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ON A PARAMETRIC MORE ACCURATE HILBERT-TYPE INEQUALITY

QIANG CHEN AND BICHENG YANG*

(Communicated by Y. Sawano)

Abstract. By the use of the weight functions, the idea of introducing parameters and Hermite-
Hadamard’s inequality, a more accurate discrete Hilbert-type inequality with the general homo-
geneous kernel and the equivalent form are given. The equivalent statements of the best possible
constant factor related to some parameters, the operator expressions and some particular cases
are considered.

1. Introduction

Suppose that 0 < ¥ _ a2 < o and 0 < ¥ b2 < co. We have the following
discrete Hilbert’s inequality with the best possible constant factor 7 (cf [1], Theorem
315):

L
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s mbn
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We still have the following more accurate Hilbert’s inequality with the same best pos-
sible constant factor 7 (cf. [1], Theorem 323):

DD %"<m 2 zw , )

Assuming that 0 < [;° f2(x)dx < o and 0 < [5°g*(y)dy < e, we have the following
Hilbert’s integral inequality:

/Ow/()w%giy)dxdy<n(/omfz(x)dx/omgz(y)dy)%, (3)

with the best possible constant factor 7 (cf. [1], Theorem 316).
Inequalities (1), (2), (3) and their extensions with the conjugate exponents (p,q)
(p>1, 11—7 + é = 1) are important in analysis and its applications (cf. [2]-[L1]).
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The following half-discrete Hilbert-type inequality was provided (cf. [1], Theorem
351): If K(x)(x > 0) is decreasing, p > 1, % + é =1,0< ¢(s) = [§7K(x)x* ldx < oo,
then

oo

/0 xp_z(ZK(nx)an Pdx < q)p Z al. 4)
n=1
Some new extensions of (4) with their applications were provided by [12]-[17].

In 2016, by the use of the technique of real analysis, Hong [18] considered some
equivalent statements of the extensions of (1) with the best possible constant factor
related to a few parameters. The other similar works on the extensions of (3) and (4)
were given by [19]-[23].

In this paper, following the way of [18], by the use of the weight functions, the idea
of introducing parameters and Hermite-Hadamard’s inequality, a more accrate discrete
Hilbert-type inequality with the general homogeneous kernel and the equivalent form
are given, which are extension of (2). The equivalent statements of the best possible
constant factor related to a few parameters, the operator expressions and some particular
examples are also considered.

2. Some lemmas

In what follows, we suppose that p > L%—i—}} =1,0,B €(0,1],&E,n € [O,%].?L €
R, 2,1 -4 < é, A A —M < ﬁ,kl (x,y) is a positive homogeneous function of
degree —A, satisfying for any u,x,y > 0,

Ky, (wx,uy) = u=ky (x,y).

Also, kj (x,y) is strictly convex and strictly decreasing with respect to x,y > 0, such
that

i i

(= )3, 2 (0y), (= )ig—})ikz(x,y)>0(i=1,2),

and for any y=A;,A — A5,
N2 [l (e du e Ry = (0,29). 5)
0

We still assume that a,,,b, >0 (m,n € N={1,2,---}), such that

Ay M

0< Y (m—-g)P e gl < oo and

3 P o
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DEFINITION 1. We set function

K(63) 2k (= )% 0= mP) ey > 3),

and define the following weight functions:

M8

@ (Aa,m) & (m—&§)*4H)

n=1

M s
=

@), (A1,n) & (n—n)PE—H)

3
—_

LEMMA 2. We have the following inequalities:

%k,l(l —A) (meN),

@3 () <~k () (nEN).

W, ()Lzﬂn) <

Proof. For BA; —1 <0, itis evident that
dl

Br=15 0(Gi=1,2
dy(y n) 0(i )

(=1

and
K(my)y—mPrt =k (m—&)*, (y—n)P)(y—n)P!

K(m,n)(n—n)P2"1 (meN),

(m,n)(m— &)1 (neN).
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is a strictly convex and strictly decreasing function with respect to y > % . By Hermite-

Hadamard’s inequality (cf. [24]), setting u = (( 5))/3 , we find that

w(A2,m) < (m—é)“(/l%)/l K(m,y)P%~"dy
2

(m—&)*
= l/(%”’)ﬁ Ky (u, Du* =22~ 1 gy
B Jo

<1 /Nk,l (u, P22~ gy = lkA (A —22).
B Jo B

Hence, we have (8).

