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IMPROVED INEQUALITIES FOR THE BEREZIN NUMBER

DAVOOD AFRAZ, RAHMATOLLAH LASHKARIPOUR AND MOJTABA BAKHERAD ∗

(Communicated by T. Burić)

Abstract. A functional Hilbert space is the Hilbert space of complex-valued functions on some
set Θ ⊆ C that the evaluation functionals ϕτ ( f ) = f (τ) , τ ∈ Θ are continuous on H . The
Berezin number(radius) of an operator T is defined by ber(T ) = sup

τ∈Θ

∣∣〈T k̂τ , k̂τ 〉
∣∣ , where the op-

erator T acts on the reproducing kernel Hilbert space H = H (Θ) over some(non-empty) set
Θ . In this paper, we give some Berezin number inequalities. Moreover, we present some in-
equalities involving the weighted Berezin number of operators on the reproducing kernel Hilbert
space.

1. Introduction

Suppose that (H ,〈·, ·〉) is a complex Hilbert space and L (H ) is the C∗ -algebra
of all bounded linear operators defined on H . For an operator T ∈L (H ) , the Carte-
sian decomposition of an operator T ∈ L (H ) can be written as T = ℜ(T )+ iℑ(T ) ,
where ℜ(T ) = T+T ∗

2 and ℑ(T ) = T−T ∗
2i .

A functional Hilbert space is the Hilbert space of complex-valued functions on
some set Θ⊆C that the evaluation functionals ϕτ ( f ) = f (τ) , τ ∈Θ are continuous on
H . Applying the Riesz representation theorem there is a unique element kτ ∈H such
that f (τ) = 〈 f ,kτ 〉 for all f ∈ H and every τ ∈ Θ . The function k on Θ×Θ defined
by k (z,τ) = kτ (z) is called the reproducing kernel of H , see [1]. It was shown that

kτ (z) can be represented by kτ (z) =
∞
∑

n=1
en (τ)en (z) for any orthonormal basis {en}n�1

of H . For example for the Hardy-Hilbert space H 2 = H 2 (D) over the unit disc
D= {z ∈ C : |z| < 1} , {zn}n�1 is an orthonormal basis, and so the reproducing kernel

of H 2 is the function kτ (z) =
∞
∑

n=1
τnzn = (1− τz)−1 , τ ∈ D . Let k̂τ = kτ

‖kτ‖ be the

normalized reproducing kernel of the space H (RKHS). For a given bounded linear
operator T on H , the Berezin symbol(or Berezin transform) of T is the bounded
function T̃ on Θ defined by

T̃ (τ) =
〈
T k̂τ (z) , k̂τ (z)

〉
, τ ∈ Θ.
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An important property of the Berezin symbol is that for all T,S ∈ L (H ) if T̃ (τ) =
S̃(τ) for all τ ∈ Θ, then T = S , see Zhu [26] and for more details, see [4, 9, 12, 17, 18].
So, the map T → T̃ is injective [13]. The Berezin set and the Berezin number(radius)
of an operator T are defined, respectively, by

Ber (T ) = Range
(
T̃
)

and ber (T ) = sup
τ∈Θ

∣∣〈T k̂τ , k̂τ 〉
∣∣.

Recall that the numerical range and the numerical radius number of T ∈ L (H ) are
defined, respectively, by

W (T ) := {〈Tx,x〉 : x ∈ H and ‖x‖ = 1} and w(T ) := sup
〈Tx,x〉∈W (T)

|〈Tx,x〉| .

For more facts about the numerical radius, we refer the reader to [7, 20, 21, 22] and
references therein. It is clear that the Berezin transform Ã is the bounded function on
Θ whose values in the numerical range of the operator A and hence Ber(A) ⊆ W (A)
and ber(A) � w(A) for all A ∈ L (H ) . Karaev [19] showed that for A = S⊗ S ∈
L
(
H 2
)
, where S is the shift operator defined by S f (z) = z f (z) on the Hardy-Hilbert

space H 2 = H 2(D) over the unit disc D= {z ∈ C : |z| < 1} , Ã(λ ) = |λ |2(1−|λ |2) ,
and thus Ber(A) =

[
0, 1

4

]
� [0,1] = W (A) and ber(A) = 1

4 < 1 = w(A) . For more
information about the Berezin number and the Berezin norm, see [5, 9, 11, 14, 15, 18]
and references therein.

