(xi)

]∣∣∣∣∣
� M

k−1

∑
i=0

[
h3(xi+1,αi+1)−h3(xi,αi+1)

]
.

The main objective of this work is the following: by introducing a parameter λ ∈
[0,1], we further generalize Theorem 4 so that when λ = 0, we recapture Theorem
4 and for λ ∈ (0,1], we obtain completely new results. In addition, we also derive
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many interesting inequalities by applying our theorem to the continuous, discrete, and
quantum time scales.

This present paper is organized as follows: Section 2 lays a brief background of the
theory of time scales. In Section 3, we formulate and prove our main result. Thereafter,
we conclude by applying our theorem to different time scales in Section 4.

2. Time scale essentials

We now present a brief overview of the theory of time scales. For an indepth study,
we invite the interested reader to see references [1, 2].

A time scale T is an arbitrary nonempty closed subset of R. We assume through-
out that a time scale T has the topology that it inherits from the real numbers with the
standard topology. Since a time scale may not be connected, we need the following
concept of jump operators.

The forward jump operator σ : T → T is defined by

σ(t) := inf{s ∈ T : s > t},
while the backward jump operator ρ : T → T is defined by

ρ(t) := sup{s ∈ T : s < t}.
In this definition, we put inf /0 = supT (i.e., σ(t) = t if T has a maximum t ) and
sup /0 = infT (i.e., ρ(t) = t if T has a minimum t ), where /0 denotes the empty set.
The jump operators σ and ρ allow the classification of points in T in this manner:
if σ(t) > t, we say that t is right-scattered, while if ρ(t) < t we say that t is left-
scattered. Points that are right-scattered and left-scattered at the same time are called
isolated. Also, if t < supT and σ(t) = t, then t is called right-dense, and if t > infT
and ρ(t) = t, then t is called left-dense. Points that are right-dense and left-dense at
the same time are called dense. We also introduce the sets T

κ , Tκ , and T
κ
κ , which

are derived from the time scale T as follows: if T has a left-scattered maximum t1 ,
then T

κ = T \ {t1}, otherwise T
κ = T. If T has a right-scattered minimum t2, then

Tκ = T\ {t2}, otherwise Tκ = T. Finally, we define T
κ
κ = T

κ ∩Tκ .
For a,b ∈ T with a � b, we define the interval [a,b] in T by [a,b] = {t ∈ T : a �

t � b}. Open intervals and half-open intervals are defined in the same manner.

DEFINITION 5. The function f σ : T → R is defined as f σ (t) = f (σ(t)) .

DEFINITION 6. (Delta derivative) Assume f : T → R is a function. Then the
delta derivative f Δ(t) ∈ R at t ∈ T

κ is defined to be the number (provided it exists)
with property that for any ε > 0 there exists a neighborhood U of t such that∣∣∣ f σ (t)− f (s)− f Δ(t) [σ(t)− s]

∣∣∣ � ε |σ(t)− s| , ∀s ∈U.

We call f Δ(t) the delta derivative of f at t. Moreover, we say that f is delta differ-
entiable (or in short: differentiable) on T

κ provided f Δ(t) exists for all t ∈ T
κ . The

function f Δ : T
κ → R is then called the delta derivative of f on T

κ .
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If T = R, then f Δ(t) =
d f (t)

dt
, and if T = Z, then f Δ(t) = f (t +1)− f (t).

THEOREM 7. Let f ,g : T →R be two differentiable functions at t ∈T
κ . Then the

product f g : T → R is also differentiable at t with

( f g)Δ(t) = f Δ(t)g(t)+ f σ (t)gΔ(t) = f (t)gΔ(t)+ f Δ(t)gσ (t).

DEFINITION 8. The function f : T → R is said to be rd−continuous if it is con-
tinuous at all right-dense points t ∈ T and its left-sided limits exist at all left-dense
points t ∈ T.

DEFINITION 9. Let f be a rd−continuous function. Then g : T → R is called
the antiderivative of f on T if it is differentiable on T and satisfies gΔ(t) = f (t) for
any t ∈ T

κ . In this case, we have∫ b

a
f (s)Δs = g(b)−g(a).