For oA; —1 <0, it is evident that K (x,n)(x — &)~ is a strictly convex and
strictly decreasing function with respect to x > % . By Hermite- Hadamard’s inequality,

setting u = E _5§/3 , we find that

@G < (=P [ (= ) =) )

1
- E/z o K (1, D du < kx(ll)
<n—n)ﬁ

Hence, we have (9). O
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LEMMA 3. We have the following inequality:

A
15 2 2 Klmn)anbs

| -
< grg (;L ) kA (A1) {2

n=1

1
x{im )BT lb‘f}q.
Proof. By Holder’s inequality with weight (cf. [24]), we obtain

m— é) T E(od1)/qm (n n) (n—n)Ba-1)/p

/—\

w o n)Bh-1
{zz m,n)—

méa}t,llpl

{ii ) gyenl )bz}

~ ) BrDia-1

1
P

- {i wx(lz,m)(m_g)l?[lfa(* Al by 1, }

N,

X { i @), (A,n)(n— n)q[lﬁ(%+LfL)]1bz} '
Then by (8) and (9), we have (10). O

REMARK 4. By (10), for A; + 24, = 4, we find

0< Z(m gypi=er)=lyp < oo and

m=1
0< 3 (n—m)" PR < e
n=1

and the following inequality:

P

% (n— Tl)ﬁ)ambn

HMS

1
k(M) | 5 pi-ar)-1 | | % q(1-BAa)—1 5
<W D (m=¢&) ah| |2 (n—m) by
m=1

n=1

7L7LZ+ )]1p}p

e

L

(10)

(1)
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In particular, for £ = n =0, we have

Y Dk (m®,nPYanb,
n=1m=1

1 1
k}L Al i mp (1—aAy)— ap ' inq(lfﬁlz)*lbq ! (12)
31/pa1/q n—1 i

FOI'p:q:Z’OC:ﬂ:A:1,6:17:11:12:%,kl(x—%,y—%):ﬁ’

(11) reduces to (2). Hence, inequality (11) is a more accurate extension of (12), and an
extension of (2).

LEMMA 5. The constant factor % in (11) is the best possible.

Proof. For any € > 0, we set

Gn 2 (m—&)* M5 By 2 (1P (mn €N,

If there exists a constant M < ﬁ’i%%ll)/q , such that (11) is valid when replacing ﬁ’;}lgﬁll)/q by

M, then in particular, we have

T£ 3 S k(=8 =) )anh,

—
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—~
S
I
=
=
=
=
<
_
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By the decreasingness property and Fubini theorem (cf. [25]), for u = E;C:f,i; » We

find
(m—&)%M1 1 (n—n)Ph!
(m=87  (n-m)

| ey oy B2 PRt
S| oo T= L

1= i ilK(m,n)

WV

oo

1 [ _Be M _E_
= 5/1 (v—m)Pe! /(175)11 Ky (u, 1)t 1du] dy
" 6-n)P

(1-§)*
1 [ e
= a/ (y—m) P! (l(lgfa)ﬁ ey, (1, 1)1~ 1du] dy
1 _
L o-nP

l oo 0o e
_ —Pe—1 M—E—-1
+(x/1 (y—m) /(H:)a ky(u, D)™ "7~ du| dy

(1-mP
1 (175)2 °° A—E-1
= E/O(H” [/n+(1—g)u1/ﬁ(y_n)_ﬁ£_ldy] ky (u, u™ "7 du
(1—77)_138/“’ A—£-1
- ky (u, )u™ "7~ "du
ofe (1-&H«
B (1-mB
1 (1=5)* .
= upe l(1 —g)*ﬁg/“*")ﬁ Ky (u, D a~ qu
0

e e A 1>ull‘%‘1du] :
(1-mPB
Then we have

a-9“
1 £_
i l(] _5)*!35/(1*71)/3 kl(u,l)ukﬁq ldu
0

<M {8(1 —5)“814-%] ' [s(l—n)ﬁsww 5_

For € — 0", by Fatou lemma (cf. [25]), we find

(=9«
1 1 . _ “F . M+E-1
k(M) = — | im (1—¢ ﬁe/“ P lim &y (u, 1)
(XB ( ) (XB 8—>0+( ) 0 £—>O+ ( )
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oo