The Berezin norm of an operator T ∈ L (H ) is defined by

‖T‖ber := sup
τ,μ∈Θ

∣∣〈T k̂τ , k̂μ〉
∣∣.

Clearly, by the Cauchy-Schwarz inequality, we have ber(T ) � ‖T‖ber . Moreover for
T,S ∈ L (H ) , it is clear from the above definitions of the Berezin radius and the
Berezin norms that the following properties hold:

(1) ber(αT ) = |α|ber(T ) for all α ∈ C ;

(2) ber(T +S) � ber(T )+ber(S) ;

(3) ‖λT‖ber = |λ |‖T‖ber for all λ ∈ C ;

(4) ‖T +S‖ber � ‖T‖ber +‖S‖ber .

A generalization of the Cartesian decomposition was introduced in [25], called the
weighted real and imaginary part of T defined by

ℜα(T ) = (1−α)T∗ + αT and ℑα(T ) =
(1−α)T −αT ∗

i
for all α ∈ [0,1].

Obviously for α = 1
2 , ℜα(T ) = ℜ(T ) and ℑα(T ) = ℑ(T ) . It is easy to see that for

every operator T ∈ L (H ) , ℜα(T )+ iℑα(T ) = (1−2α)T∗ +T .
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If H = H (Θ) is a reproducing kernel Hilbert space for T ∈ L (H ) and α ∈
[0,1] , the weighed Berezin radius is defined by the following formulas [10]

berα(T ) := sup
θ∈R

ber(ℜα(eiθ T )) = sup
θ∈R

ber((1−α)e−iθT ∗ + αeiθ T ). (1)

Similar to the Berezin radius inequality, the weighted Berezin radius also satisfies the
triangle inequality

berα(T +S) � berα(T )+berα(S) for S,T ∈ L (H ).

It is easy to observe that for α = 1
2 , berα(T ) = ber(T ) .

For two operators S,T ∈L (H ) the Euclidean Berezin number and the Euclidean
Berezin norm are defined, respectively, by

bere(S,T ) := sup
τ∈Θ

√∣∣〈Sk̂τ , k̂τ
〉∣∣2 +

∣∣〈T k̂τ , k̂τ
〉∣∣2

and

‖(S,T )‖e,ber := sup
τ,μ∈Θ

√∣∣〈Sk̂τ , k̂μ
〉∣∣2 +

∣∣〈T k̂τ , k̂μ
〉∣∣2.

One of the most basic yet useful inequalities that govern the inner product is the so-
called Cauchy-Schwarz inequality, which asserts that

|〈x,y〉| � ‖x‖‖y‖ for all x,y ∈ H .

Buzano in [8] showed an extension of the Cauchy-Schwarz inequality as follows:∣∣〈x,e〉〈e,x〉∣∣� 1
2

(|〈x,y〉|+‖x‖‖y‖) for all x,y,e ∈ H , (2)

where ‖e‖ = 1. For an arbitrary operator T ∈ L (H ) , the mixed Schwarz inequality
has been established by Kato in [16]. This inequality asserts that

|〈Tx,y〉| �
√
〈|T |x,x〉〈|T ∗|y,y〉 for all x,y ∈ H .

Recently, Sahoo et al. [23] proved that

∣∣〈AXBx,y
〉∣∣� ‖X‖

2

( |〈ABx,y〉|+‖Bx‖‖A∗y‖) (3)

for all x,y ∈ H and all A,X ,B ∈ L (H ) , where X is positive. The above inequalities
have many applications to obtain numerical radius and Berezin number inequalities.

In [6], the authors obtained

berr (A∗XB) � ‖X‖r

2r ‖(A∗A+B∗B)r‖ber (4)
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for A,B,X ∈ L (H ) and r � 1. Another version of this inequality was proved by [2],
as follows:

berr

(
n

∑
i=1

A∗
i XiBi

)
� ber

⎛⎝ 1
p

[
n

∑
i=1

B∗
i f 2 (|Xi|)Bi

] rp
2

+
1
p

[
n

∑
i=1

A∗
i g

2 (|X∗
i |)Ai

] rq
2
⎞⎠ (5)

for Ai,Bi,Xi ∈ L (H ) (1 � i � n) , nonnegative continuous functions f ,g on [0,∞)
satisfying the relation f (t)g(t) = t (t � 0) , 1

p + 1
q = 1, r � 1 and pr � qr � 2.

