lournal of
athematical
nequalities
Volume 15, Number 1 (2021), 375-393 doi:10.7153/jmi-2021-15-28

MAPPING PROPERTIES OF MULTILINEAR FRACTIONAL
MAXIMAL OPERATORS IN METRIC MEASURE SPACES

FENG L1U, SEONGTAE JHANG, RUI BU AND ZUNWEI FU*

(Communicated by Y. Sawano)

Abstract. In this paper, we introduce two kinds of multilinear fractional maximal operators in
metric measure spaces. We prove that these operators map product Morrey spaces to Morrey
spaces, and map product Lebesgue spaces to the fractional Hajtasz spaces under certain restric-
tions on the underlying metric measure space. We also introduce a kind of discrete multilinear
fractional maximal operator, which is constructed in terms of coverings and partitions of unities
and has better regularity. With the aid of Poincaré inequality, we establish the Sobolev bounds
for the above operators.

1. Introduction

Multilinear maximal operator and its fractional version are crucial tools in the
multilinear Calder6n-Zygmund and Potential theory (see [2, 16]). The primary purpose
of this paper is to investigate the smoothing and mapping properties for the multilinear
fractional maximal operators on Morrey spaces, fractional Hajtasz spaces and Sobolev
spaces (called the Newtonian spaces) in metric measure spaces. It should be pointed
out that various Sobolev type spaces on metric measure spaces play a central role in
analysis on metric spaces (see [7, 8, 9, 14, 18, 22, 24, 26, 27] for example).

In what follows, we assume that X = (X,d, ) is a metric measure space equipped
with a metric d and a Borel regular outer measure U, which satisfies 0 < U(E) < oo
whenever U is nonempty, open and bounded. The measure u is doubling, if there
exists a fixed constant ¢; > 0, called the doubling constant, such that

w(B(x,2r)) < ciu(B(x,r)) (L.1)

for every ball B(x,r) = {y € X : d(y,x) < r}. Note that the doubling condition implies
that
0
HBG.r)) <r>

u(B.R) ~ “\r

forevery r € (0,R] and y € B(x,R). Here the constants ¢, and Q > 1 depend only on
c1. Actually, we may take Q = log,cy.
We now introduce the multilinear fractional maximal operators.
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DEFINITION 1.1. (Multilinear fractional maximal operators). For & > 0, m, kK >
1 and f = (fi,...,fn) with each f; € LL .(X), the multilinear fractional maximal op-
erators are defined by

M () (1) = supr® [~

>0 ot M(B(x, k7)) /BW) i 0)ldp(y)

and
o m l

M) = supa Bk [T gy [ 10w )

When m =1, we denote M = .Z and MY = .#F. When =0 and k=1, the
operator .Z} or .y reduces to the usual Hardy-Littlewood maximal operator .# . By
the Hardy-Littlewood maximal function theorem for the doubling measures (see [6]),
we see that . is bounded on L”(X) for 1 < p < o and maps L'(X) to L'*(X).
These facts together with the similar arguments as in the proof of [10, Theorem 3.2]
yield the following result.

THEOREM 1.1. Let k=22, p>1,0< o <1/pand q=p/(1 —ap). Then

1 AE Fll oy Sap I1F 1l ce)

Sorevery f € LP(X). For x =1, the same result holds, under the additional restriction
that | is doubling.

It was pointed out in [21] that Theorem 1.1 is note true, in general, if 1 < k¥ <2
and o = 0. If we assume the measure u satisfies a lower bound condition, that is, there
exists a constant ¢3 > 0 such that

W(B(x,r)) > 3@ (1.2)

forall x € X and r > 0. Then it holds that

-,

M (F)(x) < 5 M (1) (%) (1.3)

forall x € X and k > 1. If we assume the measure u satisfies a upper bound condition,
that is, there exists a constant ¢4 > 0 such that

H(B(x,r)) < car? (1.4)

forall x € X and r > 0. Then we have

— .

M () (x) < e§x2MEH (f) (x)

forall xe X and x > 1.
Applying Theorem 1.1 and (1.3), we can get the following result immediately.
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THEOREM 1.2. Let K >2 and f = (fi,--, fm) with each f;j € LPi(X) for p; >

D) Ifo<a<™ 1/piand 1/g=3",1/pi— o < 1. Then

(i1) Assume that the measure L satisfies the lower bound condition (1.2). If 0 < a <
> 0Q/piand 1/g=3Y" 1/pi—0/Q < 1. Then

m
||5m§(f)HLq(X) 5a7637Q,m,-~-,pm H Hfj||L”j(x)~
j=1

For 1 < k < 2, the same result holds, under the additional restriction that | is dou-
bling.