THEOREM 10. If a,b,c ∈ T with a < c < b, α ∈ R and f ,g are rd-continuous,
then

(i)
∫ b
a [ f (t)+g(t)]Δt =

∫ b
a f (t)Δt +

∫ b
a g(t)Δt.

(ii)
∫ b
a α f (t)Δt = α

∫ b
a f (t)Δt.

(iii)
∫ b
a f (t)Δt = −∫ a

b f (t)Δt.

(iv)
∫ b
a f (t)Δt =

∫ c
a f (t)Δt +

∫ b
c f (t)Δt.

(v)
∣∣∣∫ b

a f (t)Δt
∣∣∣ �

∫ b
a | f (t)|Δt.

(vi)
∫ b
a f (t)gΔ(t)Δt = ( f g)(b)− ( f g)(a)− ∫ b

a f Δ(t)gσ (t)Δt.

(vii) If f (t) � 0 for all a � t � b, then
∫ b
a f (t)Δt � 0 .

DEFINITION 11. Let hk : T
2 →R, k ∈N be functions that are recursively defined

as
h0(t,s) = 1

and

hk+1(t,s) =
∫ t

s
hk(τ,s)Δτ f or all s,t ∈ T.

In view of the above definition and item (vii) of Theorem 10, we make the follow-
ing important remarks that will be needed in the proof of our main result.

1. If s � t, then hk+1(t,s) � 0 for all t,s ∈ T.

2. If we let hΔ
k (t,s) denote for each fixed s the derivative of hk(t,s) with respect to

t, then
hΔ

k (t,s) = hk−1(t,s), for k ∈ N, t ∈ T
κ .
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3. Main results

For the proof of our main result, we will need the following lemma.

LEMMA 12. (Generalized Montgomery identity with a parameter) Suppose that

1. a,b ∈ T , λ ∈ [0,1] , Ik : a = x0 < x1 < · · · < xk−1 < xk = b is a partition of the
interval [a,b] for x0,x1, · · · ,xk ∈ T,

2. αi ∈ T (i = 0,1, · · · ,k + 1) is k + 2 points so that α0 = a , αi ∈ [xi−1,xi] (i =
1, · · · ,k) and αk+1 = b,

3. f : [a,b] → R is a twice differentiable function on (a,b) .

Then we have the following equation

∫ b

a
K(t, Ik) f ΔΔ(t)Δt+(1−λ )

k

∑
i=0

(αi+1−αi) f σ (xi)+λ
k

∑
i=0

(αi+1−αi)
f σ (αi)+ f σ (αi+1)

2

=
k−1

∑
i=0

[
h2

(
αi+1,αi+1 −λ

αi+1−αi

2

)
−h2

(
αi+1,αi+1 + λ

αi+2−αi+1

2

)]
f Δ(αi+1)

+
k−1

∑
i=0

[
h2

(
xi+1,αi+1+λ

αi+2−αi+1

2

)
f Δ(xi+1)−h2

(
xi,αi+1−λ

αi+1−αi

2

)
f Δ(xi)

]

+
∫ b

a
f σ (t)Δt, (2)

where

K(t, Ik) =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

h2

(
t,α1 −λ a−α1

2

)
, t ∈ [a,α1),

h2

(
t,α1 + λ α2−α1

2

)
, t ∈ [α1,x1),

h2

(
t,α2 −λ α2−α1

2

)
, t ∈ [x1,α2),

...

h2

(
t,αk−1 + λ αk−αk−1

2

)
, t ∈ [αk−1,xk−1),

h2

(
t,αk −λ αk−αk−1

2

)
, t ∈ [xk−1,αk),

h2

(
t,αk + λ αk+1−αk

2

)
, t ∈ [αk,b],

provided for each i ∈ {0,1,2, . . . ,k− 1}, αi+1 −λ αi+1−αi
2 and αi+1 + λ αi+2−αi+1

2 be-
long to T.