In this paper, we give some Berezin number inequalities. More precisely, in the
second section, we obtain some Berezin inequalities including the product of operators.
For instance, we prove

ber(A∗XB) � ‖X‖
2

(
ber(A∗B)+

1
2
ber
(|A|2 + |B|2)) ,

where A,B,X ∈ L (H ) such that X is positive. In the third section, we show some
the Euclidean Berezin number and the Berezin norm inequalities. Furthermore, in the
last section, we present some inequalities involving the weighted Berezin radius of
operators on the reproducing kernel Hilbert space.

2. Some inequalities related to the Berezin number

The following well known lemma are essential to prove our results in this section.

LEMMA 1. [2] Let A,B ∈ L (H ) . Then

ber
([

A 0
0 B

])
� max{ber(A) ,ber(B)}.

Our first result of this section is the following.

THEOREM 1. Suppose that A,B,X ∈ L (H ) such that X is positive. Then

ber(A∗XB) � ‖X‖
2

(
ber(A∗B)+

1
2
ber
(|A|2 + |B|2)) .

Proof. Let τ ∈ Θ be arbitrary. From the inequality (3), we have∣∣〈A∗XBk̂τ , k̂τ
〉∣∣� ‖X‖

2

(∣∣〈A∗Bk̂τ , k̂τ
〉∣∣+‖Ak̂τ‖‖Bk̂τ‖

)
=

‖X‖
2

(∣∣〈A∗Bk̂τ , k̂τ
〉∣∣+√〈|A|2k̂τ , k̂τ

〉〈|B|2k̂τ , k̂τ
〉)

� ‖X‖
2

(∣∣〈A∗Bk̂τ , k̂τ
〉∣∣+ 1

2

(〈|A|2k̂τ , k̂τ
〉
+
〈|B|2k̂τ , k̂τ

〉))
� ‖X‖

2

(∣∣〈A∗Bk̂τ , k̂τ
〉∣∣+ 1

2

〈(|A|2 + |B|2) k̂τ , k̂τ
〉)

.



IMPROVED INEQUALITIES FOR THE BEREZIN NUMBER 1071

By taking the supremum over τ ∈ Θ in the above inequality, we obtain

ber(A∗XB) � ‖X‖
2

(
ber(A∗B)+

1
2
ber
(|A|2 + |B|2)) . �

REMARK 1. Suppose that A,B∈L (H ) . If we put X = I , r = 1, p = q = 2 and
f (t)g(t) =

√
t (t ∈ [0,∞)) in the inequality (5), we have

ber (A∗B) � 1
2
ber
(|A|2 + |B|2) . (6)

Now, Theorem 1 and the inequality (6) imply that

ber(A∗XB) � ‖X‖
2

(
ber(A∗B)+

1
2
ber
(|A|2 + |B|2))

� ‖X‖
2

ber
(|A|2 + |B|2) .

The above inequalities show that Theorem 1 is a refinement of the inequality (4) for
r = 1.

LEMMA 2. Assume that A ∈ L (H ) . Then

1
2
ber(A) � ber

([
A 0
0 0

])
� ber(A) .

Proof. For every (τ,μ) ∈ Θ×Θ , let k̂(τ,μ) =
[
kτ
kμ

]
be the reproducing kernel of

H ⊕H i.e., ‖kτ‖2 +‖kμ‖2 = 1. Then, we have

ber
([

A 0
0 0

])
= sup

{∣∣∣∣〈[A 0
0 0

][
kτ
kμ

]
,

[
kτ
kμ

]〉∣∣∣∣ : (τ,μ) ∈ Θ×Θ,‖kτ‖2 +‖kμ‖2 = 1

}
� sup

{∣∣∣∣〈[A 0
0 0

][
kτ
kτ

]
,

[
kτ
kτ

]〉∣∣∣∣ : (τ,τ) ∈ Θ×Θ,‖kτ‖2 +‖kτ‖2 = 1

}

= sup

⎧⎨⎩
∣∣∣∣∣∣
〈[

A 0
0 0

]⎡⎣ k̂τ√
2

k̂τ√
2

⎤⎦ ,

⎡⎣ k̂τ√
2

k̂τ√
2

⎤⎦〉∣∣∣∣∣∣ : (τ,τ) ∈ Θ×Θ,‖k̂τ‖ = 1

⎫⎬⎭
= sup

{∣∣∣∣∣
〈

A
k̂τ√
2
,

k̂τ√
2

〉∣∣∣∣∣ : τ ∈ Θ,‖k̂τ‖ = 1

}

=
1
2

sup
{∣∣〈Ak̂τ , k̂τ

〉∣∣ : τ ∈ Θ,‖k̂τ‖ = 1
}

=
1
2
ber(A) .
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Further, Lemma 1 implies that

ber
([

A 0
0 0

])
� ber(A) .

