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MUHAMMAD RAEES AND MATLOOB ANWAR

(Communicated by J. Pecari¢)

Abstract. First we consider a new trapezium identity for twice differentiable functions in quan-
tum integrals. This identity investigates our main results that consist some integral inequalities of
trapezium type using the newly introduced g-derivatives for the m-convex functions over finite
intervals of real numbers. Some special cases are discussed in details to support our theoretical
results.

1. Introduction and preliminaries

The theory of convex functions has a pivotal in the development of many fields
of Mathematics. Significant applications of convex functions are found in a variety
of applied sciences such as optimization theory, number theory, combinatorics, special
means theory, approximation theory and numerical analysis.

Recall that a function f:J C R — R is called convex on J, if

flaa+(1-a)b) < oaf(a)+(1—a)f(b), (1)

holds for all a,b € J,a<b and o € [0,1]. We say that f is concave, if the inequality
(1) holds in the reverse direction.
The following double inequality:

() <5y om0 g

is called the Hermite-Hadamard inequality. The indicated inequality gives a simple
and useful criteria for a function to be convex. The inequality become an essential tool
for estimation of average integral of a convex function, when the integral is not even
calculated. For instance, if f(x) = e’“z7 then we use the double inequality to estimate
the average integral. The above useful feature made the researchers to get some nice
generalizations of the Hermite-Hadamard inequality by utilizing some general kinds
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of convex functions. So far, many refinements, improvements and generalizations have
become the part of literatures, see [15, 16, 17, 21, 22] and the references therein.

The notion of m-convex functions is the marvelous generalization of convex func-
tions and is introduced by Toader [12] as follows: A function f is said to be m-convex,
if

flaa+m(1—a)b) < af(a)+m(l —a)f(b), 3)

holds for some fixed m € (0, 1]. Clearly, we recover classical convex function if m = 1.

The study of quantum calculus (more briefly g-calculus) is the calculus with no
limits. The theory has its origin in the 18th century. Famous mathematician Euler
was responsible for introducing g as a parameter in Newton’s work of infinite series.
Jackson worked on the classical definition of the derivative of a function and proved
many results in the domain of g-calculus. Jackson got the credit for systematic devel-
opment of g-calculus. The mentioned branch is considered as an incorporative subject
between physics and mathematics. For some current advancement in this field, we refer
to [3, 4, 8, 13, 14, 18, 19, 20].

For a real function f, the g-derivative is characterized by

f(gx) —f(X),

gx —x

Dy f(x) = @

where g € (0,1). Note that
lim Dy f(x) = f'(x).

q—1~
The Jackson integral of a real function f is defined by the following series expan-
sion
k

[ 1= (1~ 3, o 1(4"%). ®

0 h=0

The authors in [10, 1], studied the notion of g-derivatives and g-integrals over
the finite real interval [a,b] and defined the g,-derivative and ¢, -integrals. For a con-
tinuous function f : [a,b] — R and g € (0,1), the g,-derivative and g, -integrals of f
at x € [a,b] are respectively defined and denoted by

f(x) = fgx+(1—q)a)

quf()C) = (l _ q) (X— Cl) ’ X 7é a, (6)
and
k oo
/f(X)adqx =(1—q)k—a) Y, ¢"f(¢"k+(1—q")a), k€ a,b]. (7
p h=0
If a =0, then
k . k
[ £dex = 1=k 3 " £l = [ ), ®)
h=0

0 0
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which is the classical g-integral (5).

The authorsin [1, 6, 7, 9, 2], have contributed to the ongoing research in g-calculus
and have established some interesting results.

The authors in [2], discussed the notion of g-derivatives and g-integrals over the
finite real interval [a,b] and defined the ¢”-derivative and g’ -integrals. For a continu-
ous function f: [a,b] — R and ¢ € (0,1), the ¢”-derivative and ¢ -integrals of f at
X € [a,b] are respectively defined and denoted by

J(x) = fgx+ (1 —q)b)
(I—q)(x—b) '

"Dyf(x) = x#b, )

and

b o
[50) e = (1= )b~ T ¢ fq"k+ (1 =q"B), kelabl. (10
% h=0

If b =0, then we have a relation with classical Jackson integral (5) as follows:

0 k

[ 76 Y = ~(1=k 3 (6 = = [ v
h=0

k 0

REMARK 1. Itis useful to note that

lim D, f(x) = f'(x) = lim D f(x).
q—1- q—1-

Here we point out some useful features of g-derivatives and g-integrals.
1. From (4), (6) and (9), we found that
odgx = dgx ="dx. (12)
2. The derivatives ?D,f(x) and ,D,f(x) are not same for general functions. In-
deed, if f(x) = x?, then
"Dy f(x) = (1+g)x+(1—q)b

and
aDgf(x) = (1+g)x+ (1 —q)a.
However,
quf(x) = f/(x) = aqu(x)
provided that g — 17 .

b b
3. The g-integrals [ f(x) ®d,x and [ f(x) ,d,x are different for general functions.
a a

For instance,

b
b—a
b
d,x = b
/x p 1+q[a—|— q]
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and

b
b—a
adgx = b].
[ adpx =3 lag-+b

Furthermore,
b

b
b2_ 2
/xbdqx: Za z/xadqx
a

a

subject to the condition that g — 17 .

In view of the above results and literatures, and following forward with this ten-
dency of the newly introduced g-derivatives and g-integrals, the aim of this paper is
to establish a new trapezium identity for twice differentiable functions in quantum in-
tegrals. Applying this interesting identity some integral inequalities of trapezium type
using the newly introduced g-derivatives for the m-convex functions over finite in-
tervals [a,b] of real numbers a and b. Some special cases will be given in details to
support our theoretical results. At the end, a brief conclusion will be provided as well.

2. Some useful results and conventions on g-integrals

Let recall some useful results and conventions used in the indicated domain.

DEFINITION 1. [3] For a fixed real number p,

1—qg?
= 13
[Pl = 1= 7 (13)
is called g-analogue of p. In particular,
1— qn n—1

provided that #n is a positive integer.

DEFINITION 2. [3] For any integer s, the g-analogue of (w —c¢)* is the polyno-
mial
1 if s=0
w—c)i =1’ ’ 15
( Ja {(w—c)(w—qc)---(w—cf‘lc)7 if s>1 (13)

DEFINITION 3. [3] Forany 7,0 >0,

1
By(1.8) = [ 5 (1- g0} dyx, (16)
0
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is called the g-Beta function. Notice that,
(17)

where [y] is the g-analogue of y. Furthermore, if ¢ — 17, then we have the following

classical Beta function
1

B(y,8) = /xy_l(l —x)% dx. (18)
0
In [6], the authors introduced some new inequalities of Hadamard type by proving

the following identity.

LEMMA 1. Let f:[a,b] — R be a twice differentiable function on I° (the interior
of 1) with QDZ f continuous and integrable on I, where 0 < g < 1. Then the following

identity holds:
qf(a)+ / )
1 + q b—a
1

200 \2
- % X /s(l —qs)asz(Sb‘f‘ (1 —s)a) odys.
0

Now and onward, we adopt the convention dyx for gd,x and Odqx if the lower
limit is O due to the fact given in Remark 1. Some very similar calculations leads to the
following counterpart of Lemma 1.

LEMMA 2. Let f:[a,b] — R be a twice differentiable function on I° (the interior
of 1) with ”D,?f continuous and integrable on I, where 0 < g < 1. Then the following
identity holds:

b
! (“)lj"j R / 1) "dgx

1

= 1+q xo/sl—qshDéf(sa—i-(l—s)b)dqs.

Now, we have the following new identity from Lemmas 1 and 2.

LEMMA 3. Let f:[a,b] — R be a twice differentiable function on I° (the interior
of 1) with sz and "D? o/ continuous and integrable on I, where 0 < q <'1. Then the
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following identity holds:

f(a)—;f( b a /f qx+/f bdqx (19)

|
<
5]
~—~
S
|
Q
~—"
[\S]
o _

s(1—gs) [uDéf(sb—i- (1—s)a)+ bDZf(sa—F (1 —s)b)] dys.

3. Main results

In this section, before we present our main results, let us denote, respectively,
I={a,b] and I° = (a,b).