Proof. In this proof, we will frequently switch between f (σ(·)) and f σ (·) as it
deems convenient. Now, we apply twice item (vi) of Theorem 10 and the remarks given
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in Definition 11 to get

∫ b

a
K(t, Ik) f ΔΔ(t)Δt

=
k−1

∑
i=0

[∫ αi+1

xi

h2

(
t,αi+1−λ

αi+1−αi

2

)
f ΔΔ(t)Δt

+
∫ xi+1

αi+1

h2

(
t,αi+1+λ

αi+2−αi+1

2

)
f ΔΔ(t)Δt

]

=
k−1

∑
i=0

[
h2

(
αi+1,αi+1−λ

αi+1−αi

2

)
f Δ(αi+1)−h2

(
xi,αi+1−λ

αi+1−αi

2

)
f Δ(xi)

+h2

(
xi+1,αi+1+λ

αi+2−αi+1

2

)
f Δ(xi+1)−h2

(
αi+1,αi+1+λ

αi+2−αi+1

2

)
f Δ(αi+1)

−
∫ αi+1

xi

hΔ
2

(
t,αi+1−λ

αi+1−αi

2

)
f Δ(σ(t))Δt

−
∫ xi+1

αi+1

hΔ
2

(
t,αi+1+λ

αi+2−αi+1

2

)
f Δ(σ(t))Δt

]

=
k−1

∑
i=0

[
h2

(
αi+1,αi+1−λ

αi+1−αi

2

)
f Δ(αi+1)−h2

(
xi,αi+1−λ

αi+1−αi

2

)
f Δ(xi)

+h2

(
xi+1,αi+1+λ

αi+2−αi+1

2

)
f Δ(xi+1)−h2

(
αi+1,αi+1+λ

αi+2−αi+1

2

)
f Δ(αi+1)

]

−
k−1

∑
i=0

[∫ αi+1

xi

(
t−

(
αi+1−λ

αi+1−αi

2

))
f Δ(σ(t))Δt

+
∫ xi+1

αi+1

(
t−

(
αi+1+λ

αi+2−αi+1

2

))
f Δ(σ(t))Δt

]

=
k−1

∑
i=0

[
h2

(
αi+1,αi+1−λ

αi+1−αi

2

)
f Δ(αi+1)−h2

(
xi,αi+1−λ

αi+1−αi

2

)
f Δ(xi)

+h2

(
xi+1,αi+1+λ

αi+2−αi+1

2

)
f Δ(xi+1)−h2

(
αi+1,αi+1+λ

αi+2−αi+1

2

)
f Δ(αi+1)

]

−
k−1

∑
i=0

[(
αi+1−

(
αi+1−λ

αi+1−αi

2

))
f σ (αi+1)−

(
xi−

(
αi+1−λ

αi+1−αi

2

))
f σ (xi)

−
∫ αi+1

xi

f σ (t)Δt+
(
xi+1−

(
αi+1+λ

αi+2−αi+1

2

))
f σ (xi+1)

−
(

αi+1−
(

αi+1+λ
αi+2−αi+1

2

))
f σ (αi+1)−

∫ xi+1

αi+1

f σ (t)Δt

]

=
k−1

∑
i=0

[
h2

(
αi+1,αi+1−λ

αi+1−αi

2

)
f Δ(αi+1)−h2

(
xi,αi+1−λ

αi+1−αi

2

)
f Δ(xi)

+h2

(
xi+1,αi+1+λ

αi+2−αi+1

2

)
f Δ(xi+1)−h2

(
αi+1,αi+1+λ

αi+2−αi+1

2

)
f Δ(αi+1)

]
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−
[ k−1

∑
i=0

λ
αi+2−αi

2
f σ (αi+1)−x0 f σ (x0)+xk f σ (xk)+

k−1

∑
i=0

αi+1

(
f σ (xi)− f σ (xi+1)

)

+
k−1

∑
i=0

−λ
2

(
(αi+1−αi) f σ (xi)+(αi+2−αi+1) f σ (xi+1)

)
−

∫ b

a
f σ (t)Δt

]

=
k−1

∑
i=0

[
h2

(
αi+1,αi+1−λ

αi+1−αi

2

)
f Δ(αi+1)−h2

(
xi,αi+1−λ

αi+1−αi

2

)
f Δ(xi)

+h2

(
xi+1,αi+1+λ

αi+2−αi+1

2

)
f Δ(xi+1)−h2

(
αi+1,αi+1+λ

αi+2−αi+1

2

)
f Δ(αi+1)

]