Then, by the two above inequalities, we get the desired result. �

THEOREM 2. Let Ai,Bi,Xi ∈ L (H ) for all i = 1,2, · · · ,n such that Xi’s (i =
1,2, · · · ,n) are positive. Then

ber

(
n

∑
i=1

A∗
i XiBi

)
�
(

max
1�i�n

‖Xi‖
)(

ber

(
n

∑
i=1

A∗
i Bi

)
+

1
2
ber

(
n

∑
i=1

(|Ai|2 + |Bi|2
)))

.

Proof. Consider the operator matrices

A =

⎛⎜⎜⎜⎝
A1 0 · · · 0
A2 0 · · · 0
...

...
...

...
An 0 · · · 0

⎞⎟⎟⎟⎠ , B =

⎛⎜⎜⎜⎝
B1 0 · · · 0
B2 0 · · · 0
...

...
...

...
Bn 0 · · · 0

⎞⎟⎟⎟⎠ and X =

⎛⎜⎜⎜⎝
X1 0 · · · 0
0 X2 · · · 0
...

...
. . .

...
0 0 · · · Xn

⎞⎟⎟⎟⎠ .

Therefore

A∗XB =

⎛⎜⎜⎜⎝
∑n

i=1 A∗
i XiBi 0 · · · 0

0 0 · · · 0
...

...
...

...
0 0 · · · 0

⎞⎟⎟⎟⎠ .

Utilizing Lemma 2, we have

ber

(
n

∑
i=1

A∗
i XiBi

)
= 2ber(A∗XB)

� ‖X‖
(

ber(A∗B)+
1
2
ber
(|A|2 + |B|2)) (by Theorem 1)

=
(

max
1�i�n

‖Xi‖
)(

ber

(
n

∑
i=1

A∗
i Bi

)
+

1
2
ber

(
n

∑
i=1

(|Ai|2 + |Bi|2
)))

.

�

COROLLARY 1. Assume that S,T ∈ L (H ) . Then

ber(ST ) � ‖S‖ 1
2

2
ber
(|S∗|+ |T |2) .
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Proof. Let S = U |S| be the polar decomposition of S . By setting A = U |S| 1
2 ,

X = |S| 1
2 and B = T in Theorem 1, we deduce that

ber(ST ) � ‖S‖ 1
2

2

(
ber
(
U |S| 1

2 T
)

+
1
2
ber
(|S∗|+ |T |2)) . (7)

On the other hand, by the Cauchy-Schwarz inequality, we have∣∣∣〈U |S| 1
2 T k̂τ , k̂τ

〉∣∣∣= ∣∣∣〈T k̂τ , |S| 1
2U∗k̂τ

〉∣∣∣
� ‖T k̂τ‖‖|S| 1

2U∗k̂τ‖
=
√〈|T |2k̂τ , k̂τ

〉〈
U |S|U∗k̂τ , k̂τ

〉
=
√〈|T |2k̂τ , k̂τ

〉〈|S∗|k̂τ , k̂τ
〉

� 1
2

〈(|T |2 + |S∗|) k̂τ , k̂τ
〉
.

By taking the supremum over τ ∈ Θ in the above inequality, we get

ber
(
U |S| 1

2 T
)

� 1
2
ber
(|T |2 + |S∗|) . (8)

Therefore, the inequalities (7) and (8) imply that

ber(ST ) � ‖S‖ 1
2

2
ber
(|S∗|+ |T |2) . �

THEOREM 3. Suppose that T ∈L (H ) with the polar decomposition T =U |T | .
Then

ber(T ) � ‖T‖ 1
2

2

(
ber
(
U |T | 1

2

)
+
√

ber(|T |t)ber(|T ∗|1−t)
)

and

ber(T ) � ‖T‖1−t

2

(
ber
(
U |T |t)+√ber(|T |t)ber(|T ∗|t)

)
for 0 � t � 1 .

