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THE HERMITE—HADAMARD’S INEQUALITY OVER p-SPHERES
AND RELATED INEQUALITIES FOR THE INTEGRAL MEANS

MOHAMMAD W. ALOMARI

(Communicated by M. Krni¢)

Abstract. The goal of this work is to extend the Hermite-Hadamard inequality, to the p-sphere.
Additionally, we present Trapezoid and Midpoint type inequalities for the integral means of the
generalized Hermite-Hadamard inequality. Specifically, for functions defined on p-spheres that
meet certain Holder-type conditions, we establish corresponding Trapezoid and Midpoint type
inequalities.

1. Introduction

In 1879, Lundberg [16] introduced a remarkable generalization of the sine and co-
sine functions, which expanded the classical trigonometric framework into more gen-
eralized geometric contexts. Lundberg’s functions are based on the inverses of cer-
tain integrals that depend on a parameter p, and are denoted by S := S§,-1(¢) and

P

C :=C,-1(@), representing generalized sine and cosine functions, respectively. These

P
functions arise from the following integral expressions:

(p_/s dt
O (1-m)T

1 dt
€ (1-m)7

For p = 2, these generalized functions reduce to the classical trigonometric sine
and cosine: S ! () = sin(¢@) and C ! (@) = cos(@). Consequently, this generalization

not only extends our understanding of trigonometric functions but also introduces a
natural extension of the concept of 7 as [10]:

(e
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where w, = 7 in the classical case.

The properties of these generalized sine and cosine functions parallel those of their
classical counterparts, including symmetry and periodicity, but with a more flexible
dependence on the parameter p. These properties provide a foundation for extending
trigonometric identities and functions into new geometric contexts, such as Minkowski
space or other non-Euclidean geometry. For more information see [13]-[15].

1.1. Properties of S,_i (¢) and C,_1 (@)
P

P
Some of the key properties of these generalized functions include:

1. S,-1(@) is an odd function, and C,_1 (¢) is an even function.
P P

2. These functions exhibit a shift-symmetry, with S, 1(¢) =C,1 (£ —¢) and
P P
vice versa.

3. The functions are periodic with a period related to w,, and satisfy identities
similar to the classical sine and cosine functions.

4. Generalized versions of trigonometric identities, such as the Pythagorean iden-
tity, take the form S’é (p) +C1é (p)=1.

P P

5. Derivatives of these functions extend the classical relationships, with %S -1 (Q)
P

=Cyi (@), and 5Co1 (9) = =S5 1(9)-

P P

s (9)
p—1
6. The generalized tangent function is defined as T, (@) = C,,ff(), with p > 1.
P p—1 ®
P
— ; _ sin(g)
For p = 2, this reduces to tan(¢) = ;S(w) .

These generalizations lead to the natural definition of a generalized tangent func-
tion, as well as an extended geometric framework, where curves, surfaces, and volumes
are measured using norms derived from the parameter p. In particular, Lindqvist and
Peetre [13] expanded on these ideas to explore the p-circle and its arc lengths using the
Minkowski metric.

1.2. The p-circle and Minkowski geometry

Lindqvist and Peetre [13] defined the concept of a p-circle, which generalizes the
classical Euclidean circle to one governed by the Minkowski p-norm. The distance
between two points (u1,v1) and (up,v2) in Minkowski geometry is given by the p-
metric:

1
dy(u,v) =4 (2= wlP+ ]2 =wi|P)7 1< p <eo,
m max {|uy —uil,|v2—vi|}, p=rce,
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where p > 1 is a parameter. The equation for a p-circle of radius R centered at (ug,Vvo)
is:

lu—ug|P +|v—vo|? =RP.

As p varies, this equation describes different geometric shapes: for p = 2, it
reduces to the standard Euclidean circle; for p = 1, it describes a rhombus, and for
p = oo, it becomes a square.

Similarly, the p-sphere generalizes the classical notion of a sphere to accommo-
date various norms and geometries, extending our understanding of spherical shapes
beyond Euclidean space. In three-dimensional space R, the p-sphere offers a flexible
framework for exploring geometric properties under different norms.

In Euclidean three-dimensional space, a classical sphere of radius R centered at
the (up,vo,wo) is given by:

(u—uo)> + (v—v0)*+ (w—wo)> = R.
For the p-sphere, this definition is adapted to use the p-norm, resulting in:
[ul|5 = u— uo|” + [v—vo|” + [w — wo|” = RP,

where u = (u,v,w) and ||u||, denotes the p-norm defined by:

1
[ullp = (Jul” + V[P + |w|?) 7.

Here, |lul|5 represents the generalized distance from the origin to the surface of
the p-sphere in R3.

The p-sphere in three dimensions has several interesting properties that depend
on the value of p. Among others, the “Shape Variability”. i.e,

1. For p =2, the p-sphere reduces to the classical Euclidean sphere.

2. For p # 2, the shape of the p-sphere varies: - As p approaches 1, the p-sphere
approximates a polyhedral shape with flat faces, resembling an octahedron or
rhombic dodecahedron.