Observe that part (i) of Theorem 1.2 follows easily from Theorem 1.1 and the
following inequality

ME(F)(x) < H/Zf )

forall x€ X and x > 1, where o = ;’7: 1o with each ¢; > 0. Particularly, when
1 is doubling, the case 1 < k < 2 follows from the results for the case k¥ =2 and the
following inequality

-,

ME(F)(x) < M(F) (x) < I (F)()

forall x € X and 1 < x < 2. Part (ii) of Theorem 1.2 follows from part (i) of Theorem
1.2 and (1.3).

The rest of this paper is organized as follows. Section 2 is devoted to proving
the boundedness of the multilinear fractional maximal operators on Morrey spaces.
In Section 3, we study the regularity properties of the multilinear fractional maximal
operators. We shall prove that the multilinear fractional maximal function of a vector-
valued function f = (fi,...,fn) € LP1(X) x --- x LP7(X) has a generalized gradient
under an annular decay property. This result can be viewed a generalization of the
main result of [17] to the metric setting and a multilinear case of [12, Theorem 4.2]. In
Section 4 we introduce the discrete multilinear fractional maximal operator, which has
better regularity. In Section 5, we show that the discrete multilinear fractional maximal
operator maps the product Sobolev spaces to Sobolev spaces, which is a generalization
of the main result of [17] to the metric setting and a multilinear case of [10, Theorems
6.1 and 6.3].

Throughout this paper, if there exists a constant ¢ > 0 depending only on ¥ such
that A < ¢B, we then write A Sy B or B 2y A; and if A Sy B Sy A, we then write
A~y B.
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2. Boundedness on Morrey spaces

In this section we study the action of the multilinear fractional maximal operators
on product Morrey spaces. Let us recall the definition of Morrey spaces.

DEFINITION 2.1. (Morrey spaces). Let | < p <e, B €R and k¥ > 1. A locally
integrable function f belongs to the Morrey space LPP-¥(X), if

1 1
£l oy = sup r*ﬁ(m /B o \f(y)lpdu(y)) T

xeX, r>0 X, Kr

See [19] for the properties. Another way to define the Morrey spaces is the following
LPPR(X) = {f € Lhyo(X) | lgpmr ) < =)

where

1
~ = 7ﬁ YR
Hf”LpﬂB,K(X) Xe?(l:l?>0'u(B(x’ Kr)) <IJ,(B()C, KI"))

1/p
J, O )

Chiarenza and Frasca [5] firstly established the boundedness of the usual Hardy-
Littlewood maximal operator on Morrey spaces in the Euclidean setting. Later on,
the above result was extended to nondoubling metric spaces setting in [19]. Recently,
Heikkinen et al. [10] extended the result of [19] to the fractional case.

THEOREM 2.1. ([101,[19]). Ler 0< x < —fB, 1 < p < oo and g=pB/(oc+P).
Then

H//fazf”mw/iﬂx) fSa,ﬁ,p Hf”uzﬁl(x)a

1A f s sy Sapop 1A 1ms200)-

In this section we shall extend Theorem 2.1 to the multilinear case.

THEOREM 2.2. Let Kk 22, oo=3",0; and B =3 | B; witheach 0 < 0; < —f;
and 1/p=3",(Bi+)/(piBi) and p; > 1. Then

Hml’; (f)||[}’<a+/3~4(x) 5061,...,am,ﬁl,...,[3,,1,p1,...,pm H HfjHij"ﬁj"z(X)’ (21)
=1

ng(f)”ﬁ’“*ﬁ“(x) 50‘1~,~~~,0€m~,/31-,~~~,l3m~,P1~,~~~,Pm H Hf/HZp/ﬁlz(X) (22)
=1

For 1 < kK < 2, the same results hold, under the additional restriction that | is dou-
bling.
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Proof. We only prove (2.1) and (2.2) is analogous. One can easily check that

x) <[], (2.3)

J=1
forall x € X, where o = 3", oj with each o > 0. Fix x € X and r > 0. Inequality
(2.3) together with Holder’s mequahty yields that

m

/B<xr RIAGIOIIE) H(/ 3, 157 v (2.4)

j=1

where 37" 1 1/g;j=1 and g; > 1. For y <0, we write y =", y; with y; = a;; + ;.
(2.4) together with Theorem 2.1 implies that