Proof. Let τ ∈ Θ be arbitrary. Letting A = U |T | 1−t
2 , B = |T | t

2 and X = |T | 1
2 , in

the inequality (3), we deduce that

∣∣〈T k̂τ , k̂τ
〉∣∣� ‖T‖ 1

2

2

(∣∣∣〈U |T | 1
2 k̂τ , k̂τ

〉∣∣∣+‖|T | t
2 k̂τ‖‖|T | 1−t

2 U∗k̂τ‖
)

=
‖T‖ 1

2

2

(∣∣∣〈U |T | 1
2 k̂τ , k̂τ

〉∣∣∣+√〈|T |t k̂τ , k̂τ
〉〈

U |T |1−tU∗k̂τ , k̂τ
〉)

=
‖T‖ 1

2

2

(∣∣∣〈U |T | 1
2 k̂τ , k̂τ

〉∣∣∣+√〈|T |t k̂τ , k̂τ
〉〈|T ∗|1−t k̂τ , k̂τ

〉)
.
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By taking the supremum over τ ∈ Θ in the above inequality, we have

ber(T ) � ‖T‖ 1
2

2

(
ber
(
U |T | 1

2

)
+
√

ber(|T |t)ber(|T ∗|1−t)
)

.

The second inequality follows similarly by setting A = U |T | t
2 , B = |T | t

2 and X =
|T |1−t . �

3. Euclidean Berezin number inequalities

The next lemma is the generalized mixed Schwarz inequality was introduced in
[24].

LEMMA 3. [24, Lemma 2.1] Let x,y,z ∈ H . Then

|〈x,y〉|2 + |〈x,z〉|2 � ‖x‖
√
|〈x,y〉|2 ‖y‖2 + |〈x,z〉|2 ‖z‖2 +2 |〈x,y〉| |〈x,z〉| |〈y,z〉|.

LEMMA 4. [24] Let x,y,e ∈ H with ‖e‖ = 1 . Then

|〈x,e〉|2 + |〈y,e〉|2 � ‖〈e,x〉x+ 〈e,y〉y‖.

THEOREM 4. Suppose that A,B ∈ L (H ) . Then

ber2e(A,B) �
√∥∥∥ber2(A) |A∗|2 +ber2(B) |B∗|2

∥∥∥
ber

+2ber(A∗)ber(B)ber(A∗B).

Proof. Let τ ∈ Θ be arbitrary. By substituting x = Ak̂τ , y = Bk̂τ , and e = k̂τ , in
Lemma 4, we deduce that∣∣〈Ak̂τ , k̂τ 〉

∣∣2 +
∣∣〈Bk̂τ , k̂τ 〉

∣∣2
�
∥∥〈k̂τ ,Ak̂τ 〉Ak̂τ + 〈k̂τ ,Bk̂τ 〉Bk̂τ

∥∥
=
∥∥(〈A∗k̂τ , k̂τ 〉A+ 〈B∗k̂τ , k̂τ 〉B

)
k̂τ
∥∥

=
√〈(〈Ak̂τ , k̂τ 〉A∗ + 〈Bk̂τ , k̂τ 〉B∗)(〈A∗k̂τ , k̂τ 〉A+ 〈B∗k̂τ , k̂τ 〉B

)
k̂τ , k̂τ

〉
=
√〈(∣∣〈Ak̂τ , k̂τ 〉

∣∣2 |A∗|2 +
∣∣〈Bk̂τ , k̂τ 〉

∣∣2 |B∗|2 +2ℜ
(〈A∗k̂τ , k̂τ 〉〈Bk̂τ , k̂τ 〉A∗B

))
k̂τ , k̂τ

〉
=
√〈(∣∣〈Ak̂τ , k̂τ 〉

∣∣2 |A∗|2 +
∣∣〈Bk̂τ , k̂τ 〉

∣∣2 |B∗|2
)

k̂τ , k̂τ

〉
+
〈
2ℜ
(〈A∗k̂τ , k̂τ 〉〈Bk̂τ , k̂τ 〉A∗B

)
k̂τ , k̂τ

〉
�
√〈(∣∣〈Ak̂τ , k̂τ 〉

∣∣2 |A∗|2 +
∣∣〈Bk̂τ , k̂τ 〉

∣∣2 |B∗|2
)

k̂τ , k̂τ

〉
+2
∣∣〈ℜ(〈A∗k̂τ , k̂τ 〉〈Bk̂τ , k̂τ 〉A∗B

)
k̂τ , k̂τ

〉∣∣
�
√〈(∣∣〈Ak̂τ , k̂τ 〉

∣∣2 |A∗|2 +
∣∣〈Bk̂τ , k̂τ 〉

∣∣2 |B∗|2
)

k̂τ , k̂τ

〉
+2
∣∣〈〈A∗k̂τ , k̂τ 〉〈Bk̂τ , k̂τ 〉A∗Bk̂τ , k̂τ

〉∣∣
�
√〈(

ber2(A) |A∗|2 +ber2(B) |B∗|2
)

k̂τ , k̂τ

〉
+2ber(A∗)ber(B)