3. As p approaches infinity, the p-sphere approximates a cube, with flat faces
aligned with the coordinate axes.

Extending these ideas further into surface geometry, the classical notion of surface
area can be generalized using a g-norm, leading to the definition of g-area. Con-
sider a parametric surface S defined by a vector function r(x,y) = U (x,y)i+ V (x,y)j+
W (x,y)k over aregion T in the xy-plane. The classical surface area is proportional to
the magnitude of the cross product of the partial derivatives % X g—;, representing the
local scaling factor for areas.

To generalize this notion, we define the g-area A,(S) of the surface as:

Ay(S) =//T Oa{)(g/);l;l’))

N
) dxdy, qg>1.

a 'a(uW)
d(x,y)

a ‘a(uy)
d(x,y)
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For g =2, this reduces to the classical surface area in Euclidean space. However,
for other values of ¢, it represents surface area measurements in different geomet-
ric contexts. This generalization is useful in non-Euclidean or anisotropic geometries,
where the geometry is influenced by direction or other factors.

1.3. The Hermite-Hadamard’s inequality

Dragomir [8] was one of the earliest to extend the classical Hermite-Hadamard
inequality to convex mappings defined on balls in higher-dimensional spaces. His
work provided significant applications to the study of integral inequalities in multi-
dimensional settings, offering valuable tools for analyzing convex functions over non-
Euclidean domains. This set the stage for further exploration into generalizing these
inequalities to more complex shapes and domains. Namely, he proved the following
version of Hermite-Hadamard’s inequality of a sphere in the space.

THEOREM 1. Ifthe mapping f: B(A,R) — R is convex on the ball B(A,R), then
the inequality

1 1
FA) < W///f(xl,xz,n)dxldxzdxs < m//f(ﬂﬁ@ﬁ@)ds (1)
B(A,R) S(AR)

holds, where
o 3. 2 2 2 _ p2
S(AR) = {(r,x0.33) €RY: (11 =)’ + (12— @) + (13— @)’ =R},
is the sphere centered at the point A with radius R, and
4
vol (B) = §ER3, G (A,R) := 4nR>.
The above inequalities are sharp.

For more generalizations, counterparts, and new inequalities of Hadamard’s type
focusing on higher-dimensional geometric objects such as triangles, regular polygons,
and hyperspheres the reader may find the references [1]-[9], [1 1], [12], and [17]-[22]
very useful.

The aim of this work is to generalize the Hermite-Hadamard inequality given in
(1) on p-spheres (p > 1). Trapezoid and Midpoint type inequalities for the integral
means of the established Hermite—Hadamard inequality are also presented. Namely, for
functions defined on p-spheres that satisfies certain Holder type conditions, Trapezoid
and Midpoint type inequalities are proved.

2. The Hermite-Hadamard’s inequality on the p-sphere

Consider A = (a,az,a3) € R? and the p-ball B, (A,R) (p > 1) centered at point
A with radius R > 0. Consider

B, (A,R) == {(x1,x2,x3) €R?: [x; —a1|” + |x2 —aa|” + |x3 —a3|” <RV, p 2 1}
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be the p-ball centered at the point A with radius R > 0.

LEMMA 1. Let p= %, g > 1. The surface area of the p-Sphere is S, (A,R) :=
4w,R* (p 2 1).

Proof. Let
Sp(A,R) == {(x1,x2,x3) ER?: [x; —a1|” + |x2 — | + |x3 —a3|” =RP,p > 1}

be the p-sphere centered at the point A with radius R.

To determine the p-sphere volume described above we compute the fundamental
vector product and then integrate its g-length over the region 7 = S, (A,R). For this
purpose, consider the parameterized p-surface A : [—%7 %] x [0,20,] — R? defined
by

x1(0,y) =a1 +RCp 1 (0)Cp1 (W)
P P
Sp(A,R): § 2(0.¥) =a2+RC1 (0)S s (W)
x3(0,y) = a3 +RS -1 (6)

p

where p21,R>0, 0 € [—%, %] ,and y € [0,2w)]. Therefore,

d (x1,x2) 5 P - v 2 op—1
—_— = - ¢ =—R°S"_(0)C,-1 (6
3O.¥) | ~RCpt (0)S)- (W) RCp (0)C) (w) 21 (0)Cet (6)

a(xl,)C3) - o v

2(0.v) | ~RC,1 (0)ST,

_pep-l p—1

9 () | R (0)Su1 (W) Ry (6) P

d(0,y) | RC,1(0)CE (W) 0 r1 (0)Cpt (W)
)4

Hence, for all conjugate exponents p and g > 1;i.e., pg = p+ g, we have

d (x)
‘3(6,11/) @
_ ‘8(x1,x2) q+‘8(x17x3) 10 (x2,x3) |7
a(0,vy) d(0,vy) d(0,v)
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where we used the identity S’ _, (y)+Ch_, (y)=1.
2

P
Thus, changing variables yields that

i [ = [} [ ) v
Sp(A.R)

D

R [T e (0)dwdo — 4o, R
=R [, [ Cor (0)dwd0 = 40,2,

2

as required. [

LEMMA 2. Let p = %, q > 1. The volume of the p-Sphere is vol, (A,R) :=
‘3—‘wa3, p>1.

