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ON THE OPERATOR ACZEL INEQUALITY AND ITS REVERSE

SHIGERU FURUICHI*, MOHAMMAD REZA JABBARZADEH
AND VENUS KALEIBARY

(Communicated by M. Krni¢)

Abstract. In this paper, we present some operator and eigenvalue inequalities involving opera-
tor monotone, doubly concave and doubly convex functions. These inequalities provide some
variants of the operator Aczél inequality and its reverse via the generalized Kantorovich constant.

1. Introduction

Let B(s#) denote the C*-algebra of all bounded linear operators on a Hilbert
space (J2,(-,-)). An operator A € B(J¢) is called positive if (Ax,x) > 0 for every
x € S and then we write A > 0. For self-adjoint operators A,B € B(¢), wesay A< B
if B—A>0. Also, we say A is strictly positive and we write A > 0, if (Ax,x) >0
for every x € 7. Let f be a continuous real function on (0,e0). Then f is said to be
operator monotone (more precisely, operator monotone increasing) if A > B implies
Sf(A) = f(B) for strictly positive operators A, B, and operator monotone decreasing if
— f is operator monotone or A > B implies f(A) < f(B). Also, f is said to be operator
convex if f((1 —o)A+oB) < (1—o)f(A)+ of(B) for all strictly positive operators
A,B and o € [0,1], and operator concave if —f is operator convex.

In 1956, Aczél [1] proved that if a;,b;(1 < i< n) are positive real numbers such
that @3 — ¥ ,a? >0 and b? — 3 ,b? >0, then

2

n n n
2 2 2 2
albl—Eaibi > al—Eai bl_zbi
i=2 i=2 i=2

Aczé€l’s inequality has important applications in the theory of functional equations in
non-Euclidean geometry [1, 13] and considerable attention has been given to this in-
equality involving its generalizations, variations and applications. See [6, 12] and ref-
erences therein. Popoviciu [12] first presented an exponential extension of Aczél’s
inequality as follows:
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THEOREM 1. ([12]) Let p > 1,9 > 1711—,+
>, b1 >0. Then

1 _ p p q
7= 1, ay — X! ,a; >0, and b] —

n n n é
albl—Zaibi> a’f—Zaf b[f—Zb? .
i=2 i=2 i=2

Aczé€l’s and Popoviciu’s inequalities were sharpened and a variant of Aczél’s in-
equality in inner product spaces was given by Dragomir [6]. Recently, Moslehian in
[11] proved an operator version of the classical Aczél inequality involving o -geometric
mean

-

AﬁaB:AI/Z(A_l/zBA_l/z)aAI/Z (1)
for A>0, B>0 and « € [0,1], in the following form:
THEOREM 2. ([L1]) Let J be an interval of (0,c0), let f:J — (0,00) be operator

decreasing and operator concave on J, 11—7 + é =1,p,q>1 andlet A,B € B(S) be
positive invertible operators with spectra contained in J. Then

FAPELBY) > [(A)E1 F(B°), @)
(AP B).) > (F(AT)x.)7 (F(BY).) . ©)
for any vector x € €.

After that, Kaleibary and Furuichi in [10] provided a reverse of the operator Aczél
inequality using the Kantorovich constant as follows.

THEOREM 3. ([10, Theorem 1]) Let g be a non-negative operator monotone
decreasing function on (0,e), I% + é =1,p,g> 1, and 0 < sAP < BY < tAP for some
scalars 0 < s <t. Then, forall x € 7

8(AT81BY) < maX{K(S)R,K(I)R}g(Ap)ti%g(Bq), 4)

Q=

(g(A741B)x,x) < max{K ()%, K (1)} (g (AP x,x) 7 (g (BY)x,2)7, )

(h+1)?

where R :max{l i} and K(h) =

iy ,h > 0 is the Kantorovich constant.