−
[ k−1

∑
i=0

λ
αi+2−αi

2
f σ (αi+1)+(α1−a) f σ (a)+(b−αk) f σ (b)+

k−1

∑
i=1

(αi+1−αi) f σ (xi)

−λ
2

(
(α1−a) f σ (a)+(b−αk) f σ (b)+2

k−1

∑
i=1

(αi+1−αi) f σ (xi)
)
−

∫ b

a
f σ (t)Δt

]

=
k−1

∑
i=0

[
h2

(
αi+1,αi+1−λ

αi+1−αi

2

)
f Δ(αi+1)−h2

(
xi,αi+1−λ

αi+1−αi

2

)
f Δ(xi)

+h2

(
xi+1,αi+1+λ

αi+2−αi+1

2

)
f Δ(xi+1)−h2

(
αi+1,αi+1+λ

αi+2−αi+1

2

)
f Δ(αi+1)

]

−
[ k−1

∑
i=0

λ
αi+2−αi

2
f σ (αi+1)+(1−λ )

k−1

∑
i=1

(αi+1−αi) f σ (xi)

+
(

1−λ
2

)(
(α1−a) f σ (a)+(b−αk) f σ (b)

)
−

∫ b

a
f σ (t)Δt

]
.

Thus, we have that∫ b

a
K(t, Ik) f ΔΔ(t)Δt

=
k−1

∑
i=0

[
h2

(
αi+1,αi+1 −λ

αi+1−αi

2

)
f Δ(αi+1)−h2

(
xi,αi+1 −λ

αi+1−αi

2

)
f Δ(xi)

+h2

(
xi+1,αi+1+λ

αi+2−αi+1

2

)
f Δ(xi+1)−h2

(
αi+1,αi+1+λ

αi+2−αi+1

2

)
f Δ(αi+1)

]

−
[k−1

∑
i=0

λ
2

(αi+2 −αi) f σ (αi+1)+ (1−λ )
k

∑
i=0

(αi+1 −αi) f σ (xi)

+
λ
2

(
(α1 −a) f σ (a)+ (b−αk) f σ (b)

)
−

∫ b

a
f σ (t)Δt

]
.

Here, we observe that
k−1

∑
i=0

(αi+2 −αi) f σ (αi+1) =
k−1

∑
i=0

(αi+2−αi+1) f σ (αi+1)+
k−1

∑
i=0

(αi+1 −αi) f σ (αi+1)

=
k

∑
i=0

(αi+1 −αi)
(

f σ (αi)+ f σ (αi+1)
)
−

[
(α1 −α0) f σ (α0)+ (αk+1−αk) f σ (αk+1)

]
.
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This implies that,

k−1

∑
i=0

λ
2

(αi+2−αi) f σ (αi+1)

= λ
k

∑
i=0

(αi+1−αi)
f σ (αi)+ f σ (αi+1)

2
− λ

2

(
(α1 −a) f σ (a)+ (b−αk) f σ (b)

)
.

Hence, we have∫ b

a
K(t, Ik) f ΔΔ(t)Δt

=
k−1

∑
i=0

[(
h2

(
αi+1,αi+1 −λ

αi+1−αi

2

)
−h2

(
αi+1,αi+1 + λ

αi+2−αi+1

2

))
f Δ(αi+1)

+h2

(
xi+1,αi+1 + λ

αi+2−αi+1

2

)
f Δ(xi+1)−h2

(
xi,αi+1 −λ

αi+1 −αi

2

)
f Δ(xi)

]

−
[
(1−λ )

k

∑
i=0

(αi+1−αi) f σ (xi)+λ
k

∑
i=0

(αi+1−αi)
f σ (αi)+ f σ (αi+1)

2
−

∫ b

a
f σ (t)Δt

]
.

The identity follows by rearranging the terms. �

We are now ready to formulate and prove our main result.

THEOREM 13. (Ostrowski inequality on time scales with a parameter) Suppose
that

1. a,b ∈ T , λ ∈ [0,1] , Ik : a = x0 < x1 < · · · < xk−1 < xk = b is a partition of the
interval [a,b] for x0,x1, · · · ,xk ∈ T,

2. αi ∈ T (i = 0,1, · · · ,k + 1) is k + 2 points so that α0 = a, αi ∈ [xi−1,xi] (i =
1, · · · ,k) and αk+1 = b,

3. f : [a,b]→ R is a twice differentiable function on (a,b) and f ΔΔ : (a,b)→ R is
bounded, that is, M := sup

a<t<b
| f ΔΔ(t)| < ∞.