Proof. Consider the transformation h : [0, R] x [_%’ %] % [0,2,] — B, (A,R)
h = (hy,hy, h3), given by

hy (r,0,y) = ay +1Cp-1 (0)Cp1 (y)
S
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where p>1,r>0, —% <6< % and 0 < v < 2w, . Moreover,

a(r,0,v)
Cp;_l(Q)Cp;_l(lI/) Cp;_l(Q)Sp;_l(lI/) 51%1(9)

@c ) 0

= —Cp1 (0), 3)

Thus, changing variables yields that

Zw,,
vol,, ( // dxidxydxs = / /w,,/

By(AR)

hl7h27h3)
(r,0,y)

T [, 4 3
:/ /w / PCpr (0)dydbdr = ~w,R?,
o J-22Jo » 3

The subsequent inequality, of Hadamard type, is valid.

) ’dl{/dedr

as required. [J

THEOREM 2. Let p = qqu’ g > 1. If the mapping f : B, (A,R) — R is convex on
the p-ball B, (A,R) (p > 1), then the inequality

FlA // 000 05) s < i / Fx1,x,23)dS, (4)

BpAR s,,AR)

vol
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holds, where
Sp(A,R) == {(x1,x2,53) ER?: |x; —a1|” + |x2 — | + |x3 —a3|” =R, p > 1}

is the p-sphere centered at the point A with radius R, and
_ i 3 o 2 >
vol, (B) = 3wa , S, (A,R) :=4w,R", pzl
The above inequalities are sharp.

Proof. Define the mapping of the Euclidean plane R? onto itself, g : R} — R3
characterized by: g =(g1,82,83), & (X) = —xj+2aj, j=1,2,3. Therefore, the image
of the p-ball B, (A,R) is onto itself.

It is easy to observe that

10 0
9(81:82:83) _| g T o=
9 (x1,x2,x3) 0 0 —1

Changing the variables, we have

a b b
// S (x1,%2,x3) dxidxodx; = // f(g1(x),82(x),83(x)) 9(e1,82,83) dxydxydx;
9 (x1,X2,X3
By(AR) By(AR)
:///f(—x1+2a1,—x2+2a2,—x3 + 2a3) dx1dxydxs.
BP(AvR)

The convexity of f on B, (A,R) ensures that

1
3 [f (x1,x0,x3) + f (—x1 4 2a1, —x2 + 2a2, —x3 + 2a3)] = f (a1, a2,a3),

which gives, by integration on the p-ball B, (A,R), that

// S (x1,x2,x3) dxjdxadxs+ ///f(—x1—|—2a17—xz+2a27—X3+2a3)dx1dxzdx3
Bp(AR) Bp(AR)

>f(a1,a2,a3)// dxydxpdxs

BP(AvR)
=vol, (B(A,R))- f (a1,az2,a3)

since

// S (x1,x2,x3) dxydxpdxs = ///f —x1+2ay1,—xp + 2ay) dxydxpdxs.

Bp(AR) Bp(AR)
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Thus, the first inequality in (4) follows.
Now, consider the transformation h : [0,R] x [—%2, 2] x [0,20,] — B, (A,R)

h = (hy,hy,h3), given by

hy (r,0,y) = ay +1Cp-1 (8)Cp1 (v)
S

where r > 0 and 0 < 6 < 2w),. Changing variables yields that (see (3)):

///f(x1,x2,x3)dxldx2dx3

BP(AvR)

R % 20p
=[], [ £ )
0o J-2%Jo

R 20
= [ [ 7000090 1250, 0 (50,9)) PCos (0)aydoar
0 J——JO P

d (h1,h2,h3)
o Giessyy | avaor

Now, since f is convex we have

f(hl (I’,671I/),h2 (776»11/) 7h3 (7‘76,“/))

=f (al +7Cp1 (0)Cpi (W), a2 +71Cp1 (0)Sp1 (W), a3 +7S 1 (9)>
r P r P P

:f<I% ( 1"‘}"CP_*l (G)Cu (11/)7a2+rCE (G)Sﬂ (W)7a3+rsp_4 (6))
P P P P P

+ (1 - %) (al,az,a3)>

< 2 (0 ROt 0)Coct ()2 ROt (0)S s (1) s + RS2 (0))
P 14 P V4 P

|~

+ (1 — %)f(al,az,%)-

Consequently, we have

f (al oy (6)Cos (W) o2 4 1Cos (8)Sus () s rS (e)) 2C,i (0)
P P P

14

< I—’;f (al—l—RC,,_l (0)Cpot (W),a2+RCpi (0)S,1 (W),a3+RS p1 (6)) rC,1 (6)
P

P P P P

n (1 —ﬁ)f(al,az,ag)ﬂc,ﬂ (0).

P
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Integrating the above inequality on [0,R] x [—%2, 2] x [0,2w,], we get

///f X1,X2,X3) dx1dxpdx3

Bp(AR)

20p
<[ [t [ (R.6.9) 2 (R.0.) .1 (R.0.)) PCy (8) dyiddr
- P

r

R 70)711 20, )
== C, 1 (0)dydOd
+/0 /*% /0 ( R)f(“““%aﬁr p-1 (0)dydOdr

R3 % 20p
= Z/  Jo f(hl (R,G,l[f),hz (R,G,l[f),h3 (Ra67W))C (G)dll’de (5)
v

p—
p

3
wpR

3

+ flai,az,a3).