In this paper, we first investigate some operator and eigenvalue inequalities involv-
ing operator monotone, doubly concave and doubly convex functions. Then we provide
another type of operator Aczél inequalities along with their reverse using the obtained
results. Since for a nonnegative continuous function f defined on (0,c) the operator
concavity is equivalent to the operator monotonicity, the assumptions on f in Theorem
2 seem to be slightly strong, in the special case of J = (0,e0). Hence, we aim to prove
a variant of Theorem 2 with a reduced condition on f. As an application, we present
a counterpart of the classical Aczél inequality stated in Theorem 1. These results are
organized in Sections 2. Section 3 is devoted to study of Aczél type inequality involv-
ing doubly concave functions. In Sections 4, we show several eigenvalue inequalities
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involving o -geometric mean and doubly convex functions. The obtained eigenvalue
inequalities allow us to study the reverse of operator Acz€l inequality via the general-
ized Kantorovich constant K(w, &). The assumptions of doubly convexity (concavity)
will be discussed in more details in later sections.

2. A variant of the operator Aczél inequaltiy

In this section, we present a variant of the operator Aczél inequaltiy by using
several reverse Young’s inequalities. Let A and B be strictly positive operators. For
each o € [0,1], the o -arithmetic mean is defined as A</ B := (1 — o)A+ oB and
the o-geometric mean is defined in (1). Clearly if AB = BA, then Ay,B = A'~"%B%.
Some basic properties of the arithmetic and geometric means can be found in [7]. It is
well-known as the Young inequality [14]:

AtoB < AV,B.

The research on the Young inequality is interesting and there are several multiplicative
and additive reverses of this inequality [2]. We give here some reverse inequalities for
the operators with the sandwich consition 0 < sA < B <fA.

LEMMA 1. ([10, Lemma?2]) Let 0 < sA < B <tA for some scalars 0 < s <t and
o €[0,1]. Then
AV B < max{K®(s), K" (1) }(AtoB), (6)
where K(-) is the Kantorovich constant defined in Theorem 3 and R = max{c,1 — at}.
The function K(-) is decreasing on (0,1) and increasing on [1,e0), K() = K(4),
and K(¢) > 1 forevery t >0 [7].

LEMMA 2. ([10, Proposition 1]) Let g be a non-negative operator monotone
decreasing function on (0,00) and 0 < sA < B < tA for some scalars 0 < s < t. Then,
forall a € [0,1]

~4(41B) < g(clAtaB)) < g(A)tas (B), )

where ¢ =max{K~(s),K®(t)} with the Kantorovich constant K(-) and R = max{o, 1 —

o}.

LEMMA 3. Let [ be a non-negative operator monotone function on (0,0) and
0 < sA < B <tA for some constants 0 < s < t. Then, for all o € [0, 1] we have

cf(AtaB) = f(c(AfaB)) = f(A)faf(B),
where ¢ =max{K®(s),K®(¢)} with the Kantorovich constant K(-) and R = max{ o, 1 —

o}.

Proof. First note that since f is analytic on (0,), we may assume that f(x) >0
for all x > 0; otherwise f is identically zero. Also, since f is an operator monotone
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. L. . . .
function on (0,0), so — is a non-negative operator monotone decreasing function on

1
(0,0). By Applying Lemma 2 for g = 7 we have

L F(AtaB) ! < FlelAtaB)) " < FA) (B = (A f(B))

Reversing the all sides gives the desired inequality. [J

THEOREM 4. Let f be a non-negative operator monotone function on (0,00),

%—I— é =1,p,q> 1, and 0 < sAP < BY <tAP for some scalars 0 < s <t. Then we have
1
S (AP1/4BT) 2 —f(A7)t /o f (B), ®)
and
1
(f (APE14B7) x,x) > ;<f(A”)x,x>1/”<f(B‘1)x,x>1/‘1, ©)

for all x € 2, in which ¢ = max{K®(s),KR(t)} with the Kantorovich constant K(-)
and R =max{1/p,1/q}.