THEOREM 1. Let f: 1 — R be a twice differentiable convex function on I° with
aD,?f and hDéf continuous and integrable on I, where 0 < g < 1. If |uD$f " and

|bD§f|r are m-convex functions on I for r > 1, where m € (0,1] is fixed, then

b

b
fla)+/(b) 2(b1_ ¥ [ 76) g+ [ 106)

2(h—a)? s "
Lo { ((1 3 = gy DR )
p=0

8

+ ((1 —q) Y ¢’ (1—g") ”Dﬁf(a)‘r

p=0
bD2f< >r> . (20)

Proof. By the Lemma 3 and properties of the modulus, we have

IO ICH /f qt+/f 0 b

+m(l—q) Y (¢ —q")

2

1
_@b—a? o

D2f(sh+ (1= s)a) + "Df(sa+ (1 — s)b)] ’ dys
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1

q*(b—a)?
< 2(1q) O/S(l_qs”“Déf(5b+(1—5)a)} dys
1
+/s(1—qs)‘ ”Déf(sa—l—(l—s)b)‘ dys| - en
0

By m-convexity, application of g-integral (8) and power mean inequality, we get

1
/s(l —qs) | aD;f(sb—i- (1—s)a)| dgs
0

1
(/sdqs
0
1 =% /1
(/sdqs /sl—qs |qu ’ +m(l—s)
0 0

1-1 oo
) ( (1-0) 3 471 ="y Do)

1 1

e
/sl—qs | Dfsb—|—1—s) )’ dys
0

D3 ()| ] s

N

N

p=0

1
r

mr(2)/)

+m(l—q) Y (4 =4’
p=0
Similarly,
1
/s 1 —gs) bDéf(sa—F(l —s)b)) dys
0

"D2f(a)|

1 1-1 oo
< - 1— 3p 1— p+1I\r
<(132) (( ) 5,470
hD2f< )) (23)

Inequality (21) leads to the required inequality (20) by utilizing inequalities (22) and
(23). O

o

m(1—q) ¥ (¢ —q’")

p=0

COROLLARY 1. If r is a positive integer, then using the facts that

(1—g9)" < (1=gs)y  (1=s5)(1—gs)" < (L—gs)g™ 24)
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we obtain
@+f®) 1 |7 /
B s [/f(t) it [ 10 hd‘ft]
qz(b—a)2 av|m s
<W{<Bq(37r+l)| D2f(b)| +mBy(2,r+2) Déf(EN)

bDéf (%) r);}. (25)

REMARK 2. If ¢ — 17, then we have the following inequality for m-convex func-
tions:

+ (Bq(37r+ 1) ‘bpgf(a)‘r+mBq(27r+2)

fO1E) 1 / o ar

2B +m(r+ D] (27"
23—— (r+1)(r+2)(r+3)

<2f”(a>| +m(r+ 1) 1" (&)] )1} (26)

(r+0)(r+2)(r+3)

THEOREM 2. Let f: 1 — R be a twice differentiable convex function on I° with
aD,?f and hD2f continuous and integrable on I, where 0 < q < 1. If | D f| and

|bD§f|r are m-convex functions on I, where r,u > 1, i—f— i =1 and me (0,1] is
fixed, then the following inequality holds:

5 b
fl@)+f(b) 2(b1_ 5 1@ adat+ [ £

2

(g+1)(1+q+4%

N @7)

{ (140 LD )|+ me? 2 <%>v>*‘
)

(1+q) |bD2f | +mq? |bD2f( )’ G
(g+1)(1+q+4?) '
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Proof. The Holder’s inequality, m-convexity and the application of g-integral
leads to

1
/s(l —qs) | aD;f(sb—F (1—s)a)| dgs
0

1 P/ i
(/sl—qs“ qs) (/s!aDZf(sb—F(l—s)a)!r dqs>
0 0
( q‘erl)u) !

1
x (O/S[s|aD§f(b)|’+m(1—s) aDﬁf(%)H dqs)

:<(1_q>iqzs(l_qsﬂ>u>“((Hq)}angf<b>|’+mq2|angf(%)}’> o)

1
r

~SI—

0 (g+1)(1+q+4°

Similarly,

1
/s(l —gs) ’ ngf(sa—f— (1 —s)b)’ dys
0

< (108 a-gny) (Lealmral e B

=0 (g+1)(1+q+4°

~|—

Inequality (27) is then obtained by inequalities (21), (28) and (29). U

COROLLARY 2. If p is a positive integer, then using the fact that

(1—gs)P < (1—gs)l, (30)

we have

b b
f(a) ;ﬂb) _ Z(bl_ 5 5@ adat+ [ £10) e

2 ol s L2 :
<—q2(b‘“§2<3q<z,u+1m{< L+ ) o3 O]+ ma? D3 (i N)