For sake of simplicity, let us denote

2wp
/ £ (R,0,w) 1> (R,0, ) b3 (R, 0,)) C s (8)dydB.  (6)

p=1
P

Hence, to determine the p-sphere volume described above we compute the fundamental
vector product and then integrate its g-length over the region 7. For this purpose,

consider the parameterized p-surface A : [—%2, 2] x [0,20,] — R? defined by

where R >0, 0 € [, 2], and y € [0,20),)].
Therefore, (2) implies that

M:= // f(x1,x0,x3)d (7
Sp(A,R)

:L; /Ozwf’f(xl(G,W),xz(e,w),x3(671,/))('a?éi)lf)bédwde

T 2o
=& [, [ (R0.w) 32 (R 0,9) 3 (R 0,9)) € (0) i,
-2

p=1
P

thus (6) and this implies that
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So that, the inequality (5) implies that

R
// f(x1,x2,x3) dx1dxpdx3 < f(al,az,a3)+Z'M

By(AR)

= f(alya2,a3)+§ // f(x1,%2,x3) dS)p.

Sp(AR)
Dividing the previous inequality by vol, (B) = %R3wp, we get

///f X1,X2,X3) dx1dxpdx3
v01

B,,AR

—_—

3
< _f(alaa27a3)+4 6 A R // f x17x27x3)dsp7 (8)
S,,(AR)

4;

but the left-hand side inequality tells us

1
flai,az,a3) < . ///f(xl,xz,xa)dxldmdm

therefore, (8) implies that

X2,X3 d.X1d.X2dX3 A R // f xlax2ax3
Bp (A,R) Sp (A,R)

which is the right-hand inequality in (4), and this finishes the proof completely. [l
THEOREM 3. Let p = %, g>1, A= (a1,a3,a3) € R be any point, and f :

Bj,(A,R) — R be a function defined in the open p-ball B, (A,R) satisfying the Holder
condition

ap,az,as) — Vi,Y2,¥Y3)| X L1 |Ad1 — V1 2 |d2 — Y2 3-1a3 — Y3 5
£ ( )~ f( )<Ly I P Ly | B )

forall (y1,y2,y3) € By (A,R)\{A}, and for some constants Ly,L,L3 >0 and PB1,B,.p3
€ (—1,00|. Then, we have

f(A vol // S (x1,x0,x3) dxidxadxs
BPAR
6 rz(l (i
gw_p. Bl+3 (ﬁJrgp> ha ﬁ2+3 ( <ﬁ+gp)
.RB
+L3'z<ﬁﬁ”1>’§é+a> 1o
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The constant w% is the best possible for all By, Ba, B3 > 0.

Proof. The triangle integral inequality and (9) implies that

// f(x1,x2,x3) dx1dxzdx3

B,,AR

vol B // |f (a1,a2,a3) — f (x1,%2,X3)| dx1dxodx3

I’

<Vol /// b —ar | dxidxadies + Lo /// 02 — ao|P dxydxadns (1)

By(A.R) By(AR)

vol

+L3- // |3 — 513|B3 dxdxydxs
By(AR)
Making of use the change of variables
x1(r,0,y) = a1 +rCp-1 (0)Cp1 (y)
P P
X (n0,w)=ay+rCp1 (0)S,-1 (W)
P

r

3 (n0,y)=a3+rS,1(0)
P

w,,

where r >0, 0 € [, %], and y € [0,20,).
Thus, from (3) we have

o (o )| =P @

So that, we have

// x| —al|B1 dxidxydxs

Bp(A.R)

_/ /w’) /2“’" Bile
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/// ‘)CQ — a2|B2 dX1dX2dX3

By(A.R)

20p B Ba B> )
_/ /_&/ |Cot (0)] (8ot (W) °Crt (0)dydOdr
wzp BZ 2wp ﬁZ
_ rB2+2dr-/w Cp1(0)] Cp (9)d9~/ Spa (w)| dy
0 -+ p P 0 ?

RB2+3 % Br+1 “p B>
= ﬁ2+3 b CQ (6)) do -4 o (S% (l[/)) dl[/
+2 1 Br+1 1
L RE r(&e2 r(;).r( 2 (1)
+3 Ba+3 Br+2 ’
Proar(BR) (%)
20p B3
/// Ix3 — a3|P® dxi dxadxs = / /wp/ P2 Spl 0)| rC,1 (0)dwdodr
By(A,R) 7 '
4 Rﬁ2+3
=4w, .
P (Bs+1)(B3+3)

Substituting in (11) we get the required inequality in (10). The sharpness of the constant
w% follows by considering the function f : B(S,R) — R defined as

Fe,x2,x3) =Ly —an P+ Ly - vy — ol + Ly - vy —a3| P
forall B1,5,,8;>0. O

COROLLARY 1. Let A = (aj,az,a3) € R* be any point and f : B(A,R) — R be
a function defined in the open ball B(A,R) satisfying the Holder condition

\f (a1,a2,a3) — f (v1,y2,93)| < Li -|ar =y [P 4+ Lo - az — ya P2 + Ly - |ay — 1P,
(12)

Sorall (y1,y2,y3) € B(A,R)\{A}, and for some constants Ly,Ly,L3 >0 and By, P>.B3
€ (—1,e0]. Then, we have