Proof. Putting A := AP, B:=B% and o := 1/¢q in Lemma 3, we have (8). Also,
using the first inequality of Lemma 3 with A :=A”, B:= BY and o := 1/q, we have
C<f (Apﬁl/qu)x7x> = <f (C(Apﬁl/qu))xax>
> (f(APV,,,B7)x,x)  (operator monotonicity of f with (6))

> <(%f(AP) =+ éf(Bq))x,)Q (operator concavity of f)
= AT+ (FAT)
> (F(AP)x, )P (f(B)x,x)' /4 (AM-AG inequality)

which implies (9). U

REMARK 1.

(a) The constant ¢ in Theorem 4 can be replaced by the constant ¢ := max{S(s),S(z)}
1
=
where S(x) := xil for x > 0 with x # 1 is the so-called Specht’s ratio. See
elogxs-T
[8, Theorem 1]. In addition, for a € (0, 1) we have no ordering between the esti-
mates KR(h), R=max{c,1—a} and S(h) for h >0 with 4 # 1 in general. Be-
casue we have numerical examples such that K¢(0.01) — S(0.01) ~ —1.30357
and K%9(5.0) —$(5.0) ~ 0.0556589. For o = 1, although K (k) > S(h) for h >0
with & # 1, it cannot be satisfied in the condition o :=1/¢ with 1/g+1/p=1

of Theorem 4.
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(b) Our results given in both (8) and (9) are weaker than ones in both (2) and (3),
since K(h) > 1 (and also S(h) > 1) for h > 0 with & # 1. But our assumption
for the function f in Theorem 4 is better than one for the function f in Theorem
2.

COROLLARY 1. Let 1/p+1/q=1 with p,q> 1. For commuting positive invert-
ible operators A and B with spectra contained in (1,e0) such that sA? < B? < tA?P for
some scalars 0 < s < t, we have for any unit vector x €

1 1/p 1/q
/212 - p/2..12 _ q/2..12 _
(AB) 22 = 1> = (a2 = 1) 7 (189202~ 1)

where the constant c is given in Theorem 4.

Proof. Taking f(t) =t—1 on (l,e) in Theorem 4, we get the desiered re-
sult. [

From (8), we also have the following corollaries.

COROLLARY 2. Let 1 /p+1/q=1 with p,q> 1 and f be an operator monotone
Sunction on (0,0). For commuting positive invertible operators A and B such that
SAP < B1 < tAP for some scalars 0 < s < t, we have

F(AB) > T (A7) f(BY)Y1,

where the constant c is given in Theorem 4.

COROLLARY 3. Let 1/p+1/q=1 with p,q > 1 and f be a non-negative in-
creasing function on (0,%) and a;,b; be positive numbers such that 0 < saf < b? < taf’
for some scalars 0 < s <t. Then we have

n

1 [ , Up s, \ 1/q
X flaib) > o\ LSy | (2 S@D ) (10)

i=1

where the constant c is given in Theorem 4.

The following result provides a counterpart of Theorem 1.

COROLLARY 4. Let 1/p+1/q=1 with p,q> 1. For positive numbers x; and y;

p q
M v
WmmmzﬁﬂfZﬁ,EQﬁZW?ZLﬂMZXWHMdO<%;Q <<J> <
1

p
X
t (—l> for some scalars 0 < s <t. Then we have
X1

" | [n Up s, 1/q
memMZE > ol —xf Soyl—=yl| .

i=2 i=2

where the constant c is given in Theorem 4.
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Proof. Firstly we note that the inequality (10) is true for any n € N, as i =
1,---,n—1 so that we may relabel as it is true for i = 2,---,n. Take a function
f(t):=t— -1, (n>2) on (-1;,) in Corollary 3, then f(¢) is non-negative and
monotone increasing on (1,0). Then we obtain the inequality:

n i p s, 1/q
Nabi—1>-(>a -1 Ybi-1| .
i—2 ¢ \i= i=2

Let x1,y; > 0. Putting g; := ;‘—; and b; := 5—; for positive numbers x; and y; for i =
2,---,n in the above, we obtain

