lournal of
athematical
nequalities

Volume 14, Number 2 (2020), 377-383 doi:10.7153/jmi-2020-14-24

IMPROVEMENT AND GENERALIZATION OF
SOME JENSEN-MERCER-TYPE INEQUALITIES

HAMID REZA MORADI AND SHIGERU FURUICHI

(Communicated by J. Mic¢i¢ Hot)

Abstract. The present paper is devoted to the study of Jensen-Mercer-type inequalities. Our
results generalize and improve some earlier results in the literature.

1. Introduction

The well-known Jensen inequality for the convex functions states that if f is a
convex function on the interval [m,M], then

f (2 Wﬂi) < Y wif (ai) (1.1)
i=1 i1

n
for all a; € [m,M] and w; € [0,1] (i=1,...,n) with ¥ w; = 1. Various inequalities

i=1
improving and extending (1.1) have been studied in [, 6, 7].
Mercer [5] proved that if f is a convex function on [m,M], then

f(M—Fm—iw,-a,-) <f(M)—|—f(m)—iw,-f(ai) (1.2)
; i=1

i=1

n
for all a; € [m,M] and w; € [0,1] (i=1,...,n) with ¥ w; = 1. Several refinements
=1

and generalizations of the inequality (1.2) have been giv%n in [4, 8].
In [3, Theorem 2.1] it has been shown that if f is a convex function on the interval
[m,M], then

Flaem =5 < [ o m < gon) + gom - LI

forall a,b € [m,M].
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In this paper we prove the following general result:

Wi M+m—a; n
fMem-a) <3 [ g an < )+ £ om) = Yowif (@) (1)
i=1

i=1 a—a; JM+m—a

n
where a := Y, w;a;. After that, we show a refinement of inequality (1.4) in the follow-
i=1
ing form

Though we confine our discussion to scalars, by changing the convex function assump-
tion with the operator convex, the inequalities we obtain in this paper can be extended
in a natural way to Hilbert space operators.

2. Main results

The following lemma is well-known in [5, Lemma 1.3], but we prove it for the
reader convenience.

LEMMA 2.1. Let f be a convex function on [m,M), then

F(M4+m—a) < f(M)+f(m)— fla), (m<ar<M,i=1,..n).

Proof. If f:[m,M] — R is a convex function, then for any x,y € [m,M] and
t € [0,1], we have

Flx+(1=0)y) <tf(x)+(1—1)f(y). (2.1
It can be verified that if m < @; < M (i=1,...,n), then AA{[:;QJ»Z/}::Z <1 and %:’“?; +
3= = 1. Thanks to (2.1), we have

M—a,-
<

flai) < o—

f(m)+ f(M). (2.2)

M—m

One the otherhand, m < a; <M (i=1,...,n) implies m< M+m—a; <M (i=1,...,n).
Thus, from (2.2) we infer

ai—m M — a;
M—mf(m>+M—m

fM+m—a;) < f(M). (2.3)

Summing up (2.2) and (2.3), we get the desired result.
Based on this, our first result can be stated as follows:
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THEOREM 2.1. Let f be a convex function on [m,M] and t € [0,1]. Then

FMtm-7)< gwif<M+m—<<1 a+tta) <f(M)+f(m)—§Wif(a)

(2.4)
forall a; € [m,M] and w; € [0,1] (i=1,...,n) with Z w; = 1, where a := Z wia;.

=1 i=1

Moreover; the function F : [0,1] — R defined by
n
= Zw,-f(M—i-m— (l=r)a+ra))
i=1

is monotonically nondecreasing and convex on [0,1].

Proof. Firstly, we have

iwif(Mer_((l—z)atha) f(EWI (M +m— ((1_’>a+tai))> (2.5)

i=1 i=1
=f(M+m—a).
On the other hand,

n

dowif (M+m—((1-t)a+ta;))
i=1

I
M=

—

wif(1=t)(M+m—a)+t(M+m—a))

N
M=

Il
—_

wi((l=t)f(M+m—a)+tf(M+m—a;))

N
M=

—

Wi ((1 —1) (f(M) +.f(m) - i%f(%’)) +1(f (M) +f (m) —f(m)))
=

- i wif (ai).
i=1

For the convexity of F, we have
F (t—i—s)
2
t t
f (M—l—m— ((1 — ;) a-+ ¥ai>)

éwj(Mer_ (“‘tﬁﬂal’Z(l—S)ﬁJrsai))
>

<M+m— (1=na+ta)+M+m—((1 —s)ﬁ—|—sa,-))

I
~

wif

~ 2
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liwif(M—Fm— ((1 —t)ﬁ—|—ta,-))—|—iw,-f(M—|—m— (1 —=s)a+sa;))

i=1 i=1

Now,if 0 <s <t <1,then s = ’;—‘ -0+ % -t and hence the convexity of F implies

F(@:F("%-O%-z) < IZ—SF(O)—P;F(t)g I%SF(t)—l—;F(t):F(t).