1
B \;ol—(m// f(x1,%2,x3) dx1dx2dx3

<

6 RB1 (ﬁ RP2 ﬂF(Z—H
E. Y Bi+3 41—~( . .

+Ls- (13)

2(Bs + 1)(ﬁ3 +3)
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Proof. Setting p=2in (10). O

COROLLARY 2. Let p = %, g>1, A= (ay,a2,a3) € R? be any point, and
f:B(A,R) — R be a function defined in the open ball B(A,R) satisfying the Lipschitz
condition

|f (a1,a2,a3) = f (y1,y2,¥3)| < L1 -lar —y1| + Lo -|az —ya2| + L3 - lag —y1|,  (14)

Sfor all (y1,y2,y3) € B(A,R)\{A}, and for some constants Li,Ly,L3 > 0. Then, we
have

1 3R
- < —- (L1 + L+ L3). 1
vol(B) ﬂ/f(X1,X2,X3)dX1dX2dX3 3 ( 1+Ly+ 3) (15)

Proof. Setting By =, =p;=1in(13). O

THEOREM 4. Let p = %, g>1, A= (a1,a3,a3) € R be any point, and f :
Bj,(A,R) — R be a function defined in the open p-ball B, (A,R) satisfying the Holder
condition

|f(alaa27a3)_f(y17y27y3)|
<Ly -lar =P az — 2P + Ly - Jaz — y2 [P a3 — y3
+ L3 lay —y1|5 as —yslPe, (16)

‘B4

forall (y1,y2,y3) € By (A,R)\{A}, and for some constants Li,L,,L3 >0 and Py, Ps €
(—1,0|. Then, we have

(A vol // f (x1,x2,x3) dxidxadoxs
B,,AR
() [ o r()r(s)
< L. .
Po, | Bi+B+3 r (B52)
p
g D(BE) p(BH)
p
L
T B B3 (B3 T (B2)
p
RBs+Ps r(ﬁ5+§6+2) r(&)
YL £ <. an
Bs+Bs+3 F<ﬁ5+gﬁ+> F<1357+>

61"2(%) . _
The constant o IS sharp for all By, Pe > 0.
P
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Proof. On utilizing the triangle integral inequality and (16), we get

// f X1,X2,X3 dx1dx2d)C3

B,,AR

Vol ) // |f (a1,a2,a3) — f(x1,%2,%3)| dxidxodx3

I’

v01

< ———— /// |x1 —al\B' |2 —az‘ﬁz dxdxrdxs (18)
Vol
Bp(AR)
+Ly- /// |2 —az|ﬁ3 |3 —ag|ﬁ4 dxdxydxs
BI’(AﬂR)

+L3-// x| —al|ﬁ5 |x3 —agIﬁﬁdX1dx2dx3
BI’(AﬂR)

Making of use the change of variables

P
x2(r0,y) =ay+rCp1(0)Sp1 (¥)
P
x3(r,0,y) = a3 +rSy-1 ()
P

wp Wy

where >0, 6 € [-3, %], and y € [0,20))].
Thus, from (3) we have

o (g )| = @

Therefore, we have

/// x| —al\ﬁl |x2 —az\ﬁz dxidxydxs

Bp(AR)

_ / / / : Bi+ba
w,,

o
B2

B
Cp-1(0)

Ba
?Cpo1 (0)dydOdr
P

Cp1 (W)

14

Sp1 (W)

Bi+B2
Cp-1(0)d6

p
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RBi1+B2+3 @ o ﬁ1+ﬁ2+1d6
= -2 C —
ﬁ1+Bz+3 /0 ( = ))

><4/ (C,, 1 )ﬁ Sp-1 (w))ﬁqu/

Bitpr+2 1 Bt Bat1

R .F( F(p) r( F( )
Bi+pP+3 pr(ﬁ1+ﬁz+3>

+

p
RPi+ht3 T (B1+1> r
'ﬁ1+52+3. p21"(

/// |XQ —LZQ‘B3 |X3 —a3‘B4 d.X1dX2dX3

Bp(AR)

RB3+Pa+3 2
T B+Bit3 o (

RBB+3 T (W) r (
.ﬁB +Bs+3 . pr(ﬁ3+54+3> . pr‘(M)

and

// |x; — al\ﬁ3 |x3 —ag\ﬁ“ dxidxydxs
Bp(AR)

_/ / /2% Bs+Bs
,@

(!J_p

:/Rrﬁ5+56+2dr./ ?