∣∣〈A∗Bk̂τ , k̂τ
〉∣∣

�
√∥∥∥ber2(A) |A∗|2 +ber2(B) |B∗|2

∥∥∥
ber

+2ber(A∗)ber(B)ber(A∗B).
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By taking the supremum over τ ∈ Θ , we have

ber2
e(A,B) �

√∥∥∥ber2(A) |A∗|2 +ber2(B) |B∗|2
∥∥∥

ber
+2ber(A∗)ber(B)ber(A∗B).

This completes the proof. �
Using the generalized mixed Schwarz inequality, we establish the next result.

THEOREM 5. Assume that A,B ∈ L (H ) . Then

‖(A,B)‖2
e,ber �

(
ber
(
|A|2 + i |B|2

)
ber
(
|A∗|2 + i |B∗|2

)
+2ber(|A|+ i |B|)ber(|A∗|+ i |B∗|)ber(BA∗)

) 1
2

.

Proof. Let τ ∈ Θ be arbitrary. Letting y = A∗k̂μ , z = B∗k̂μ , and x = k̂τ , in Lemma
3, we get∣∣〈Ak̂τ , k̂μ

〉∣∣2 +
∣∣〈Bk̂τ , k̂μ

〉∣∣2
�
(∣∣〈Ak̂τ , k̂μ

〉∣∣2 ‖A∗k̂μ‖2 +
∣∣〈Bk̂τ , k̂μ

〉∣∣2 ‖B∗k̂μ‖2

+2
∣∣〈Ak̂τ , k̂μ

〉∣∣ ∣∣〈Bk̂τ , k̂μ
〉∣∣ ∣∣〈BA∗k̂μ , k̂μ

〉∣∣) 1
2

�
(‖Ak̂τ‖2‖A∗k̂μ‖2 +‖Bk̂τ‖2‖B∗k̂μ‖2 +2

∣∣〈Ak̂τ , k̂μ
〉∣∣ ∣∣〈Bk̂τ , k̂μ

〉∣∣ ∣∣〈BA∗k̂μ , k̂μ
〉∣∣) 1

2

(by the Cauchy-Schwarz inequality)

=
(〈

|A|2 k̂τ , k̂τ

〉〈
|A∗|2 k̂μ , k̂μ

〉
+
〈
|B|2 k̂τ , k̂τ

〉〈
|B∗|2 k̂μ , k̂μ

〉
+2
∣∣〈Ak̂τ , k̂μ

〉∣∣ ∣∣〈Bk̂τ , k̂μ
〉∣∣ ∣∣〈BA∗k̂μ , k̂μ

〉∣∣) 1
2

�
(〈

|A|2 k̂τ , k̂τ

〉〈
|A∗|2 k̂μ , k̂μ

〉
+
〈
|B|2 k̂τ , k̂τ

〉〈
|B∗|2 k̂μ , k̂μ

〉
+2
√〈|A| k̂τ , k̂τ

〉〈|A∗| k̂μ , k̂μ
〉〈|B| k̂τ , k̂τ

〉〈|B∗| k̂μ , k̂μ
〉∣∣〈BA∗k̂μ , k̂μ

〉∣∣) 1
2

(by the mixed Cauchy-Schwarz inequality)