Then, we have the following inequality.∣∣∣∣∣
∫ b

a
f σ (t)Δt− (1−λ )

k

∑
i=0

(αi+1 −αi) f σ (xi)−λ
k

∑
i=0

(αi+1 −αi)
f σ (αi)+ f σ (αi+1)

2

+
k−1

∑
i=0

[(
h2

(
αi+1,αi+1 −λ

αi+1−αi

2

)
−h2

(
αi+1,αi+1 + λ

αi+2−αi+1

2

))
f Δ(αi+1)

+h2

(
xi+1,αi+1 + λ

αi+2 −αi+1

2

)
f Δ(xi+1)−h2

(
xi,αi+1−λ

αi+1 −αi

2

)
f Δ(xi)

]∣∣∣∣∣



A PARAMETER-BASED OSTROWSKI TYPE INEQUALITY ON TIME SCALES WITH k POINTS 1167

� M
k−1

∑
i=0

[
h3

(
αi+1,αi+1 −λ

αi+1−αi

2

)
−h3

(
xi,αi+1 −λ

αi+1−αi

2

)

+h3

(
xi+1,αi+1 + λ

αi+2 −αi+1

2

)
−h3

(
αi+1,αi+1 + λ

αi+2−αi+1

2

)]
,

provided for each i ∈ {0,1,2, . . . ,k−1}, αi+1 −λ αi+1−αi
2 and αi+1 + λ αi+2−αi+1

2 be-
long to T.

Proof. Applying Lemma 12 and the items in Theorem 10, we get∣∣∣∣∣
∫ b

a
f σ (t)Δt− (1−λ )

k

∑
i=0

(αi+1 −αi) f σ (xi)−λ
k

∑
i=0

(αi+1 −αi)
f σ (αi)+ f σ (αi+1)

2

+
k−1

∑
i=0

[(
h2

(
αi+1,αi+1 −λ

αi+1−αi

2

)
−h2

(
αi+1,αi+1 + λ

αi+2−αi+1

2

))
f Δ(αi+1)

+h2

(
xi+1,αi+1 + λ

αi+2 −αi+1

2

)
f Δ(xi+1)−h2

(
xi,αi+1−λ

αi+1 −αi

2

)
f Δ(xi)

]∣∣∣∣∣
�

∫ b

a

∣∣K(t, Ik)
∣∣∣∣ f ΔΔ(t)

∣∣Δt

� M
k−1

∑
i=0

[∫ αi+1

xi

∣∣∣h2

(
t,αi+1−λ

αi+1−αi

2

)∣∣∣Δt+
∫ xi+1

αi+1

∣∣∣h2

(
t,αi+1+λ

αi+2−αi+1

2

)∣∣∣Δt

]

= M
k−1

∑
i=0

[∫ αi+1

αi+1−λ αi+1−αi
2

h2

(
t,αi+1 −λ

αi+1 −αi

2

)
Δt

−
∫ xi

αi+1−λ αi+1−αi
2

h2

(
t,αi+1−λ

αi+1−αi

2

)
Δt

+
∫ xi+1

αi+1+λ αi+2−αi+1
2

h2

(
t,αi+1 + λ

αi+2 −αi+1

2

)
Δt

−
∫ αi+1

αi+1+λ αi+2−αi+1
2

h2

(
t,αi+1 + λ

αi+2 −αi+1

2

)
Δt

]

= M
k−1

∑
i=0

[
h3

(
αi+1,αi+1 −λ

αi+1−αi

2

)
−h3

(
xi,αi+1 −λ

αi+1−αi

2

)

+h3

(
xi+1,αi+1 + λ

αi+2 −αi+1

2

)
−h3

(
αi+1,αi+1 + λ

αi+2−αi+1

2

)]
.

Hence, the proof is complete. �

REMARK 14. For λ = 0, we recover Theorem 4.