(g o, RO au0)

< ﬁr—Yf(m / [ O )

]i[H%OC2 fJ”LI"i/Y/ )

)1/(1711/)

(2.5)

where we take pg; = piBj/ (o +B;). Then (2.1) with k = 2 follows from (2.5). Ob-

viously, 9% () (x) < 9Z(f)(x) forall k >2 and x € X . Thus (2.1) holds for k > 2.
When 1 < ¥ <2 and u satisfies the doubling condition (1.1), we have

-,

M () (x) < M, () (x) < MG () (x)
forall x € X. Thisyields (2.1)for 1 <k <2. U

REMARK 2.2. Theorem 2.2 extends Theorem 2.1, which corresponds to the case
m=1and kx =2.

3. Boundedness on fractional Hajlasz spaces

In this section we shall prove that the multilinear fractional maximal operators
have certain smoothing properties. More precisely, we shall prove these operators are
bounded from product Lebesgue spaces to certain fractional Hajtasz spaces.

DEFINITION 3.1. (Fractional Hajtasz spaces). Let s > 0. We say that a measur-
able function g > 0 is a s-Hajlasz gradient of a measurable function u, if there exists
E C X with u(E) =0 such that

|u(x) —u(y)| < d(x,y)’(g(x) +2(»)) 3.1
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for all x, y € X\E. The collection of all s-Hajtasz gradients of u is denoted by Z°(u).
Let 1 < p < . A homogeneous Hajtasz space M*?(X) consists of measurable func-
tion u such that

||“||Mx~p(x): mf HgHLI’ < oo

The Sobolev space M*P(X) is M*P(X)ULP ( ) equipped with the norm

1/p
lellasory = () + 1)) (3:2)

Note that M*?(X) is a Banach space (see [8, Theorem 8.3]). These spaces were
introduced by Hajtasz in [7] for s = 1 and Yang [25] for s > 0.

DEFINITION 3.2. (Annular decay properties). Let 0 < § < 1. We say that the
metric measure space X satisfies the d -annular decay property, if there exists a constant
¢s > 0 such that forall x € X, R> 0 and 0 < h < R, it holds that

A6
H(B(R)\ Bx.R—h)) <cs(3) R(B.R)). (3.3)

See for instance [4, 20] and [9, Chapter 9] for examples and for more information on
these and related conditions.

We shall establish the following result.

THEOREM 3.1. Let k > 1, X satisfy _{he 0 -annular decay property (3.3) and
satisfy the doubling condition (1.1). Let f = (f1,...,fm) with each [ € LPi(X) for
pj>1. Then

(i) Let s<a<mQand 0< 1/qy=3",1/pi— (ot —8)/Q < 1. Then 2°me3" (1+
cs) gié(f) is a generalized § -gradient of MY (f) Moreover, if U satisfies the
lower bound condition (1.2), then

||93T§(]?)||M5,ql (X) ga,m,Q,q7637657p1,-.-7pm H Hfj||L”j(X)~ (3.4)

J=1

(i) Ler B€(0,6/0], 0<a—B <Y 1/piand 1/g=3" 1/pi—o+P < 1. As-
sume that | satisfies the upper bound condition (1.4). Then 208 0B mc%mcff (es+
1)smg_ﬁ (f) is a generalized QP -gradient of ME (). Moreover,

Hgﬁch(f)”MQﬁ#z( X) N(x BKm,0,C1,64,C5,DP15--sPm H Hf/HLP/ (3.5)
j_

Proof. We first prove (i). It suffices to show that

19988, (F) (%) = ME(F) ()] < 20mei™ (1 +cs)d(x, y)° (I 5 (f) (x) + 005 (f)(>2)3)6)
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forall x,y € X.