0 _%

2

RB1+Ps+3 k2 Bs+1 Bs % Bs
Bs+Pe+2

. RB5+B6+3 . F( » ) I

Bs+Bs+3 pr<ﬁs+ﬁe+3
P

Cot (0)

Cp

14

—~
D>
~—

N—|" N
~ -
~——
=
/N
w‘i

-
~——
!
/N
|-
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Substituting in (18) and dividing on vol, (B) = ‘3—‘wa3 we get the required inequality

6r2( 1
in (17). The sharpness of the constant —-2+

f:B(S,R) — R defined as

—
RS
Ne—

follows by considering the function

Fon,x,x3) =L - — a1 P g — P + Ly - [y — ap)P? |3 — a3 P

+ Ly —ar P xs — a3,
forall B1,B6>0. O

COROLLARY 3. Let p = %, g>1, A= (aj,az,a3) € R be any point, and
f By (A,R) — R be a function defined in the open p-ball B, (A,R) satisfying the
Holder condition

|f(alaa27a3)_f(y17y27y3)|
<Li-lay —yi|*[az — 2| + Lo - |az — 2| |az — y3 )P
+Ls-|ay —yi|"|az —y3|", (19)

forall (y1,y2,y3) € By (A,R)\{A}, and for some constants Ly,L,,L3 >0 and o, B,y €
(—1,e0]. Then, we have

// f X1,X2,X3 dxldXde3

BpAR

61“2(1_?> R r2(a7+1> R r(%
. . _ '

Po, |7 2a+3 F(zap+3>+ o

vol

<

or2(4) . _
The constant o 18 sharp for all By, Bs > 0.
P

Proof. Setting fi=h=PF=o, fs=P1=P=P,and f7=LFs=yin(17). O

COROLLARY 4. Let p = %, g>1, A= (aj,az,a3) € R be any point, and
f:1Bp(A,R) — R be a function defined in the open p-ball B,(A,R) satisfying the
Holder condition

|f(alaa27a3)_f(y17y27y3)|
<Ly-lay —yillaz = ya| + Lo - laa = y2l laz — y3| + Ls - la1 — y1las —y3|,  (21)
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for all (y1,y2,y3) € B, (A,R)\{A}, and for some constants Li,L,,L3 > 0. Then, we
have

fA) - @ ///f(xl,xz,xg)dxldedxg

BI’(AﬂR)

612 (p

Pzwp

)

The constant is sharp for all By, Pe > 0.

Proof. Setting a=f=y=11in(20). O

COROLLARY 5. Let A = (ay,a2,a3) € R? be any point, and f : B(A,R) — R be
a function defined in the open ball B(A,R) satisfying the Holder condition

|f(alaa27a3)_f(y17y27y3)|
<Ly-lay —yillaz = ya| + Lo - laa = y2l laz — y3| + L3 - la1 — y1l]as —y3|,  (23)

for all (y1,y2,y3) € B(A,R)\{A}, and for some constants Ly,Ly,L3 > 0. Then, we
have

1 2R? 2
f(A) - WB(/L‘/R/)f(xl,XQ,X3)dxldx2dX3 < m - L+ (L2 +L3) . ﬁ . (24)

o (3)

Pzwp

The constant is sharp for all By, Pe > 0.

Proof. Setting p=21in(22). U

THEOREM 5. Let p = % (¢ >1) and f: B, (A,R) — R be a function defined

in the open p-ball B, (A,R) satisfying the condition

‘f (01 1€t 1€ (9 3+ 1€t (0)S e (v) 3 151 0))
14 )4 P P

p—
14

1 (01 ROt 0 €t (). + ROt (6)S s () + RS 0))|
P P 14 14 P

B2 Bs Bs

Bo
+Ly(R—r)P

Cp-1 (0)

P

Sp1 (W)

<Li(R—r)P ’c,,l (6) p1
Bs

p

Cijl (v)

P

+L3(R—n)P7|S,1 (6)

P

(25)
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forall r €[0,R)], 6_6[—%7 %], v € [0,2w,], and some constants Ly,L,,L3 > 0 and
Bi € (—1,09] (i=1,8). Then, we have

2
vol ///f (x1,%2,3) dx1dxpdxs — G (A, R / f(x1,x2,x3)dS), (26)

6 2B,RP )(ﬂ ( )(ﬂ

So, MBI DB B ( ) o (22)
N 28R E)rG) T
2Bat 1) (Bat2)(Bat3) ( : ) ( )
+L3 ﬁ7RB7 X !
(Br+1)(B7+2)(B7+3) Bsg+1

Proof. Using the change of variables

X1 (ra67W) =da +GC—l (Q)CP*I (W)
P P
x2(rn0,y) =a+rCp1(0)Sp-1 (W)

P P

x3(n0,y)=a3+rS,1(0)
P

where r > 0,0 € [—%, %] ,and y € [0,2w)]. For which we have
a (xl ax2ax3) 2
det| w——— || =7r"Cp1(0).
e<a<ne,u/> 7 Ce (6)
The triangle integral inequality and (25) implies that

2wp

f(xl (779711/),)62(’»971//)7)63 (779,11/))7

1 (0)dydOdr 27)

@p
- /0

R 20
[ [ R0 W) 2 (R0, 33 (R,0,9)) PC s (0) a0
-4 P

2w

[f(xl (}",671[/)7)62 (779»11/) »X3 (}",671[/))