COROLLARY 15. Suppose that α ∈ [a,b]∩T . Then we have that for all λ ∈
[0,1],
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∣∣∣∣∣
∫ b

a
f σ (t)Δt− (1−λ )

(
(α −a) f σ (a)+ (b−α) f σ(b)

)

−λ
(
(α −a)

f σ (a)+ f σ (α)
2

+(b−α)
f σ(α)+ f σ (b)

2

)
+

(
h2

(
α,α −λ

α −a
2

)
−h2

(
α,α + λ

b−α
2

))
f Δ(α)+h2

(
b,α + λ

b−α
2

)
f Δ(b)

−h2

(
a,α −λ

α −a
2

)
f Δ(a)

∣∣∣∣∣
� M

[
h3

(
α,α −λ

α −a
2

)
−h3

(
a,α −λ

α −a
2

)
+h3

(
b,α + λ

b−α
2

)
−h3

(
α,α + λ

b−α
2

)]
,

provided α −λ α−a
2 and α + λ b−α

2 belong to T and M = sup
a<t<b

∣∣ f ΔΔ(t)
∣∣ < ∞ .

Proof. The result follows directly from Theorem 13 by taking k = 1 and choosing
x0 = a , x1 = b , α0 = a , α1 = α and α2 = b . �

REMARK 16. If we choose λ = 0 in Corollary 15, then we obtain the inequality
in Proposition 4.1 in [10]. To make this paper self content, we present the inequality
here:∣∣∣∣∣

∫ b

a
f σ (t)Δt−

(
(α −a) f σ (a)+ (b−α) f σ(b)

)
+h2(b,α) f Δ(b)−h2(a,α) f Δ(a)

∣∣∣∣∣
� M

(
h3(b,α)−h3(a,α)

)
.

COROLLARY 17. Suppose that x ∈ [a,b]∩T , α1 ∈ [a,x]∩T and α2 ∈ [x,b]∩T .
Then we have the inequality∣∣∣∣∣

∫ b

a
f σ (t)Δt− (1−λ )

(
(α1 −a) f σ (a)+ (α2−α1) f σ (x)+ (b−α2) f σ (b)

)

−λ
(
(α1−a)

f σ (a)+ f σ (α1)
2

+(α2−α1)
f σ (α1)+ f σ (α2)

2
+(b−α2)

f σ (α2)+ f σ (b)
2

)
+

(
h2

(
α1,α1 −λ

α1 −a
2

)
−h2

(
α1,α1 + λ

α2 −α1

2

))
f Δ(α1)

+
(

h2

(
α2,α2 −λ

α2 −α1

2

)
−h2

(
α2,α2 + λ

b−α2

2

))
f Δ(α2)

+h2

(
x,α1 + λ

α2 −α1

2

)
f Δ(x)−h2

(
a,α1 −λ

α1−a
2

)
f Δ(a)
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+h2

(
b,α2 + λ

b−α2

2

)
f Δ(b)−h2

(
x,α2 −λ

α2 −α1

2

)
f Δ(x)

∣∣∣∣∣
� M

[
h3

(
α1,α1 −λ

α1 −a
2

)
−h3

(
a,α1 −λ

α1−a
2

)
+h3

(
α2,α2 −λ

α2 −α1

2

)
−h3

(
x,α2 −λ

α2 −α1

2

)
+h3

(
x,α1 + λ

α2 −α1

2

)
−h3

(
α1,α1 + λ

α2 −α1

2

)
+h3

(
b,α2 + λ

b−α2

2

)
−h3

(
α2,α2 + λ

b−α2

2

)]
,

provided for all λ ∈ [0,1] and for each i∈{0,1}, αi+1−λ αi+1−αi
2 and αi+1+λ αi+2−αi+1

2
belong to T and M = sup

a<t<b

∣∣ f ΔΔ(t)
∣∣ < ∞ .

Proof. The result follows directly from Theorem 13 by taking k = 2 and choosing
x0 = a , x1 = x , x2 = b , α0 = a and α3 = b . �

REMARK 18. If we choose λ = 0 in Corollary 17, then we obtain the inequality
in Proposition 4.3 in [10] which states as follows:∣∣∣∣∣

∫ b

a
f σ (t)Δt −

(
(α1 −a) f σ (a)+ (α2−α1) f σ (x)+ (b−α2) f σ (b)

)

+h2(x,α1) f Δ(x)−h2(a,α1) f Δ(a)+h2(b,α2) f Δ(b)−h2(x,α2) f Δ(x)

∣∣∣∣∣
� M

(
h3(x,α1)−h3(a,α1)+h3(b,α2)−h3(x,α2)

)
.