+ lim (1 —1‘1)’[5‘5/(l 5o lim ky (u, l)ulﬁ%*ldu

e—0t (- )ﬁ e—0*t
. (- >ﬁ

< —zlim |(1=&)P [0 by, a0
op o0+ 0

oo

HU=m) P [ D
(1-mPB

n(z) ()

namely, A1 /,S)L l)/q M . Hence, M = % is the best possible constant factor of

(an. O

REMARK 6. Setting A; 2 % + %, L2 % + %, we find

~ A=2 M A=A A A A
M+ = R R e
q q p P q
1 1 I 1 1 1
?L<—+———7L +— =,
pa qu " T gB pB B
and by Holder’s inequality (cf. [24]), we obtain
-~ ~ A=A A Mo
0 < k(A ~To) =k (1) = ka(*— 2 My / o (i, ) 72
oo A-dp—1 A—1
= [ halw ) )wT du
0
1 1
00 P el q
< (/ kl(u,l)ul_lz_ldu) (/ kl(u,l)ukl_ldu)
0 0
1 1
= ki (A = A2)k] (A1) < eo. (13)
We can rewrite (10) as follows:
1
1 1 q . p(1— al) P '
4 1
1< ﬂl/pal/qk (A= 22)k] (A1) mgl al,
1
) - q
x 2(n—n>‘f““2“b4 : (14)
n=1

1 L
LEMMA 7. If the constant factor mkﬁ (A = A2)k) (A1) in (10) is the best
possible, then Aj + A, = A.
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1 L
7 (A —=2A2)kj (A1) in (10) is the best possible,

Proof. If the constant factor Bralla /plal k5

then by (14) and (11), the unique best possible constant factor must be ﬁ'/l’a'/q ky, (Al)
(€ Ry), namely,
~ 1 1
k() = k7 (A — A)k] ().

We find that (13) keeps the form of equality if and only if there exist constants A and
B, such that they are not all zero and (cf. [24])

At = pyM 1 e in R;.
Assuming that A # 0, it follows that Wl = % ae.in Ry,and A — 4, — 24, =0,
namely, A| + A, =A. O

3. Main results

THEOREM 8. Inequality (10) is equivalent to

- v
Jé[;(n—n)pﬁ( <2Kmn )]

1 1 1
Py q oo _ »
<A (4~ ho)ki () { Y, (m— é)p[la(xl’ml‘mlaﬁ,} : (15)

ﬁl/Pal/q =

If the constant factor in (10) is the best possible, then so is the constant factor in (15).

Proof. Suppose that (15) is valid. By Holder’s inequality (cf. [24]), we find

- - M A- x = PYNY
1= 2 [(n—n)?l'*‘ﬁ( 2421 Z K(m n)am‘| % [(n_n)l—ﬁ(,—,z+_ql)bn]
n=1

m=1

1
{i PG+ Egh ) bq}q. (16)

Then by (15), we obtain (10).
On the other hand, assuming that (10) is valid, we set

p—1
Y <2Kmnam> ,neN.

If J =0, then (15) is naturally valid; if J = oo, then it is impossible that makes (15)
valid, namely, J < e. Suppose that 0 < J < eo. By (10), it follows that

b= P

xxl]l

(n—m)"" B+ bl=Jr =1

M

n=1
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1
! S _o(r R My
ﬂl/l’ocl/‘i ()L M)k (M){Z(m—é)p“ (=52 +7)] laﬁ}

m=1
1

n=1

1

{i B2 2 lbq},,

=3

1

1 1 Ay A b
< Gk &~ i () { Y (m- é)’”“‘“(T“Tl”‘laﬁ} 7

m=1

namely, (15) follows, which is equivalent to (10).

If the constant factor in (10) is the best possible, then so is constant factor in (15).
Otherwise, by (16), we would reach a contradiction that the constant factor in (10) is
not the best possible. [

THEOREM 9. The following statements (i), (ii), (iii) and (iv) are equivalent:
1 1
(i) kj (A —A2)kj (A1) is independent of p,q;
1 1
(ii) kj (A —A2)kj (A1) is expressible as a single integral;

(iii) l/p 77 k/l (A — 7L2)k)L (A1) is the best possible constant factor of (10);

(iv) M+A=A.