/22
2

R 2wp
[ [ e (R0 xa (R0 ) 33 (R 0. 9)))PCs (0)dyidOdr
y p

R % 20p
<[ [ 0. 0 50.9) 35 :0.)
A

— f(x1(R,0,w),x2(R,0,w),x3 (R, 0,y))|r

Cpt (6)‘du/d6dr
J2
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B2 op Bs
<L1/Rr2(R—r)Bldr></w Co1 (6) cp_l(e)'dex/o2 Cot ()
R 2% Bs 20, Bo
+L2/0 rz(R—r)ﬁ“drx/wp Coi (0)] |G, 1(6)‘d6></0 S, 1 ()
- p p
“p Bs
—|—L3/0Rr2(R—r)ﬁ7dr></_; S,%l (0) c,,pl(e)'de
B 2ﬁ1R31+3
"B (Bi+2) (B +3)
Yp ﬁz Yp ﬁ3
<2 [7 (cca @) Cea@a0 x4 [7 (ccaw) av
0 P r 0 P
+L 2PuR
2Bt 1) (B+2) (Bs+3)
><2/T<c,,1 )5 o d6><4/ <p_ ) dv
2B;RP+3 Bs
F20p Ly B BT ><2/ (S,,l(e) Coi (0)d0
o epeee T(ET(G) r(B)r()
"B+ ) (Bi+2)(Bi+3) pr<ﬁzp ) pr<37+2>
o tepars  T(ER)r(G) r()r()
2(Bat ) (B +2) (B t3) pr(82) pr(Be2)
YL 8pB,RP1+3 1

B+ ) (Br+2)(Br+3) B+l

On the other hand, since

20,
/0 /w,,/; pf(xl (R76,l[/)7)C2 (R767W)»x3 (R76,II/))72CE (G)du/dedr
T2 P

2wp
= [ [ R0, 02 (R.0,) 33 (R,0,9))C 1 (0)ya0

L
P
=3 M (by (7))
= f (x1,%2,x3)dS),

P(AvR)

LR WX
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then the most left side of previous inequality could be written as (see (0)):

20p

£ 1 (56,9),%2(1,0,9) %3 (,0,¥)) *C,1 (6) dydOdr
P

LU’)

20p
- /0 / o [ P 0.w) (R 6,1).5 (R.0,1)) PCos (0wt
- P

20p

f 1 (n0,w),%(r,0,) ,x3(r,0,)) r*Cp1 (0)dydOdr
P

[L)p 0

R3 20,
5 [ [ 701 (RO.) 52 (R 0.¥) 32 (R.0.0)) Co (0)dyidO
A

. 2
// f (x1,x2,x3) dxidxadxz — 3V01 AR /f X1,X2,%3)dS) (28)
By(AR) sp (AR)

Dividing (28) by vol, (B) = ga)pR3, and then combining (27) and (28) we get the
required results in (26). O

COROLLARY 6. Let p= qu (g>1) and f:B,(A,R) — R be a function defined
in the open p-ball B, (A,R) satisfying the condition

‘f <a1+rC,,_1 (0)Cp (W), az—i—rC,, 1(0)S,-1 (W), a3 +7rSp-i (6))

p—
p

—f (611+chpl (0)Cp-1 (¥),a2+RCp-1(0)Sp-1 (¥),a3 +RS - 1(9))‘

o o p B
LR |Cor (0)] o () +L2(R— 1P cp1<e>' Sm(tt/)‘
Y

+Ly(R—r)"|Sp1 (0)] (29

wp Wp

forall r€[0,R], 6 € [—7, 7], v € [0,2w,], and some constants Ly,L,,L3 >0 and
o, B,y € (—1,e]. Then, we have

) // f (x1,%2,x3) dxidxadxz — AR /f X1,X2,%3)d (30)
I’(AR) S[)AR
o car r<a71>r2<¢>
X T 1 X
wp | (a+1)(o+2)(a+3) pzr<06_3>
p
4L 2BRY . %lﬁz (%> +L 7R v
2 (B+1) (B+2) (B+3) pr(22) o) (r+2) (r3) T
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Proof. Setting =1 =P =3, B=P3=Ps=Ps,and y= 7= s in (26). [

COROLLARY 7. Let p= qu (g>1) and f:B,(A,R) — R be afunction defined

in the open p-ball B, (A,R) satisfying the condition

‘f <a1+rC,,_1 (0)Cp (W), az—i—rC,, 1(0)S,1 (W), a3+7rSp (6))

p—
P

-f (al +RCps (0)Cpoi (W), a2 +RCp1 (0)S,1 (W), a3 +RS 1 (9))‘

P P P

<Li(R—r)

Cet (0)

Cos (w)‘+Lz(R—r>

Cet (0)

Sp-1 (uf)’

P

+Li(R—r)

Sun <e>' G31)

forall r € [0,R], 6 € [—%7%], v € [0,2w,], and some constants Ly,L,,L3 > 0.
Then, we have

l ///f X1,X2,X3) dx1dxpdx3 — / f(x1,x2,x3)dS, (32)
vo AR

BpAR p( R)

. Ll,r<,s>r2<,s>+L2,r<;>r2<,%>+h3],
o [" ) e

Proof. Setting o = =y=11in(30). O

COROLLARY 8. Let f:B(A,R) — R be afunction defined in the open ball B(A,R)
satisfying the condition

‘f(amurcl (0)Cy (W), a2+1Cy (6)S) (w) a3+ 78 (e))
—f(a1+RC ()Cy (W), a2+RCy (0)S) (¥),as+RS, (e))‘
L (0)] |5, )

+L3(R—r)

2

<Li(R-r)|C

Hcl ‘+L2( "