4. Application to different time scales

In this section, we apply our theorem to the continuous, discrete, and quantum
calculus to obtain the following results.

COROLLARY 19. (Continuous case) Let T = R . Then we have the inequality,∣∣∣∣∣
∫ b

a
f (t)dt− (1−λ )

k

∑
i=0

(αi+1 −αi) f (xi)−λ
k

∑
i=0

(αi+1 −αi)
f (αi)+ f (αi+1)

2

+
k−1

∑
i=0

[
λ 2

8

((
αi+1−αi

)2−
(

αi+2−αi+1

)2
)

f ′(αi+1)

+
1
8

((
2xi+1−λ αi+2+(λ−2)αi+1

)2
f ′(xi+1)−

(
2xi−λ αi+(λ−2)αi+1

)2
f ′(xi)

)]∣∣∣∣∣
� M

48

[ k−1

∑
i=0

((
2xi+1−λ αi+2 +(λ −2)αi+1

)3−
(
2xi−λ αi +(λ −2)αi+1

)3
)
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+ λ 3
((

α1 −a
)3−

(
b−αk

)3
)]

,

where
M = sup

a<t<b
| f ′′(t)| < ∞.

Proof. The proof follows directly from Theorem 13 and using the fact that f σ (t)=

f (t) and hk(t,s) =
(t − s)k

k!
. �

COROLLARY 20. (Discrete case) Let T = Z,a = 0,b = n and suppose

1) Ik := { j0, j1, · · · , jk} ⊂ Z , where a = j0 < j1 < · · · < jk = b, is a partition of the
set [0,n]∩Z

2) {α0,α1, · · · ,αk+1} ⊂ Z is a set of k+2 points such that α0 = 0 , αi ∈ [ ji−1, ji] for
i = 1,2, · · · ,k and αk+1 = n;

3) f (k) = xk .

We have the inequality,∣∣∣∣∣
n

∑
j=1

x j − (1−λ )
k

∑
i=0

(αi+1 −αi)x ji+1−λ
k

∑
i=0

(αi+1−αi)
xαi+1 + xαi+1+1

2

+
k−1

∑
i=0

[(
h2

(
αi+1,αi+1−λ

αi+1 −αi

2

)
−h2

(
αi+1,αi+1 + λ

αi+2 −αi+1

2

))
Δxαi+1

+h2

(
ji+1,αi+1 + λ

αi+2 −αi+1

2

)
Δx ji+1 −h2

(
ji,αi+1 −λ

αi+1 −αi

2

)
Δx ji

]∣∣∣∣∣
� M

k−1

∑
i=0

[
h3

(
αi+1,αi+1 −λ

αi+1 −αi

2

)
−h3

(
ji,αi+1 −λ

αi+1−αi

2

)

+h3

(
ji+1,αi+1 + λ

αi+2 −αi+1

2

)
−h3

(
αi+1,αi+1 + λ

αi+2−αi+1

2

)]
,

where

Δx j = x j+1− x j, M = sup
1�i�n

Δ2xi < ∞ and hk(t,s) =
(

t− s
k

)
, ∀t,s ∈ Z.

COROLLARY 21. (Quantum case) Let T = qN0 , q > 1 , a = qm , b = qn with
m,n ∈ N and m < n. Suppose that

1) Ik : qm = q j0 < q j1 < · · · < q jk = qn , is a partition of the set [qm,qn]∩ qN0 for
j0, j1, · · · , jk ∈ N;

2) qαi ∈ qN0 (i = 0,1, · · · ,k + 1) is a set of k + 2 points such that qα0 = qm , qαi ∈
[q ji−1 ,q ji ]∩qN0 (i = 1,2, · · · ,k) and qαk+1 = qn ;
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3) f : [qm,qn] → R is twice differentiable.