Fix x,y € X, we first assume that 905 (f)(x) > 9% (f)(y). Given & > 0, there
exists r = r(g,x) > 0 such that

LB Sy, N+ 67
Fix [ € {1,2,...,m}. By (1.1) and the fact that B(x,r) C B(y,r+d(x,y)), it holds that

1
O] e R

1B, k(r1d(x.))) I
< 5 L) ST sty O s
u(B(x,(2k + 1)r 1 :
e ) B R ) Ty N
2
< BRI TTOTT i sy 1O
When r < d(x,y), (3.7) together with (3.8) implies that
zmg"gf)() (7))
B My G
21 ! | (3.9)
<A dxy) U ERC+2G: y>>>>/<yr+dxy ile)dptz) +e
< md(x )P ME_(F)O) +
When r > d(x,y). (3.7) gives that
ME () (x) — ME(F) )
o m l
< Iimem / o, )
o = 1
4 ) T 0 T sty ) €
S (e [ h@nE) (3.10)
I=1p=1 ,U(B()C,K'r)) B(x,r) !
m 1
o) N Crrrreroreseoy AN G0

\%
r
X[ ———— 2)|du(z
(2t Ju i
r+d(x,y))*
— T Toturraeo i DNAR(R)) +
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Fix 1 <1< m. By the doubling property and the §-annular decay property, one has
1 1
H(B(x kr)) 1B, k(r+d(x,))))
(u yKr+dxy))\B(x K'r))) 1
B(x, xr)) u(B(y, k(r+d(x,y))))
(u (x, Kr+ (K + Dd(x,y))\B(x, K ))) H(B(x kr+ (K +1)d(x,y)))
B(x, Kr—|— K+ 1)d(x,y))) W(B(x,kr)) 3.11)

“ wB0, K<r+d<x )
ey (EE D)y ) I
SO\ e+ Dd(ry))  r(BGoxr) RBO:K+d(x,y)

d(x,y) )5 1
r+d(x,y)) w(B(y,x(r+d(x,y))))

< Zéclc (

It follows that
o

EELS
LB d(x)) Joor saten)
R S 1 V[ li@aut)
ST T Bawr) ~ RBO Rt Jareacen)

1
M ANUCLC!

This together with (3.8) and (3.10) implies that

ME () (x) —ME(f) ()
< 250%c15d( V) (r+d(x,y)""
m 1

)
> (4 g RN ICIZC)

== p(B(y,x(r+d(x,y))))
1

’ Vlll <” (Bx, k(r+d(x,y)))) /(yr+d(xy)) |fv(z)|d“(1)>
: fi(@)ldu(z) + e

s [ @) - (@2

W(B(x, k1)) JB(x,r)

< 2%clesd(x,y)® (r+d(x,y)) "0

(3.12)

* WBO.K(r+d(x.y)) Z(yr+d (x))
< 2%mc}esd (x,y)°ME_s(F)(y) +¢,

Then (3.12) and (3.9) yield that

M (f) (x) = MG (f) (v) < 20me™ (1+¢s)d (x,y)°MY_5(F)(v)+e (3.13)
if 9 (F)(x) = ME(F)(y). Similarly, we can get

M (F) () = ME(F) (x) < 2°me}" (1 +e5)d(x,y)° M _5(H()+e  (3.14)
it I (F)(x) < ME(F)(y). If follows from (3.13) and (3.14) that

9005 (F) (x) — 08 (7) )] < 22me™ (1 + es)d(x.)® (0 5<f><x>+m;_5<f><y><>3+1§>
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Letting € — 0, inequality (3.15) leads to (3.6). From (3.6) we see that 25mc%’"(1 +
cs)ME_s( f) is a generalized & -gradient of 90t (f) . This together with (ii) of Theorem
1.2 yields (3.4).

We now prove (ii). The proof is analogous to (i). Let x,y€ X and 0 < § < /0.
We want to show that

|08 () (x) — ME(F) ()] ) ) (3.16)
<29k me}e] (cs+ 1)d(x,y)2P (M _g (F)(x)+IME_4(H()). '

Assume that ﬁg (Hx) = ﬁg (F)(y). Given € > 0, there exists r = r(g,x) > 0 such
that

a0, (f)(x) < (w(B(x, KV)))OH"H/B( )\fz(Z)ldu(Z)JrS- (3.17)
=1 X,
When r > d(x,y). We get easily from (3.17) that

M (f)(x) = ME())
< (u(B(x,xr) OH”H/ fi(2)ldu(z)

~(R(BO,k(r+dxy)))™ mH/ il +e
-1 1
<2 1 G o o) "
5 1
“ L (et o /wa A@ldu()

s (B kr))) - / o, i@ )

B+ [ @) e
B(y,r+d(x.y))
Fix I € {1,2,...,m}. (3.11) leads to

(B wr))* ! [ AN~ (5B k(- d )

<[ sty Q)

o 1 1
< (u(B(y, K(r+d(x7y))))) (u(B(x, k) (B0, 1<(r+d(x,y))))>
« / fi(2)du(2)
B(y,r+d(

y,r+d(x,y))
5 diry) ° o
<20ctes (20D WBO R+ [ GG,

(3.19)
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It follows form (3.8), (3.18) and (3.19) that

() () ~ ME() ) < mc%mcs(%)swwmK<r+d<x7y>>>>>“m
AL, QNG +
(3.20)
Note that § — Qff > 0. Then by (1.4) we get
d(x,y) 8 , . B
(rdteyy) B0 +d@n)) ﬁ
)P ()08 WO+ (1)) .