2(1+¢ (I4+g+4*(1+q)

31
Utar A1 +a) G

o (o boisal sl F )}
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REMARK 3. If g — 17, then we get the following inequality for m-convex func-

tions:
b
LGRS G AP

< (b_4a)2 ((u+1)1(u+2)>i

(zwwy+mvm%w>i+<ZWWW+mVN%W>:, )

6 6

THEOREM 3. Let f: 1 — R be a twice differentiable convex function on I° with
asz and hD2f continuous and integrable on I, where 0 < q < 1. If | D f| and

|bD§f|r are m-convex functions on I for r > 1, where m € (0,1] is fixed, then

fla)+f(b) /f

5 qt+/f 1) bdy

PD2s(a)|

NS
hD5f<%>> 33

Proof. Applying the power mean inequality, m-convexity and the g-integral (8),
we get

—
-
|
=
M
—
_
\_:
2
+
[\)
—~
-
Q‘/
+
\;

+ m(1—q) Z (@) (1=g")(1-¢")

1
/s(l —qs) | aDéf(sb—f— (1—s)a)| dgs
0

1 i 1 ’
(/1 4 /s L—q1)"| D3 f(sD+(1=s)a)|" dys
0 0
1
1 p 7
a r
(/ = WD) e [0 a1 o0 ()] s
) 0
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- ((1 — ) (@) (Y D2 (b

1
) . (34)

Similarly,

s(1—gs) szf(sa—l—(l—s)b)‘ dys

(1 _q) i(q.\')rJrZ(l _q.v+l)r

s=0

"D f(a)|

N
— O\H

oo

m(1—q) Y (") (1-¢"")(1-¢")

s=0

1
b r r
h])f]f<%) ) : (35)

Inequality (33) is then obtained by inequalities (21), (34) and (35). O

COROLLARY 3. If r is a positive integer, then using the inequalities (24) we ob-

tain
f@+re) 1| i
g | [0 et [ 10
2(b—a)? r a\|” %
< ngll’_'_q; {(Bq(r+2,r—|—1)}aD§f(b)} +mBy(r+1,r+2) aD$f<%>’ )

1
b\|"\ "
‘D f (-) ) } . (36)
m
REMARK 4. If g — 17, then we have the following inequality for m-convex func-

tions:
b
UGES (G A

_(b-ap
4

n (Bq(r+2,r+1)”’Dgf(a)’r+m3q(r+1,r+2)

{(B(r+2,r—|— D |f"(b)|"+mB(r+1,r+2)

©)

)r}. (37)

+ (B(r+2,r+1)|f”(a)|’+mB(r+1,r+z)
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THEOREM 4. Let [ : 1 — R be a twice differentiable convex function on I° with
sz and szf continuous and integrable on I, where O<g<l. If |aD§f " and

|hD f| are m-convex functions on I, where r,u > 1, = —|— % =1 and m € (0,1] is
fixed, then

b

b
f(a) _;f(b) o Z(bl_a) /f(l) adqt+/f(t) hdql

a
1

qZ(b_a)Z < S\U s u !
< 20+q) ((1 —Q)ZB(‘I) 1—g )

(|aD§f(b>|r+mCIlaD5f(%)lr> o (lhDif(a>|r+mqlhDif(%)V) *

1+gqg 1+g¢

(38)
Proof. By Holder’s inequality, m-convexity and the g-integral (8), we have

1
/sl—qs| Dfsb+ (1—y) )|dqs
0

1 1
u 1 T

1
< s'(1—gs)"d | D2f(sh+(1 —s)a)|r dys
[Jeowrae) (1o
1 i 1 . 1 ’
< (/ (1 gs)" DO [ sdys+m| D2 (2] [(1=)dys
0 0 0
) % uD2 b r+ uD2 a\|" ;l
_ (1 _q)Z(qs>u+l(1 _q.\'Jrl)u) <| qf( )| lﬁq’ qf(m)| ) ) (39)
s=0 q
Similarly,