S

0 63

D=

forall r€[0,R], 6 € [—%,%], w €[0,2n], and some constants Ly,Ly,Ls > 0. Then,

we have
i [ ) andvadn - <o [ Fenas) Ga
Vol (B) X1,X2,X3)dx1dx2dx3 S(AR) X1,X2,X3
B(A,R) S(AR)

R

< (L +Ly) T+ L3).
8n((1+ 2) T+ L3)
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Proof. Setting p=21in(32). O

THEOREM 6. Let p = -1

T (g>1) and f:B,(A,R) — R be a function defined
in the open p-ball B, (A,R) satisfying the condition

'f(al»%aa) s ( L RCy 1 (0)Cpr (W) + RCyr (0)Sy1 () a3 + RSy <e>) \
P P P P P
B2 B3

< LRP + LyRP:

Bs

Cp1(0)

P

Bs

Cp1 (¥)
P
Bs

Cp1(0)
I

Sp-1 (w)

P

+L3Rﬁ7 Sp-1(0)

p

(353)

forall r€ [0,R], 0 € [-92, %

= 7] , W €1[0,2m,], and some constants Ly,L;,L3 > 0 and
Bi € (—1,e9] (iz 1,_8) Then, we have

(36)
S,,(AR)

[‘<2_+2>[‘2 <l> F(M (B2 2 <l> F(M)

< Lol pB p P p 1, RPs p p p
P T ar(ER) Cr(ER) T ar(ER) Cr(RR)

p p p p

1
+LsRP
3 ﬁg-i—l}

Proof. The triangle integral inequality and (35) implies that
|6, (A.R) f(a1,a2,a3)

mTp 20p
[ [ RO 2 (R 0.y) 3 (R0.9)) C 1 (6) o] (37)
- p

mTp 2wp 5
/“’”/0 J (@1,2,03) R*Cy1 (0)dyido
-2

L‘UZB 2wp
[ [ RO.v) 22 (R 0,v) 3 (R.0,9)) RC s (6) dyde
2

F 20,
‘ [op |1 @25 = £ (51 (R.0.1) 2 (R.0,y) 3 (R0, )]

X RCp-1 (0)dyd6
)4
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Y 20
<o [ I @ranan) — £ (R0.0) 2 (R.0.9) 3 (R, 0.w))
v

R*|Cpt (9)'du/d9
p
B 20 Bs
op
<L1RB'+2></77 Cot (0)] |Cos (6)'d6></0 ' Cos ()| dv
“ Bs 20 Bs
+L2Rﬁ4+2x/wp Cpi (0)] |Cps (6)‘d6></0 Sp (w)| dy
- P 14 P
% Bs
+L3R57+2></wp SPTTI(G) Coot (9)‘619
-
el (52)T() T(5)r(5)
—LlR 1 X
Br+3 3+2
o (552 o (%57
r 5_‘*‘2>[‘ 1 r 6_H>F l)
+L2RB4+2 < p <p> % < 14 (p +L Rﬁ7+2
pr(BE) T pr(kE) =

Dividing (37) by &, (A,R) = 4wa2, and we get the required results in (36). [

-1
in the open p-ball B, (A,R) satisfying the condition

COROLLARY 9. Let p= qi (¢>1) and f:B,(A,R) — R be a function defined

'f<a1,a2,a3> f (al FRC1 (0)Cos (W) 2+ RCo 1 (0) S5 (W) a3 + RS, <9>)\

o o B B
<Lk (0) [Ces (0] 410 | O[5 )
Y
Y LR[S, (0) (38)
P
(J)p (J)p

forall r€[0,R], 6 € [—77 7], v € [0,2w,], and some constants Ly,L,,L3 > 0 and
o, B,y € (—1,e0] Then, we have

f(A)—ﬁ // f(x1,%2,x3)dS), (39)
S,(A.R)
r{estyr2 (L r(eyr2 (L

Proof. Setting Bi=pr=Ps=0a, fs=P1=Ps=P,and f7=PFg=yin(36). O
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COROLLARY 10. Let p= qq—l (g>1) and f:B,(A,R) — R be a function de-
fined in the open p-ball B, (A,R) satisfying the condition

‘f(aham) —f(al +RCu1 (0)Cos (W) 2+ RCys (0)S s () 3 +RS . <e>)|

P P

<L1R‘C HCL )’+L2R

Cpa HSp_ uf)’+L3R

i1 (0)
(40)

forall r€[0O,R], 6 € [—%,%] v € [0,2w,], and some constants Ly,L,L3 > 0.
Then, we have

f( A R /f x17x27x3

S,,AR

F2<%> +1L3 . (4D

Proof. Setting a=f=y=11in(39). O

COROLLARY 11. Let f:B(A,R) — R be a function defined in the open ball
B(A,R) satisfying the condition

‘f(al7a27a3)_f<al+RC% (6)Cy (w),a2+RCy (0)S) (y),as+RS (9))‘

2 2
<Lir|c, (0) Sy (w)|+ L3RSy (0)] (42)

€ (II/)‘+L2R)C% (9))

forall r€[0,R], 0 € [—%, %] v € [0,27], and some constants Ly,Ly,L3 > 0. Then,
we have

R T
£ (x1,x2,03)dS| < 8—<L1 +L25+L3). (43)

Proof. Setting p=21in (41). 0
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