(r—l—dg)@y))‘S

d(x,y) \o-2
< CE KQﬁd(an)Qﬁ (%) < CQ k%a

Then (3.20) and (3.21) may yield that
M (1)) = ME(F) ) < 2°kPmed"cf esd(x,y)PPME_(H)+e  (322)
when r > d(x,y). If r <d(x,y), if follows from (3.8), (1.4) and (3.17) that
ﬁk(f)( = fW(f)( )

< (u(Blx. k) aH m/ hE@ldu() +e

2m 1
S A" (HBlrK(r+d(x.)) ,1:[1# K(r+d(x.y)))) /(yr+d(x.,y>> ile)ldpz) +e

<A (k(r+d(x, y))) P (u (B(x71<(r+d(x P

m

xll_Il[,L( B(y,x r+dxy /Byr+dxy |fi(2)|du(z) +
<2Q/31(Q/3€2mcl3d(x y)Qﬁg)’ta ﬁ(f)( )+£.

(x, )%

This combines with (3.21) implies that

=,

M (F) (x) — ME(F) () < 2° 6P e} esd (x,9)PME_5(Fy)+e.  (3.23)

Similarly, when ﬁg (f)x) < M K (f)(y), we can conclude that

ME(F)(y) — ME(F)(x) < 2°xPmede] (s + 1) (x,y)2PIME_5(f)(x) +e. (3.24)
We get from (3.23) and (3.24) that
MEH@)-MEHO (3.25)
<20kl (es +1)d(x,y)P(ME_y () +ME_,(HO) +e.

=,

Letting € — 0, (3.25) leads to (3.16). Hence, the function 29 KQﬁmc%’“cff (cs+ l)ﬁgiﬁ (f)

is a generalized Qf -gradient of ﬁo’i (f). This together with part (i) of Theorem 1.2
yields (3.5). O
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REMARK 3.3. Theorem 3.1 can be seen as a generalization of the main result of
[17] to the metric setting. Part (i) of Theorem 3.1 extends [12, Theorem 4.2], which
corresponds to the case m = k = 1. It should be pointed out that part (ii) of Theorem
3.1 1is new even in the special case m =1, Kk =1 and a =0.

REMARK 3.4. Under the assumptions of Theorem 3.1, we see that 9 (f) €

é, ank /7 d, * m * m
M (X) and ME(f) € M (X)), where 1/q; =% 1/pi—a/Q and 1/g5=3",1/p;
— 0. Moreover, for all open sets A C X with {1(A) < e, the following inequalities are

valid.

4. The discrete multilinear fractional maximal operator

Let us begin with the construction of the discrete multilinear fractional maximal
operator. Let r > 0. Since the measure u is doubling, there are balls B(x;,6r),i =
1,2,..., such that

=

X = UB(xi,r) and ZXB(X,—ﬁr) <N < oo,
i=1 i=1

where xp(y6r) is the characteristic function of the ball B(x;,6r) and the constant N
depends only on the doubling constant. This means that the dilated balls B(x;,6r), i =
1,2,..., are of bounded overlap. We construct a partition of unity subordinate to the
covering B(x;,6r),i =1,2,..., of X. Indeed, there is a family of functions ¢;, i =
1,2,..., suchthat 0 < ¢; < 1, ¢; =0 in X\ B(x;,6r), @ > v >0 in B(x;,3r), ¢; is
Lipschitz with constant L/r with v and L depending only on the doubling constant,
and

§@w=1

forevery x € X.

In what follows, we denote by Ag(f) = ﬁ Jp f(x)du(x) the integrable average
of f over the set B. We now introduce the discrete multilinear fractional maximal
operator.