�
(〈

|A|2 k̂τ , k̂τ

〉〈
|A∗|2 k̂μ , k̂μ

〉
+
〈
|B|2 k̂τ , k̂τ

〉〈
|B∗|2 k̂μ , k̂μ

〉
+2
(〈|A| k̂τ , k̂τ

〉〈|A∗| k̂μ , k̂μ
〉〈|B| k̂τ , k̂τ

〉〈|B∗| k̂μ , k̂μ
〉)∣∣〈BA∗k̂μ , k̂μ

〉∣∣) 1
2

(by the arithmetic-geometric mean inequality)
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�
((〈

|A|2 k̂τ , k̂τ

〉2
+
〈
|B|2 k̂τ , k̂τ

〉2
) 1

2
(〈

|A∗|2 k̂μ , k̂μ

〉2
+
〈
|B∗|2 k̂μ , k̂μ

〉2
) 1

2

+2
(〈|A| k̂τ , k̂τ

〉2
+
〈|B| k̂τ , k̂τ

〉2) 1
2

×
(〈|A∗| k̂μ , k̂μ

〉2
+
〈|B∗| k̂μ , k̂μ

〉2) 1
2 ∣∣〈BA∗k̂μ , k̂μ

〉∣∣) 1
2

�
(∣∣〈(∣∣A∣∣2 + i

∣∣B∣∣2)k̂τ , k̂τ
〉∣∣ ∣∣〈(∣∣A∗∣∣2 + i

∣∣B∗∣∣2)k̂μ , k̂μ
〉∣∣

+2
∣∣〈(∣∣A∣∣+ i

∣∣B∣∣)k̂τ , k̂τ
〉∣∣ ∣∣〈(∣∣A∗∣∣+ i

∣∣B∗∣∣)k̂μ , k̂μ
〉∣∣ ∣∣〈BA∗k̂μ , k̂μ

〉∣∣) 1
2

(since |x+ iy|=
√

x2 + y2 for any x,y ∈ R )

�
(

ber
(
|A|2 + i |B|2

)
ber
(
|A∗|2 + i |B∗|2

)
+2ber(|A|+ i |B|)ber(|A∗|+ i |B∗|)ber (BA∗)

) 1
2

.

Now, by taking the supremum over τ ∈ Θ , we deduce that

‖(A,B)‖2
e,ber �

(
ber
(
|A|2 + i |B|2

)
ber
(
|A∗|2 + i |B∗|2

)
+2ber(|A|+ i |B|)ber (|A∗|+ i |B∗|)ber(BA∗)

) 1
2

,

which completes the proof of the statement. �

EXAMPLE 1. Let
{
e1,e1

}
be the standard orthonormal basis for C2 . Consider

C2 as a RKHS on the set
{
1,2
}

. By putting 2 by 2 matrices A =
(

0 1
1 0

)
and B =(

1 1
0 1

)
in Theorems 4 and 5, we have

ber2
e(A,B) = 1�

√∥∥∥ber2(A) |A∗|2 +ber2(B) |B∗|2
∥∥∥

ber
+2ber(A∗)ber(B)ber(A∗B)

≈ 1.41

and

‖(A,B)‖2
e,ber = 2�

(
ber
(
|A|2 + i |B|2

)
ber
(
|A∗|2 + i |B∗|2

)
+2ber(|A|+ i |B|)ber(|A∗|+ i |B∗|)ber(BA∗)

) 1
2

≈ 3.25.
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4. Some inequalities for the weighted Berezin number

Through the present section, we give some new inequalities for the weighted
Berezin radius of operators on the reproducing kernel Hilbert space H = H (Θ) . First,
note that by the subadditivity of the Berezin radius, we deduce that

ber(ℜα (T )) = ber((1−α)T∗ + αT ) � berα(T )

and

ber(ℑα (T )) = ber((1−α)T −αT ∗) � berα(T ),

where T ∈ L (H ) , ℜα(T ) = (1−α)T ∗ +αT , ℑα(T ) = (1−α)T−αT ∗
i and α ∈ [0,1] .

Now, we give our first lemma with concerning the Cartesian decomposition.

LEMMA 5. Suppose that T ∈ L (H ) and α ∈ [0,1] . Then

berα(T ) = sup
s2+t2=1

ber(sℜα (T )± tℑα(T )) , (9)

where ℜα(T ) = (1−α)T ∗ + αT and ℑα(T ) = (1−α)T−αT ∗
i .