We remark that the second inequality in the above follows from (2.5) and the fact
F(0)= iWif(M—Fm—E) =f(M+m—a).
i=1
Therefore F is monotonically nondecreasing on [0, 1].
COROLLARY 2.1. Let all the assumptions of Theorem 2.1 hold, then

n Wi M+m—a; n
fMam-g <y J@)ds < 700+ ()= Fowif (@) 2:6)

i1 a—a; JM+m-a

Proof. Integrating the inequality (2.4) over 7 € [0, 1], we get the inequalities (2.6).
Here we used the fact

/()lf(M+m—((1—I)E—I—tai))dt:/olf((l—t)(M+m—E)+t(M+m—a,-))dt
:/Olf(t(M—Fm—E)—l-(l —t)(M+m—a;))dt

_ 1 /M+m_aif(t)dt.

a—a; JM+m—a

REMARK 2.1. Putn=2, w; =wy =1/2, a; =a, and ay = b in Corollary 2.1,
then

fla)+f(b)
2

p(vrem =5 ) < o [ m s o)+ o) -

which shows that our inequalities (2.6) generalize inequalities (1.3).

We give a more precise estimate in the next theorem.

THEOREM 2.2. Let f be a convex function on [m,M|]. Then

f(M—l—m—E)giwif(M—i—m—a—’_ai)<i w; /M-s-m—aif(t)dt
i=1

2 izla_ai M+m—a

< (M) + f (m) - ilw,-f(ai)
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n
forall a; € [m,M] and w; € [0,1] (i=1,...,n) with ¥ w; = 1.
=1

=

Proof. If f:[m,M] — R is a convex function, then we have for any a,b € [m, M|

f<a+b) :f<ta+(1—t)b42rtb+(l—t)a>

2
. fta+(L—=1)b)+ f(tb+ (1 —t)a)
= 2
@+ f0)
2

Replacing a and b by M +m —a and M +m — b, respectively, we get

a+b fM+m—(tat+(1—0)b))+f(M+m—(tb+(1—1t)a))
f<M+m— 5 )< 2

. fM+m—a)+ f(M+m—>b)
~ 2 .

Integrating the inequality over 7 € [0, 1], and using the fact

1 1
/f(tx+(1—t)y)dt=/f(ty—l—(l—t)x)dt,
0 0

we infer that

a+b

) g/lf(M—l—m—(tcH—(l—t)b))dt
0

. fM+m—a)+ f(M+m—>b)
~ 2 .

f(M—l—m—

Since a;,a € [m,M], we can write

flt)dr < :
M+m—a 2

f<M+m_aj;a,->< 1 /M+m*ui fM+m—a)+ f(M+m—a)

N
a—a;

due to

1 " _ | g 1 M~+m—a; 4
/Of( +m—(ta+(1—1)a;)) Z_E—ai/M+m—E f(@)dr.

Multiplying by w; >0 (i =1,...,n) and summing over i from 1 to n we may deduce

iw;‘f(M—i—m—a;ai) < i “ /M+m7uif(t)dt
i1

i=1 a—a; JM+m-a (2 8)
. fMAm—a)+X"  wif (M+m—a;)
= 2
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On the other hand, by (1.1)
n ~ . n ~ X
fM+m—a)=f (Zwi (M—I—m— a—lz—al)> < Zwif (M—l—m— a—;a,)
i=1 i=1
(2.9)
and by Lemma 2.1
JM+m—a)+ 3L wif (M+m—aj)
2
JM)+f(m) =35 yw;f(a;)+f(M)+ f(m) = ZL wif (ai)
< (2.10)
2
=fM Zwtf a;).
Combining (2.8), (2.9), and (2.10), we get (2.7).
COROLLARY 2.2. Let a; € [m,M] and w; € [0,1] (i=1,....n) with ¥ w; = 1.
i=1
Then
n . M+m—a; n = A\ Wi
<exp lE_Wl / logtdt] < <M+m_a+a,)
a—a; JM+m—a -1 2

L N
I a?t i=1
i=1
n
<MA+m— 2 wid;.
i=1

—log?, (0 <t < 1) in Theorem 2.2.

Proof. Put f(t) =

REMARK 2.2. If weset n=2, a; =
2.2, then we have

m,a, =M and w; = wp = 1/2 in Corollary

VMm < T

emM-m
One can obtain the inequalities for the weighted parameter in means of two variables

m and M by elementary calculations. We leave it to the interested readers

M
My 1 1
\Z¢W+%@W+MD<ﬂM+M-

REMARK 2.3. Let all the assumptions of Theorem 2.2 hold, then

o~ fata : (@) + X wif (a)
f(a)<i§w,f< : ) al_a/ 0 -

< Y owif (ai).
i=1

The proof is in the same spirit as that of Theorem 2.2 (see also [2, Corollary 3])
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