DEFINITION 4.1. (Discrete multilinear fractional maximal operator). The dis-
crete convolution of a locally integrable function f at the scale 3r is

=

Dy(f)(x) = X, ¢i(x)Ap(y, 3n (If])

i=1
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for every x € X. Let rj, j = 1,2,... be an enumeration of the positive rationals and
let balls B(x;,r;),i=1,2,... be a covering of X as above. The discrete multilinear

fractional maximal operator of f= (fi,-..,fm)in X is

-,

M, (f)(x) = supr; HDr, fo)(x

/>l =1
forevery x € X.

When m = 1, the operator 21, reduces to the discrete fractional maximal function
M studied in [11]. Specially, the Hardy-Littlewood type discrete maximal function
corresponds to the special case oo =0 of ., , which was investigated by many authors
(see [1, 14, 15] for example).

The following result shows that the discrete multilinear fractional maximal func-
tion is equivalent with two-sided estimates to the standard multisublinear fractional
maximal function.

THEOREM 4.1. Let f = (fi,....f) with each fi € LL.(X). Assume that the
measure | satisfies the doubling condition (1.1). Then

-,

M, (F) (%) ~e; My () (x)

forevery x € X.

Proof. Observing that for each x € X, there exists i = i(x) such that x € B(x;,r}).
It follows that B(x,r;) C B(x;,2r;). This together with the fact that ¢; > v on B(x;,7;)
yields that

H xr] |fl Ncl jH Bx,3rj |fl Ncl jH(Pl ABx,,3rJ (‘fl‘)r\zcl (]?)()C)
=1

4.1)
for all x € X. Taking the supremum on the left side of (4.1), one has

My, (F)(x) ey MG(F) () (42)
for all x € X. On the other hand, fix x € X and a positive rational number r;. Since
¢ =0 on X \ B(x;,6r;) and B(x;,3rj) C B(x,9r;) for every x € B(x;,6r;), by the
doubling condition (1.1), it holds that

T =TT ( 3 (1))
=1

S
FTT(Z 0 G A 141)

x,,3rj))

z:ns

Z§

l

Ncl H B(x,9r;) |fl

1:

Il
-
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It follows that
M () () Sey Mg (F)()
for every x € X . This together with (4.2) yields our claim. [

Applying Theorems 4.1 and 1.2, we obtain

THEOREM 4.2. Assume that the measure L satisfies the doubling condition (1.1)
and the lower bound condition (1.2). Let f = (fi,..., fn) with each f; € LPi(X) for
pi>1,0<a <3, Q/piand ;=31 1/pi—0/Q< 1. Then

HfjHLP./‘(X)-
j=1

5. Boundedness on Sobolev spaces

A nonnegative Borel function g on X is an upper gradient of a function # on an
open set Q C X, if for all rectifiable paths y: [0,1] — X, we have

wwm»—uwu»hsﬁgu, 5.1)

whenever both u(y(0)) and u(y(1)) are finite, and [, gds = e otherwise. The assump-
tion that g is a Borel function is needed in the definition of the path integral. If g is
merely a (-measurable function and inequality (5.1) holds for p-almost every path,
then g is said to be a p-weak upper gradient of u. By saying that (5.1) holds for p-
almost every path we mean that it fails only for a path family with zero p-modulus. A
family I" of curves is of zero p-modulus if there is a non-negative Borel measurable
function p € LP(X) such that for all curves y € I, the path integral [, pdx = co. If we
redefine a p-weak upper gradient on a set of measure zero we obtain an upper gradient
of the same function. If g is a p-weak upper gradient of u, then there is a sequence g;,
i=1,..., of upper gradients of u such that [y |g;—g|’du — 0 as i — . Hence every
p-weak upper gradient can be approximated by upper gradients in the LP(X)-norm.
If u has an upper gradient that belongs to L”(X) with p > 1, then it has a minimal
p-weak upper gradient g, in the sense that for every p-weak upper gradient g of u,
gy < g almost everywhere.

We now recall the Sobolev space in metric space, which is called Newtonian space
usually.

DEFINITION 5.1. (Sobolev spaces in metric space). We define the first order
Sobolev spaces on the metric space X using the p-weak upper gradients. These spaces
are called Newtonian spaces. For 1 < p < e and u € L?(X), let

. 1/p
lulogey = ([ JlPd+in [ grau) ™,
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where the infimum is taken over all p-weak upper gradients of . Then Newtonian
space on X is the quotient space

NYPX) = {u: ullyrngey < o}/ ~,

where u ~ v if and only if [|u —v||y1,x) = 0. The same definition applies to subsets
of X as well.