Proof. Let θ ∈ R and α ∈ [0,1] . Then

ℜα(eiθ T ) =
1
2

(
(1−α)e−iθT ∗ + αeiθT

)
= cosθ ((1−α)T∗ + αT )+ sinθ

(
(1−α)T −αT ∗

i

)
= cosθℜα(T )+ sinθℑα(T ) (10)

If we take s = cosθ and t = sinθ in (10), then by (1), we have

berα(T ) = sup
θ∈R

ber
(

ℜα(eiθ T )
)

= sup
s2+t2=1

ber (sℜα(T )± tℑα(T )) . (11)

�

REMARK 2. If T ∈ L (H ) , then by using the properties of the Berezin radius,
we get

(1−α)αber(T ∗T +TT ∗) = ber
(

(ℜα(T ))2 +(ℑα(T ))2

2

)
� 1

2

(
ber
(
(ℜα (T ))2)+ber

(
(ℑα (T ))2))

(by the subadditivity of ber)

� 1
2

(
ber2 (ℜα(T ))+ber2 (ℑα(T ))

)
(by the convexity of f (t) = t2)

� berα(T ). (12)
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In the next theorem, we give an improvement of the inequality (12).

THEOREM 6. Assume that T ∈ L (H ) and α ∈ [0,1] . Then

sup
s2+t2=1

ber
(
s2(ℜα (T ))2 + t2(ℑα(T ))2)� ber2

α(T ), (13)

where ℜα(T ) = (1−α)T ∗ + αT and ℑα(T ) = (1−α)T−αT ∗
i .

Proof. If α ∈ [0,1] , then

sup
s2+t2=1

ber
(

s2(ℜα(T ))2 + t2(ℑα(T ))2
)

=
1
2

sup
s2+t2=1

ber
(

(sℜα (T )+ tℑα(T ))2 +(sℜα(T )− tℑα(T ))2
)

� 1
2

(
sup

s2+t2=1
ber
(
(sℜα (T )+ tℑα(T ))2)+ sup

s2+t2=1
ber
(
(sℜα(T )− tℑα(T ))2))

(by the subadditivity of ber)

� 1
2

(
sup

s2+t2=1
ber2(sℜα(T )+ tℑα(T )

)
+ sup

s2+t2=1
ber2(sℜα (T )− tℑα(T )

))
(by the convexity of f (t) = t2)

� berα
2(T ),

as required. �

REMARK 3. If we put t = s =
√

2
2 in Theorem 6, we get an improvement of (12)

as follows:

(1−α)αber(T ∗T +TT ∗) � sup
s2+t2=1

berα

(
s2(ℜα(T ))2 + t2(ℑα(T )2

)
� berα

2(T ),

where α ∈ [0,1] . In particular for α = 1
2 , we deduce that

ber
(

T ∗T +TT ∗

4

)
� sup

s2+t2=1
ber
(

s2(ℜ(T ))2 + t2(ℑ(T )2
)

� ber2(T ).

In the next theorem, we present a lower bound for the Berezin radius.

THEOREM 7. Suppose that T ∈ L (H ) . Then

1
2

sup
s2+t2=1

ber
(
s2T 2 + t2(T ∗)2)� ber2(T ). (14)
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Proof. Assume that k̂τ ∈ H . Then

2
∣∣〈T k̂τ , k̂τ〉

∣∣2 =
∣∣〈T k̂τ , k̂τ〉

∣∣2 +
∣∣〈T ∗k̂τ , k̂τ〉

∣∣2
= sup

s2+t2=1

(
s
∣∣〈T k̂τ , k̂τ 〉

∣∣+ t
∣∣〈T ∗k̂τ , k̂τ 〉

∣∣)2
� sup

s2+t2=1

∣∣〈(sT ± tT∗)k̂τ , k̂τ
〉∣∣2 .

By taking the supremum on the both sides of the last inequality over k̂τ ∈ H , we get

2ber2(T ) � sup
s2+t2=1

ber2(sT ± tT∗). (15)

Therefore

4ber2(T ) � sup
s2+t2=1

ber2(sT + tT∗)+ sup
s2+t2=1

ber2(sT − tT ∗)

� sup
s2+t2=1

(
ber
(
(sT + tT ∗)2)+ber

(
(sT − tT∗)2))

� sup
s2+t2=1

ber
(
(sT + tT∗)2 +(sT − tT ∗)2)

(by the subadditivity of ber)

= 2 sup
s2+t2=1

ber
(
s2T 2 + t2(T ∗)2) ,

whence we get the desired result. �

COROLLARY 2. Let T ∈ L (H ) . Then

√
2ber(T ) � max

{
sup

s2+t2=1
ber(sT + tT∗), sup

s2+t2=1
ber(sT − tT ∗)

}
.

In particular,

ber(T ) � max{ber(ℜ(T )),ber(ℑ(T ))} .

Proof. Applying the inequality (15), we get the first result. For the second in-

equality, take s = t =
√

2
2 in the first inequality. �
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