1
/s(l —qs) ) szf(sa—F (1 —s)b)) dys
0

oo b2 m b2 %
S ((1_q)Z(q.\')qul(l_qurl)u) <| Df } + q| Df( )} ) ) (40)

s=0 1+ 4q

Inequality (38) is then obtained by inequalities (21), (39) and (40). U
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COROLLARY 4. If u is a positive integer, then using the inequality (30) we get

e L /f qH/f o

2(b—a)? . aDzbrmuD2ﬂr%
<7q2§l17+q§ (By(u+1,u+1))x (‘ o/ (0)] J;Jr‘j qf(m”)
()”sz a)|" +mq|'D2f (& ))’)7 | “n
I+g¢g

REMARK 5. Considering the integral,
1
B(u—!—l,u—l—l):/s”(l—s)”ds, (42)
0

and taking the following facts into account,

2571p(s)r <s+ %) =T (%) r'(2s),

e [(s)C()
Bls:t) = C(s+1)’
then
Bu+1l,u+1)= 2T 1>F(%) ,

I(u+3)

where I'(+) is the Gamma function.
If ¢ — 17, then we have the following inequality for m-convex functions from
inequality (38):

_(b—ap (ﬁl“(u—i—l))ll‘
R I (u+3)

x {(|f”(b>|’+m s (%)\) + (!f”(a>|’+m r (%) D} (43)

THEOREM 5. Let f: 1 — R be a twice differentiable convex function on I° with
aDZf and szf continuous and integrable on I, where 0 < q < 1. If | D f| and
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|bD§f|r are m-convex functions on I, where r,u > 1, %—I—% =1 and me (0,1] is
fixed, then

a

qz(b_a)2 1 % s \
<Sizg () {( 2q2 R

1
r

b b
f(@;rf(b) _ 2(b1_a) {/f(t) udqt+/f(t) bdq’}

(1= (¢~ )1 -4 ”D2f( ))} (44)

Proof. By using Holder’s inequality, m-convexity and the application of g-integral,
we have

1
/s 1—gs)| Dfsb—|—(1—s) )| dgs
0

(<) ()

(1 1_:1u+1> ” (|“D2f(b)|r/15(1 —qs)'dys

0

1
;

O\H

—gs)"| Dfsb—|—(1—s) )’ dqs>

u
qS
q

<
<

+m

oo

1
asz P )/1—5 (1—gs)" qs)
0
() (00 B ey

it 1] 5 !

Fm1-q) 3 (g~ g)(1 - g |2 (%))’) . (45)

VR
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Similarly,

1
/s hD2f(sa+(1—s)b)‘ dys
0

< ([ITH) ((1—q>iq2-"<1 gy P2 ta)|

S

Inequality (44) is then obtained by inequalities (21), (45) and (46). [

oo

m(l—q) Y (q"—q*)(1— gt

s=0

COROLLARY 5. If r is a positive integer, then using the facts that

(1= < (1 =go)g™ (1=5)" < (1-gs)p,

we get

b b
f(a);f(b) _ z(bl—a) {/f(t) adqt+/f(t) bdqf]
Po—aP (1 i

S 2(1+q) ([u+1})

X <Bq(2,r+l)}aDéf(b)}r—kmBq(l,r—f—Z)

1
I’);

3 ;)
()

n (Bq(27r+ 1) ‘bl)gf(a)‘r+mBq(17r+2)

REMARK 6. If g — 17
functions:

b=aP (LN [ (@m0 @]
ST (?) {( (r+ D +2)

L (@m0l @)
(r+1)(r+2) .

697

(46)

(47)

r
) } (48)

, then we obtain the following inequality for m-convex

(49)
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THEOREM 6. Let f: 1 — R be a twice differentiable convex function on I° with
sz and szf continuous and integrable on I, where O<g<l. If |aD§f " and

|hD f| are m-convex functions on I, where r,u > 1, = —|— % =1 and m € (0,1] is
fixed, then

b b
f(a) ;ﬂb) _ 2(b1_ 5 1@ adat+ [ £ P

ngl; ) < )2 q.\'(l _q.\'Jrl)u)

+q)

r+ ) D24(8)] + ma | D2F (2)] 7
[r+1][r+2]

(50)

+< D3 @)+ PO (4)] )
[r+

1][r+2]

Proof. By utilizing m-convexity, the Holder’s inequality and the g-integral, we
obtain

1
/s(l —qs) | aDﬁf(sb—F(l —s)a)| dgs
0
i/ g

1
(/ (L—s)"dys /s’|aD2f(sb+(l—s)a)|r dys
0

0

1
q\+1) )