The notion of a p-weak upper gradient is used to prove that N'”(X) is a Banach
space. We refer to [3, 22, 23] for the properties of Newtonian spaces

Before showing our main results of this section, we shall present the following
useful proposition, which followed from [3].

PROPOSITION 5.1. ([3]). Let u = sup,;u; and g = sup;g;, where g; is a p-weak
upper gradients of u;. If u is finite almost everywhere, then g is a p-weak upper
gradient of u.

We shall establish the following result.

THEOREM 5.2. Assume that the measure U satisfies the lower bound condition
(1.4) and that 1 is doubling. Let f = (f1,...,fm) with each fi € LPi(X) for pj > 1,
1<a<X!" ,0/piand 1/q=Y"1/pi—(0c—1)/Q < 1. Then, there exists a constant
C=C(L,m,cy) > 0 such that CONy,_, (f) is a weak upper gradient of M, (f).

Proof. Fix r > 0, we first consider the weak upper gradient of r* [/, D,(f).
One can easily check that

110 (X)—r“]m[Dr(fz)(y)‘
= (5.2)
<r* Y T o H D(f1)(x)|Dr(f1)(x) = Dr(f1) )]
I=1pu=1 v=I[+1

Since each ¢; is % -Lipschitz continuous and has a supported in B(x;,6r), then

D)) =D, () |—)z<pl X)Antay 30 (L) 2@ JAn(a30 (1])

2 |0i(x) — @i (V)| Apy, 30 (fi]) (5.3)

< Lrtd(x, y)z B3 ([ fi])-

i=1

If x € B(x;,r), then B(x;,3r) C B(x,9r) C B(x;, 15r) and

80 3n) (i) < Ageon (1il). (5.4)
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By the bounded overlap property of the balls B(x;,6r), i = 1,..., and (5.4), one finds
that
Dr(f1)(x) = 3, @i()Ap(s; 30 (1fil) Xp(ai.6n () < NetApeon (1fil)- (5.5)
=1

Similarly, it holds that
D, (fi)(y) < NcjApgeop (Ifi])- (5.6)

Then by (5.3), (5.4) and the bounded overlap property of the balls B(x;,6r), i=1,...,
we have

ID-(f1)(x) = D/ (f1) ()]

< Lrild(xvy) EAB(xi,3r)(|fl ‘)XB(xi,r) ()C) 5.7
i=1

oo

< Lr_ld(xvy) ZAB(X,'73I’)(|JCI ‘)XB(xiﬁr) (x) < LNC?F_ld()@y)AB(x,%)(‘fl|)'
i=1

It follows from (5.2) and (5.5)-(5.7) that
m

T~ = TP )
=1

=1

<d(x,y)Lm(Ne})"r* " TT Ap(eon (1il)
=1

<d(x,y)9" " Lim(N})" ML, ()(2).

Therefore, the function 9'~%Lm(Ne3)™ML, | (f) is a weak upper gradient of
r*TI/"; D+(f;). This together with Theorem 4.1 implies that there exists a constant
C=C(L,m,cy) > 0 such that CT;,_, (f) is a weak upper gradient of r® 1 De(f1).
By Theorem 4.2, we see that M}, _,(f) € LY(X). Hence, the function 9} _,(f) is
finite almost everywhere. Applying Proposition 5.1, we can get our desired conclu-
sion. [J

REMARK 5.2. The following Sobolev type theorem is a generalization of the
main result of [17, Theorem 2.3] to the metric setting. Theorem 5.2 implies [10, The-
orem 6.1] when m = 1. With the assumptions of Theorem 5.2, we see that 9}, (f) €

N (X) and

loc

||mz(f)“Nl>q* (A) SeQ.Lmer.espr.pm <”(A)l/q*_l/q + 1) H ||fjHL”j(A)
J=1

for all open sets A C X with t(A) <eo. Here 1/¢" =" ,1/pi—0/0< 1.

In order to establish next result, we need the following definition.
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DEFINITION 5.3. ((1, p)-Poincaré inequality). We say that X supports a (weak)
(1, p)-Poincaré inequality if there exist constant ¢ > 0 and A > 1 such that for all
balls B(x,r) C X, for all locally integrable functions « on X and for all p-weak upper
gradients g of u,

m/B(m)u A (W)ldu < C6r<m/mr)gpd#>l/p.