" | [n Up s, 1/q
Dy > (Z#’—%’) (Zﬁ—ﬁ) :
i=2 ¢ \i=2 i=2

under the assumptions Y7 ,x! > x7, ¥ ,y! >y and ¥, xy; > xiy. O

3. Aczél inequalities with the generalized Kantorovich constant
for doubly concave functions

In the next we study an analogous of Theorem 4, with the generalized Kantorovich
constant K(w, ). For this purpose, the assumption of doubly concavity of f(z) is
needed.

DEFINITION 1. A non-negative continuous function f(7) defined on a positive
interval J C [0,00), is said to be doubly concave if:

1. f(z) is concave in the usual sense;

2. f(t) is geometrically concave, i.e., g(x*y!~%*) > g(x)%g(y)! =% for all x,y €1,
and o € [0,1].

If f(r) and g(¢r) are doubly concave on J, then so is their geometric mean
f(t)%g(t)! =% for o € [0,1] and their minimum min{f(z),g(t)}. These properties say
that there are a lot of doubly concave functions. The most important examples of doubly
concave functions on J = [0,e0) are t — #” with exponent p € [0, 1]. Other simple ex-
amplesare r+—¢/(t+1),t+—1t/\/t+1and1+— 1 —e". On J = [1,), the functions
logt and (r —1)?,p € [0,1], and on J = [0, 1], the function —logs are also doubly
concave. For more examples see [4].

Now, we are ready to give a result via the constant K (w,a) occuring in the follow-
ing lemma.

LEMMA 4. ([5, Lemma 8]) Let A,B > 0 with 0 < sA < B < tA for some scalars
0 < s <t with w=t/s. Then, for all vectors x and all a € [0,1]

(AflgBx,x) < (Ax,x)! "% (Bx,x)* < K~ ' (w, o0) (At Bx, x),
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where K(w, o) is the generalized Kantorovich constant defined for w > 0 by:
(Ww* —w) o—1w*—1\%
Kw, o) := . 11
(w,00) (a—1)(w—1)\ a w*—w (i

It is known that K(w, ) € (0,1] for o € [0,1]. See [7] for some important prop-
erties of K(w, o).

LEMMA 5. ([9, Theorem 1]) Let f be an increasing doubly concave function on
[0,0) and 0 < sA < B < tA for some scalars 0 < s <t with w=1t/s. Then for all
o€l0,1] and k=1,2,---,n,

K™ (w,00) 2 (f(AfaB)) = A (f (K™ (w,00)(AfaB))) = M (f(A)2af(B)).,
where K(w, o) is the generalized Kantorovich constant defined as (11) .

This statement is equivalent to the existence of a unitary operator U satisfying the
following inequality:

[(AfaB) 2 K(w,a)U (f(A)def(B))U". (12)

Also, from the proof of [9, Theorem 1] it is inferred that the right hand side inequality
holds for an increasing geometrically concave function too.

THEOREM 5. Let f be an increasing doubly concave function on [0,0), % + é =
1,p,qg>1, and 0 < sAP? < B < tAP for some scalars 0 < s <t with w=1t/s. Then,
there is a unitary operator U such that

f(AP414B) = K(w,1/q) U (F(A")f1/f (BT) U™, (13)

where K(w, o) is the generalized Kantorovich constant defined as (11). In addition, if
[ is an operator monotone function and s < 1 < t, then for all x € 7

(f (AP4),,BY) Ux,Ux) = K*(w,1/q)(f(AP)x,x)"/P (f(BT)x,x)"/1. (14)