If the statement (iv) follows, namely, A + Ay = A, then we have (11) and the following
equivalent inequality with the best possible constant factor B /pa rka (A1)

- - P\ 7
{;(n—n)pm_l [Zlkz((m—é)“,(n—n)ﬁ)am] }

1

pl-ody)= aP] ' . A7)

1 .
<[31/P(x1/q [Z

1 1
Proof. (i) = (ii). Since k} (A — A2)k{ (A1) is independent of p,q, we find

kp(a Az)kq(xl)_hm hmkﬂ(x kz)kq(?q) ki (A1),

p—>o<)q*>1+
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1 1
namely, k7 (A — A2)k; (A1) is expressible as a single integral

ki () :/Owk;t(u,l)uh_ldu.

1 1

(ii) = (iv). In (13), if kj (A — A2)k; (A1) is expressible as a single integral

ky, (% + %), then (13) keeps the form of equality, which follows that A; + A, = A.
1 1

(v) = (i). If 41 +2A2 = A, then &k} (A — A2)kj (A1) = ky (A1), which is indepen-
dent of p,q. Hence, we have (i) < (ii) < (iv).

(iii) = (iv). By Lemma 4, we have 41 + 4, = 1.

(iv) = (iii). By Lemma 3, for A; + A, = 4,

1 1

Bl/l’al/’i (A AZ)kJL()Ll)( ﬁl/p l/q (AI»

is the best possible constant factor of (10). Therefore, we have (iii) < (iv).
Hence, the statements (i), (ii), (iii) and (iv) are equivalent. [

REMARK 10. (i) Fora=B=1=1,4 = é,az = % in (11) and (17), we have
the following equivalent inequalities with the best possible constant factor k| (é) :

i m—é,n—n)ambn<k1(é)<iaﬁ> (ibﬁ) (18)
m—1 n=1

m=1

Py - i
l ( kl(m—é,n—n)am> ] <kp(~ (2 ) : (19)
n=1 \m —1

(i) Fora =B =4=1,4 = %,)Lz = é in (11) and (17), we have the following

equivalent inequalities with the best possible constant factor k; (%) :

||Mx

M
b

li (n— n)q‘zbzl _ 7 (20)

< k(= lim §p2ap] . (1)
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(iii) For p = g =2, both (18) and (20) reduce to

i3

HMX

ki(m— & n—mn)amby <k ( 5 (2 mEzﬁ) , (22)

m=1

and both (19) and (21) reduce to the equivalent form of (22) as follows:

n=1

o [ = ak -\
D (Z kl(m—é,n—n)am> <k1(%) (Z af,,) . (23)
m=1

4. Operator expressions and some particular examples

We set functions

om) £ (m— &)= CFHH I )

wherefrom,

(>
—
S
|
=
~—
=N
|
=
'U
e
._.

A=A
Y1) = (=P T e N),

Define the following real normed spaces:

m=1

- 1
lpp = {a = {ampmersllallp.p == (D, @(m)lanl?)? < w}7
i 1
lgy = {b = {bu}ni3|1bllgy = (D w(n)|bal?)e < w} ,
n=1

o 1
Lyi-» = {c = {eatmisllell, y-r == (X W' P ()]eal)? < w}

n=1

Assuming that a € [, ¢, setting

A

c={cntp—1,cn = 2 m,n)am,n €N,

we can rewrite (15) as follows:

1 ,
HCHpﬂflll’ ﬁl/p 1/qk’ (A =22k (AI)HQHP@<°°7

namely, ¢ € lm‘,lf,,.
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DEFINITION 11. Define a Hilbert-type operator T': I,y — 1, 15 as follows: For
any a € lp o, there exists a unique representation ¢ € [, 1. Deﬁne the formal inner
productof Ta and b € [, , and the norm of T as follows:

(Ta,b) = i (i K(m7n)am> by,

n=1 \im=1
) & Tall 1
a(#0)cl,y  Nlallpo

By Theorem 1 and Theorem 2, we have

THEOREM 12. If a € 1,.9,b € lgy.||al|p.0,||b]lq,y > 0, then we have the follow-
ing equivalent inequalities:

1
(Ta7b)<m (7L M)k (ll)H“Hp.,ququ,% (24)
1 1 1
[Tall, y1-» ka(l—lz)ki’@l)ﬂaﬂpw (25)

Moreover, Ay + Ay = A if and only if the constant factor

1

[31/1’051/‘1 (z’ AZ) (2'1)

in (24) and (25) is the best possible, namely,

1
Tl = ﬂl/pal/qkk(ll)' (26)
EXAMPLE 13. We set & (x,y) = (cxiy)k (¢,A > 0;x,y > 0). Then we find
1

K(m,n) =k ((m—&)*,(n—n)P) = :
e(m— &)+ (n—mn)F]*

For 0 < A;,A —A; < é,O <A, A=A < %,k;L (x,y) is a positive homogeneous func-
tion of degree —A, such that kj (x,y) is strictly convex and strictly decreasing with
respect to x,y > 0, and for y= 41,4 — A;,

ur1! 1 o= vt

= —“ au=— [ av=LByA—y) eR,.
A7) /0 (cu+1)* “Sa (v+ 1) v=gBrA -y ERy

In view of Theorem 3, it follows that A; + A, = A if and only if

1 1

HTH:ﬁl/pal/qu(M) Bl/ral/a c Al

B(A1,42).
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EXAMPLE 14. We set ky (x,y) = Anc/)

T(c>0 0 <A < Lix,y>0). Then we
find 5
In[c(m—&)*/(n—n)"]
_ BN (4 m\BY —
K(m,n) =ky ((m é) (n=m)") Cl(m—é)al—(n—ﬂ)ﬁl.
For 0 < A;,A —2A; < é,O <A, A=A < E,k;L (x,y) is a positive homogeneous func-

tion of degree —A, such that k; (x,y) is strictly convex and strictly decreasing with
respect to x,y > 0 (cf. [2], Example 2.2.1), and for y= 4,4 — 45,

oo, Y—1
_ / u"n(cu) du
0o (cu)r—1

1 < y(1/A)=1py 1 T 2
B 07/12/0 v—1 dv_ﬁ[ksin(m//k)} € R+

In view of Theorem 3, it follows that A; + A,

k. (7)

= A if and only if

1 1 1
T = ﬁl/mxl/’i k(M) =

T ]2
[31/170(1/‘1 cll A s1n(7r7Ll/7L)

EXAMPLE 15. Weset k; (x,y) =IT;_, l/v+ckyk/r)(0<cl
0). Then we find

<, 0< A < ssx,y >

By_T 1
) it (m— &)+ cp(n—m)Br/s

K(m,n) =k ((m—=&)%, (n—

For 0 <A;,A—2 < L.0< X, -4 <

<p L &y (x,y) is a positive homogeneous func-
tion of degree —A, such that k; (x,y) is strictly convex and strictly decreasing with

respect to x,y > 0, and for y= 4,4 — A,, by Example 1 of [26], it follows that

s oo S l . N S
k(a)(Y)=/0 [1 " ldu= >

¥ 1
P A 7Ls1n Z o I

ER..
1 =1k G Tk
In view of Theorem 3, it follows that A; + A,

= A if and only if

S(M) 1
HTH = ﬁl/p 1/q

s S 8 1
ﬂl/p(xl/q xSln(ns)Ll) ZC H

k=1 j=1(j#k) €~ Ck

In particular, for ¢; = --- = ¢y = ¢, we have kj (x,y) = m and
I

9 o M1y s o (sh1/2)—1
A (A1) .—/0 (/5 + ¢)s - A (1%)8/0 (v+1)s

dv

s sA1 sy

Ac(l_i SB(T,T) S R+.
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If s = 1, then we have kj (x,y) = -—— and

x> “+cy

) 1 5 =

1711 = Bl/rolla — Bl/rgl/a

P S
At sm(%)

5. Conclusions

In this paper, by the use of the weight functions, the idea of introducing parame-

ters and Hermite-Hadamard’s inequality, a more accurate discrete Hilber-type inequal-
ity with the general homogeneous kernel and the equivalent form are given in Theorem
1. The equivalent statements of the best possible constant factor related to some pa-
rameters are considered in Theorem 2. The operator expressions and some particular
examples are given in Theorem 3, Remark 1, Remark 3 and Example 1-3. The lemmas
and theorems provide an extensive account of this type of inequalities.
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