Note that since p-weak upper gradients can be approximated by upper gradients
in the LP(X)-norm, it would be enough to require the Poincaré inequality for upper
gradients only. By Holder’s inequality we see that if X supports a (1, p)-Poincaré
inequality, then it supports a (1,q)-Poincaré inequality for every g > p. It was shown in
[13] that if X is complete and u is doubling, then a (1, p)-Poincaré inequality implies
a (1,r)-Poincaré inequality for some r < p. Hence the (1, p)-Poincaré inequality is a
self improving condition.

We now establish the boundedness of the discrete multisublinear fractional maxi-
mal function in Sobolev spaces.

THEOREM 5.3. Assume that the measure [ satisfies the doubling condition (1.1)
and the lower bound condition (1.2). Let f = (fi,...,fn) with each fi € NVPi(X)
for 1 <pj<eo, 1<a<¥!,0Q/piand 1/q=3",1/pi—a/Q < 1. Assume that
X is a complete metric space which supports a (1, p)-Poincaré inequality with p =
min| <<,y pi. Then M5 (f) € NY(X). Moreover,

m
“mZ(f)“Nl~‘l(X) §a7Q7517037567P17-~-717m H HﬁHNl"’I(X)
=1

Proof. Let f; € N'P1(X) and g € L”(X) be a weak upper gradient of f;. Fix
j=1land r>0,letx,y € B(xj,r) and I; = {i : B(x;,6r)NB(xj,r) # 0}. On the basis
of the bounded overlap of the balls B(x;,6r), the set I; is finite and the cardinality does
not depend on j. One can easily check that

LD ) = TIDAHO)|
=1 z_
:ra Hz(pl( )ABx 3r ‘fl Hz(pl ABx“Br |fl‘)‘
I=1i=1 =il (5.8)
m [—1 oo oo
<Y T Y 00 A 30 (1ful) > 0i(x) A 30 (I1])
I=1p=1i=1 VEH1i=1

S
I
)

Il
-

(%) — 0i(¥) (A 3r) (1fi]) — Ap(; 30 (1 fi]) ‘
It was shown in [10] that

|2 (9106) = 0:3)) (A, 30 (i) = Ay 3n ()|
(5.9)

< r 1/n
See d(x,y) <W (1000 81 d#)
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forsome r; € (1,p;) and A > 1. Let o =Y/ | oy with o; > 0. Then (5.4) leads to

"‘12% X)Ap(x3n) (fi]) < ClraABx9r(‘fl|)zi 0ilx) < Mg, (f)x).  (5.10)

Note that B(x,9r) C B(y,11r) C B(x,13r). This together with (5.4) and (1.1) implies
that

alZ(Pl ABx, 3r) ‘fl|)

=

< iAoy (Ifil) Y @ix) (5.11)
=1
11
< U Agon (Lfil) = A %As@,m)(ﬁl)<C‘f//é,(fz)(X)~

It follows from (5.8)-(5.11) that

m m

TP ) = TIDA W)

=1 =1

e 1 1 / " 1/r
Ncl,cﬁ 2 H %(XH fli)( ) <[,L(B(xj7101r)) B(xj710)Lr)gl d.“) .

I=1 1<u<m
u#l

Since the pointwise Lipschitz constant of a function is a weak upper gradient, we set
that

1/

=8 TL A8 00 3 (o 5277 s ) 2o

=1 I<u<m

u#l

is a weak upper gradient of r*[I}", D,(f7). By the bounded overlap of the balls, there
exists a constant C = C(cy,c6) > 0 such that

e cl,cﬁﬁ an @Y T AL () () = Cler,e) G x):

1<u<m

u#l

By Theorems 1.2 and 4.1 with m = 1, the Holder’s inequality and the Minkowski’s
inequality, it holds that

1G() Il zacx) HII o &N Neaxy TT N, i)l )

1<y<m
w (5.12)
Se0.e1.cprs PmH”ngL”l H ||quLf’ﬂ(X)
=1 I<pu<m
u#l

Here 1/qg =3",1/q; and q; = Opi/(Q — cip;). Then G(f) is finite almost every-
where. Applying Proposition 5.1, we obtain that C(cy,c6)G(f) is a g-weak upper
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-,

gradient of M, (f). Note that g' € L”/"(X) and p;/r; > 1. By Theorem 4.2 we can
get

This together with (5.12) yields that

m
19, (f) HNL‘I(X) Set.0.c1.¢3.¢.01m H 1 HNLP/’ x)
j=1

Then Theorem 5.3 is proved. [
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