Proof. Putting A := AP, B:=B? and o := 1/q in Lemma 5, we have (13). For
the inequality (14), we first note that since f is an operator monotone function, sA? <
BY < tAP implies f(sAP) < f(BY) < f(tAP). Since s < 1 <1, by the cocavity of [ we
have sf(A?) < f(B?) < tf(AP) and so the condition number of operators f(A”) and
f(B7) is also w. Now we have

(urf (Apﬁl/qu) Ux,x) > K(w, 1/‘1)<(f(Ap)ﬁ1/qf(Bq))x7x> (by (13))
> K2 (w,1/q)(f(AP)x,x)"/P (£ (B)x,x)"/4 (Lemma 4).
O
COROLLARY 5. Let 1/p+1/q=1 with p,q> 1. For commuting positive invert-

ible operators A and B with spectra contained in (1,e0) such that sA? < B1 < tAP for
0 < s < 1<t, there is a unitary operator U that for any unit vector x € 7,

. 1/p 1/q
|0 (AB) PUx? =1 K2(w1/g) (14722 = 1) 7 (18722 = 1) .
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Proof. Taking f(t) =t —1 on (1,e) in the inequality (14), we get the desiered
result. Note that this function is both operator monotone and doubly concave function
on (1,%). So, we have

(U*(APg),4BT—1)Ux,x) = (U"(AB—1)Ux,x) = (U'ABUx,x) — (x,x)
= |(U*ABU)*x|> —1 = |U*(AB)*Ux|* - 1.

The right hand side of the inequality is obtained in a similar way. [J

4. Reverse inequalities with the generalized Kantorovich constant
for doubly convex functions

Theorem 3 provided a reverse of an operator Aczél inequality with the Kantorovich
constant K(¢). Also, it has been proved for a non-negative operator decreasing function
g. In this section we are going to present some another reverse of an operator Aczél
inequality via generalized Kantorovich constant K(w, ). For this aim we need doubly
convex functions.

DEFINITION 2. A non-negative continuous function g(7) defined on a positive
interval J C [0,0), is said doubly convex if:

1. g(¢) is convex in the usual sense;

2. g(t) is geometrically convex, i.e., g(x*y'=%) < g(x)%g(y)' % for all x,y € J,
and o € [0,1].

Given real numbers ¢; > 0 and o € (—e0,0]U[l,00),i = 1,...,n, the function
g(r) =2 ¢;t% is doubly convex on (0,0). See [4].

LEMMA 6. ([3, p. 58] (The Minimax Principle) Let A be a Hermitian operator
on . Then

4)= min max{(Ahh); he Z, |n]| =1}

where 7 is a subspace of .

The following result gives an analogous of Lemma 2 with the constant K(w, o).
Also, in what follows the capital letters A, B means n X n matrices or bounded linear
operators on an n-dimentional complex Hilbert space 7.

PROPOSITION 1. Let g be an increasing doubly convex function on (0,o0) and
A, B be positive definite matrices such that 0 < sg(A) < g(B) <tg(A) for some scalars
0<s<t. Then, forall o €[0,1] and k=1,2,...,n

A (g(AtaB)) < K~ ' (w,0) A ((A)tag(B)), (15)

where K(w, o) is the generalized Kantorovich constant defined as (11).
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Proof. We will use the following observation which follows from the standard
Jensen’s inequality: for any vector x whose norm is less than or equal to one, since g
is convex (g(A)x,x) > g((Ax,x)). For any integer k less than or equal to the dimension
of the space, we have a subspace .% of dimension n —k+ 1 such that

Mi(g(A)fag(B))