(ot /
0

1
1 ¥

aDﬁf(%))r/s’(l—s)dqs
0

oo % 2 mag 1 2 %
=<(1—q)2q“'(1—q“'“)”> <[ HDf[ g™ D51 G ”) - (5D

= r+1)[r+2]

Similarly,

e+ 1[r+2]

. <(l_q)iqs(l_qﬁl)u>“ ([m} "D2f(a)|" +mg 1 [PD2f (2)] ) )
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Inequality (50) is then obtained by inequalities (21), (51) and (52). O

COROLLARY 6. If u is a positive integer, then using the inequality (30) we have

b b
fla)+£(b) 2(b1_ . [76) adg+ [ 160)

2

(By(1,u+1))

1] |D2F(0)] +mg [ D2F (2)]' )
r+ 1 +2]

(53)

n (m D3 ()] g |hnzf<%>|’>f

[r+1][r+2]

REMARK 7. If ¢ — 17, then we get the following inequality for m-convex func-
tions:
fla)+ /) 17
a
— t)dt
2 b—a / 1)
a

b—ap [ 1\ [ (40O +mlr (2]
ST (ﬁ) ( (reD(r+2)

o[ "<“>r+mlf"<%>lr>%

(r+1)(r+2)

(54)

THEOREM 7. Let [ : 1 — R be a twice differentiable convex function on I° with
sz and *D? o/ continuous and integrable on I, where 0 < g <1. If } D2 of| and

|bD f| are m-convex functions on I, where m € (0,1] is fixed, then

b b
fl@)+f(b) 2(b1_a) [ 706) g+ [ 166)

<612(b—a)2
2(1+q)
| Daf @) + "Dyf(@)| +ma? [[D5f () |+ "D5/ ()] 55)
(1+q+¢>)(1+q+¢+4°) '
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Proof. By m-convexity and the application of g-integral, we get
s(1—gs)| aDéf(sb—i— (1—s)a)| dys

f |/ (1—gs)d

_ |HDq |+mq2’qu (E)|

o _

1
qf ‘/sl—s (1 —gs)dys
0

(gt +a+a*+4) o
Similarly,
1
/s(l—qs)'stf(sa—F(l —s)b)' dys
0
D3/ (@)| +ma? "Dy ()]
. 57
S gt +q+a+e) on

Inequality (55) is then obtained by inequalities (21), (56) and (57). U

REMARK 8. If ¢ — 17, then we have the following inequality for m-convex func-

tions:
b
LI L[

Y
< 48a) {|f”(b)|+|f” |—|—m|:

(O A

THEOREM 8. Let f: 1 — R be a twice differentiable convex function on I° with
aDZf and bDéf continuous and integrable on I, where 0 < g < 1. If |aD§f|r and

|hD$f|r are m-convex functions on I for r > 1, where m € (0,1] is fixed, then

IO ICH /f ﬂ+/f 0 b

Fb—a)? ()sz )|+ m? | D2f <>|r>*‘
)

l+g+q¢*+4°

<
2149 7 (1+q+q

b2 r 20bp2 £ (2|7 7
+<| D3f (@) +ma* |"D3f (1) ) , (59)

l+9+¢*+¢
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Proof. By using power mean inequality, m-convexity and the application of g-
integral, we have

1
/s(l —qs)| aDéf(sb—i— (1—s)a)| dgs
0

{jron
<(;

1—
(1+q) 1+q+q ))
1 1

| LD [0 g9 ()] [s=5)0 - as)ds

0 0

_ ! D20+ mg? |37 ()]
N ((1+q)(1+q+qz)) ( (1+q+P)(1+g+a+4¢%) | ©0

Similarly,

1 1
1=7 i

1
/s(l —qs) | asz(sb—f— (1 —s)a)|r dys
0

~l—=

s(1—gs) ’ bDﬁf(sa—f— (1 —s)b)’ dys

! )>1_;<,bD2f O +m "D ( )!)) )

o _

<
<(1+Q)(1+Q+q2 (I+qg+¢*)(1+q+q*+4°

Inequality (59) is then obtained by inequalities (21), (60) and (61). [

REMARK 9. If ¢ — 17, then we have the following inequality for m-convex func-
tions:

(b a)’
T 3.3

y {(|f”(b)|’+m i (%)\)1 + (lf”(a)|’+m 7 (%) )} 62)

THEOREM 9. Let f: 1 — R be a twice differentiable convex function on I° with
aDZf and szf continuous and integrable on I, where 0 < q < 1. If | D f| and
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|bD§f|r are m-convex functions on I for r > 1, where m € (0,1] is fixed, then

b b
f(@;rf(b) _ 2(b1_a) [/f(t) adqt+/f(t) bdqf]

_ Pl (L

2(1 q) <1+cI)
DI f(b)| +mg™ (1+q)[Dif ()|
[r+1][r+2][r+3]

(63)

; (VHJ Dol +mqf“<1+q>|bvzf<$)»’>%}.