Then we have the inequality,∣∣∣∣∣
∫ qn

qm
f (qt)dqt−(1−λ )

k

∑
i=0

(qαi+1−qαi) f (q ji+1)−λ
k

∑
i=0

(qαi+1−qαi)
f (qαi+1)+ f (qαi+1+1)

2

+
k−1

∑
i=0

[(
h2

(
qαi+1 ,qαi+1−λ

qαi+1−qαi

2

)
−h2

(
qαi+1 ,qαi+1+λ

qαi+2−qαi+1

2

))
f Δ(qαi+1)

+h2

(
q ji+1 ,qαi+1+λ

qαi+2−qαi+1

2

)
f Δ(q ji+1)−h2

(
q ji ,qαi+1−λ

qαi+1−qαi

2

)
f Δ(q ji)

]∣∣∣∣∣
� M

k−1

∑
i=0

[
h3

(
qαi+1 ,qαi+1 −λ

qαi+1 −qαi

2

)
−h3

(
q ji ,qαi+1 −λ

qαi+1 −qαi

2

)

+h3

(
q ji+1 ,qαi+1 + λ

qαi+2 −qαi+1

2

)
−h3

(
qαi+1 ,qαi+1 + λ

qαi+2 −qαi+1

2

)]
,

where

f Δ(t) =
f (qt)− f (t)

(q−1)t
, M = sup

qm<t<qn

f (q2t)− (q+1) f (qt)+q f (t)
q(q−1)2t2

< ∞

and

hk(t,s) =
k−1

∏
ν=0

t−qνs

∑ν
μ=0 qν , ∀ t,s ∈ qN0 .

5. Conclusion

A new Montgomery identity, for functions with second delta derivatives, is estab-
lished. Using this identity, we obtain an inequality (on time scales) of the Ostrowski
type involving a parameter. By taking the parameter λ = 0, we recapture Theorem 4.
Furthermore, Theorem 13 is applied to different time scales to get more results in this
direction. For some recent results related to the Ostrowski type inequalities via a pa-
rameter, we refer the interested reader to the papers [7, 8, 15, 17, 18] and the references
therein.

Acknowledgement. The authors would like to express their profound gratitute to
the anonymous referee for his/her very useful comments on the paper.
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[14] E. R. NWAEZE, A new weighted Ostrowski type inequality on arbitrary time scale, J. King Saud Uni.
Sci. 29, 2 (2017), 230–234.

[15] E. R. NWAEZE, Time scale versions of the Ostrowski–Grüss type inequality with a parameter function,
J. Math. Inequal. 12, 2 (2018), 531–543.

[16] E. R. NWAEZE, Generalized weighted trapezoid and Grüss type inequalities on time scales, Aust. J.
Math. Anal. Appl. 11, 1 (2017), Art. 4.

[17] E. R. NWAEZE AND S. KERMAUSUOR, New Bounds of Ostrowski–Grüss type inequality for (k+ 1)
points on time scales, Int. J. Anal. Appl. 15, 2 (2017), 211–221.

[18] E. R. NWAEZE, S. KERMAUSUOR AND A. M. TAMERU, New time scale generalizations of the
Ostrowski–Grüss type inequality for k points, J. Inequal. Appl. 2017:245, (2017).

[19] E. R. NWAEZE AND A. M. TAMERU, On weighted Montgomery identity for k points and its asso-
ciates on time scales, Abstr. App. Anal. (2017), Art. ID 5234181.

[20] A. TUNA AND D. DAGHAN, Generalization of Ostrowski and Ostrowski-Grüss type inequalities on
time scales, Comput. Math. Appl. 60, (2010), 803–811.

[21] G. XU AND Z. B. FANG, A Generalization of Ostrowski type inequality on time scales with k points,
J. Math. Inequal. 11, 1 (2017), 41–48.

(Received December 14, 2017) Seth Kermausuor
Department of Mathematics and Computer Science

Alabama State University
Montgomery, AL 36101, USA

e-mail: skermausour@alasu.edu

Eze R. Nwaeze
Department of Mathematics

Tuskegee University
Tuskegee, AL 36088, USA

e-mail: enwaeze@tuskegee.edu

Journal of Mathematical Inequalities
www.ele-math.com
jmi@ele-math.com