= mﬁn‘(‘ 1<g(A)j:iO¢g(B)x,x> (minmax principle)
xe7:||x||=

> max  K(w,a)(g(A)x,x) "% (g(B)x,x)* (Lemma 4)
xeZ:||x||=1

=, mﬁle K(w, ) (g(Ax,x)) ~%(g(Bx,x))* (convexity of g)

eZ|x|=1

> mﬁ 1K (w, o) g ((Ax,x)'~*(Bx,x)*) (geometrically convexity of g)
xe7:||x||=

> mﬁn‘(‘ 1K(W’ o)g ((AfoBx,x)) (Lemma 4)
xe7:||x||=

=K(w,a) max (g(AfgB)x,x) (monotonicity of g)

xeZ:|x||=1
> K(w, )\ (g(AteB)), (minmax principle). O

REMARK 2. We know that the above statement is equivalent to the existence of a
unitary operator U satisfying in the following inequality:

g(AtoB) <K '(w,0)U(g(A)4ag(B))U". (16)

This result provides a reverse of the inequality (12) for doubly convex functions.

Applying Proposition 1 we achieve the following reverse operator Aczé€l inequal-
ity.

THEOREM 6. Let g be an increasing doubly convex function on (0,e0), % + é =

L,p,q> 1 and sg(AP) < g(B7) < tg(AP) for some scalars 0 < s < t. Then, there is a
unitary operator U such that for all x € F°

g(A741B7) < K~ (w,1/q)U (s(a")t18(BT) U, (17)
(6478 BYUxUx) < K~ (1 1/q) (A )x, 97 (g(B)x,) 7. (18)

Proof. Letting o := é and replacing AP and B? with A and B in the inequality
(16), we reach the first inequlity. For the second, we have

(UTg(A"21 B)Ux,x) < K (m, 1/61)<(g(A”)ti%g(Bq))x,X> (by (17))

<K' 1/9)(g(AP)xx) 7 (g(BY)x,x)T,  (Lemmad4). O

REMARK 3. Theorem 6 is a conjugate of Theorem 5, which gives a revese opera-
tor Aczél inequality relevant to the generalized Kantorovich constant.
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In the following, we will present another reverse of Acz€l inequality involving
decreasing geometrically convex functions. Note that x” for p < 0 on (0,e) and
csc(x) on (0,%) are examples of decreasing geometrically convex functions.

)
1

)

PROPOSITION 2. Let g be a decreasing geometrically convex function on (0,
and 0 < sA < B < tA for some scalars 0 < s <t with w=t/s. Then forall a € |
and k=1,2,---,n,

A (8 (KM (w,00)(AeB))) < i (g(A)fag(B)).

Proof. Since g is an decreasing geometrically convex function (0,e0),s0 f=1/g
is an increasing geometrically concave function on (0,ce) as follows:

1 1
fF@EF)* = — < —o = fE).
gx)eg(y)=* = glxoy'=)
Furthermore, according to Lemma 5 for every increasing geometrically concave func-
tion f

M (P f(B)) < A (f (K (w,0)(AaB)) )
Now, by applying this inequality for the function f = 1/g we have
i (2(A) "tag(B)7!) < M (g (K‘I(Wﬂ)(AtiaB))*l) :
where k= 1,2,---,n. Thanks to the property A~'foB~! = (AfoB)~! we can write
T ((8(A)ag (B) ") < Ak (g (K~ (w,0) (AteB)) ).
On the other hand, for every operator A >0, 4 (A~!) =21 +1(A). Hence
A1 (8(A)tag(B) < A (g (K1 (w, ) (A%B))) -

This inequality is equevalent to the following one

2 (8(A)tag(B)) = A; (g (K~ (w,0)(AtaB))),
for j=1,2,---,n asdesired. [

THEOREM 7. Let g be a decreasing doubly convex function on (0,), }—7 + é =
1,p,g>1 and 0 < sA? < B9 < tAP for some constants 0 < s <t. Then, there is a
unitary operator U such that for all x € 7€

g (K(mo)(AP41B9)) <U(g(A")z19(B)U",

(g (KOn.@) (472, B9)) Ux,Ux) < (g(A7)2.0) 7 (g(B)x. )7

Proof. The proof is similar to that of Theorem 6 by applying Proposition 2. []
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