[r+1][r+2][r+3]

Proof. Applying the power mean inequality, m-convexity and the g-integral op-
erator we have

1
/s(l —qs) | aDéf(sb—i— (1—s)a)| dgs
0

1 =3 /1
(/l—qs qs) (/s’(l—qs)|aDZf(sb—F(l—s)a)!r dqs>
0 0
1__
<l+q>
1

x (!anq )| / (1~ gs)d (2] [ra-90-a )

0 0

e g e ™

l+gq [r+1][r+2][r+3]

1

1
r

Similarly,

1
/s(l —qs) ) bDﬁf(sa—F (1 —s)b)) dys
0

()" L TIE AT C g

l+g¢ [r+1][r+2][r+3]

Inequality (63) is then obtained by inequalities (21), (64) and (65). U
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REMARK 10. If g — 17, then we have the following inequality for m-convex

functions:

b
HALI®) L[

(b—a)? 2 r
S 8 ((r+1)(r+2)(r+3)>

X{<(r+l)|fﬁ(b)}’+2m //<%>‘r>;
N <£> >l} (66)

THEOREM 10. Let f: 1 — R be a twice differentiable convex function on 1° with
D2f and "D? o/ continuous and integrable on 1, where 0 < qg<1l.1If | D f| and

1

+ ((r—i— 1) |f”(a)|r+2m

|hD2f|r are m-convex functions on I, where ru > 1, 1 i+ 7 =1 and me (0,1] is

fixed, then
b

b
f(a) ;f(b) - 2(b1_ . [56) adg+ [ 106)

a

q2(b_a>2 1 % < s s r r
<Srg (@) {<(1_Q)?f>q2 (=g lDef0)

1

s () )

+m(1—q) Y (' —¢*) (1 =g |,
s=0
+<<1—q>iq2-"<1 gty o)
s=0
(1 =) (6" ~¢)(1 - ”D2f( )) . 67

Proof. Applying Holder’s inequality, m-convexity and the g-integral operator we

obtain

1
/sl—qs| Dfsb—|— (1—y) )|dqs
0

1
/s 1 —gs)dys
0

1 1
r

u

1
/1—qs| Dfsb+(l—s )|rdqs
0
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1

u

1
< /s”(l—qs)}] dys
0

1
;

1 1
x |anjf(b)|’/s(1 —gs)dys+m uD;f(%)‘r/(l—s)(l — gs)d,s
0 0

_ s (D20) - mig+ ) D ()]
= (Balur1,2) ( T ra(rar ) | o
Similarly,

1

[(1=a5) | "DEf s+ (1=9)| dys

0

[ ID3ra@) +mig+ ) D ()]
< (Bq(bt-l-Lz)) ( 1 (1+q)(1+q+q2)q : (69)

Inequality (67) is then obtained by inequalities (21), (68) and (69). U

REMARK 11. If g — 17, then we have the following inequality for m-convex
functions:

b
HALI® L[ g

< (b_4a)2 ((u+l)1(u+2)>g

. (f//<b>|r+zm|f"(%);’>7+<|f”(a>f+2m!f”<%>|’>7 0

6 6

REMARK 12. Taking m = 1 in our above theorems, we can obtain some inter-
esting results for convex functions. We omit their proofs and the details are left to the
interested reader.

4. Conclusion

In this study, we established some new Hermite—-Hadamard inequalities for twice
g-differentiable m-convex functions. For the desired results, we utilize two kinds of
q-integrals defined on the finite interval of real numbers. We developed different es-
timates for a trapezium type inequality. To the best of our knowledge these results
are new in the literature. Since the class of convex (m-convex) functions has many
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applications in many mathematical areas, they can be applied to obtain several results
in convex analysis, special functions, quantum mechanics, related optimization theory,
mathematical inequalities and may stimulate further research in different areas of pure
and applied sciences.
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