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ON AN OPEN PROBLEM CONCERNING THE RECIPROCAL
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(Communicated by N. Elezović)

Abstract. In 2016, Lin studied the computational problem of the reciprocal sum related to the
Riemann zeta function. More precisely, the author proved that, for any positive integer n ,⎢⎢⎢⎣( 


k=n

1
k2

)−1
⎥⎥⎥⎦= n−1 and

⎢⎢⎢⎣( 


k=n

1
k3

)−1
⎥⎥⎥⎦= 2n(n−1),

where �x� is the floor function, that is, it denotes the greatest integer less than or equal to x . At
the same time, Lin also proposed the following open problem: Whether there exists an explicit

computational formula for
⌊(


k=n
1
ks

)−1
⌋
, where s is an integer with s � 4 . In this paper, we

present the asymptotic expansion of
(


k=n 1/k j+1
)−1

in terms of 1/n . Based on this expansion,
we answer the open problem of Lin for s = 4 and s = 5 . Using our method and Maple software
one can study the open problem of Lin for the cases s � 6 .

1. Introduction

The Riemann zeta function  (s) is defined by

 (s) :=



n=1

1
ns , (s) > 1. (1.1)

This function plays a central role in the applications of complex analysis to number
theory. The number-theoretic properties of  (s) are exhibited by the following result
known as Euler’s formula, which gives a relationship between the set of primes and the
set of positive integers:

 (s) =
p

(
1− p−s)−1

, (s) > 1, (1.2)

where the product is taken over all primes. It is readily seen that  (s) �= 0 ((s) =
 � 1) , and the Riemann’s functional equation for  (s) :

 (s) = 2(2)s−1(1− s) sin

(
1
2
s

)
 (1− s) (1.3)
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shows that  (s) �= 0 ( � 0) except for the trivial zeros in

 (−2n) = 0, n ∈ N := {1,2, . . .}. (1.4)

Furthermore, in view of the following known relation:

 (s) =
1

1−21−s




n=1

(−1)n−1

ns , (s) > 0 and s �= 1, (1.5)

we find that  (s) < 0 (s ∈ R; 0 < s < 1). The assertion that all the non-trivial zeros
of  (s) have real part 1

2 is popularly known as the Riemann hypothesis which was
conjectured (but not proven) in the memoir of Riemann [21]. This hypothesis is still
one of the most challengingmathematical problems today (see Edwards [8]), which was
unanimously chosen to be one of the seven greatest unsolved mathematical puzzles of
our time, so-called the millennium problems (see Devlin [6]).

Let {Fn}n�0 and {Ln}n�0 be the sequence of Fibonacci numbers and the sequence
of Lucas numbers defined, respectively, by

F0 = 0, F1 = 1, Fn+2 = Fn+1 +Fn, n � 0,

L0 = 2, L1 = 1, Ln+2 = Ln+1 +Ln, n � 0.

It is well-known that Fn and Ln can be expressed explicitly as

Fn =
1√
5

{(
1+

√
5

2

)n

−
(

1−√
5

2

)n}
and Ln =

(
1+

√
5

2

)n

+

(
1−√

5
2

)n

.

These two sequences have many important positions, please refer to [12,22,28,29] and
the references therein.

The Fibonacci and Lucas zeta functions F(s) and L(s) are defined, respectively,
by

F(s) =



n=1

1
Fs

n
and L(s) =




n=1

1
Ls

n
. (1.6)

These series are absolutely convergent for (s) > 0 and can be considered as an ana-
logue of the Riemann zeta function  (s) in (1.1). When s = 1, the number




n=1

F−1
n = 3.359885666243177553172011302918927179688905133732 . . .

is called the reciprocal Fibonacci constant and André-Jeannin [3] proved that this con-
stant is an irrational number. Navas [19] discussed the analytic continuation of these
series. Duverney et al. [7] proved that F(2m) (for m = 1,2,3, . . .) are all transcen-
dental numbers. Elsner et al. [9] proved the algebraic independence of the numbers
in the collections F(2) , F(4) , F(6) and L(2) , L(4) , L(6) as well as express
algebraically even ‘zeta values’ F(2s) (and L(2s)) for s � 4 in terms of the three
algebraically independent numbers in the corresponding collection. Similar algebraic
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independence results are shown for the alternating versions of (1.6). Elsner et al. [10]
proved the algebraic independence of the reciprocal sums of odd terms in Fibonacci
numbers 

n=1 F−1
2n−1 , 

n=1 F−2
2n−1 , 

n=1 F−3
2n−1 and write each 

n=1 F−s
2n−1 (s � 4) as

an explicit rational function of these three numbers over Q . Similar results are obtained
for various series including the reciprocal sums of odd terms in Lucas numbers.

Ohtsuka and Nakamura [20] studied the partial infinite sums of the reciprocal Fi-
bonacci numbers, and the partial infinite sums of the reciprocals of the square of the
Fibonacci numbers. More precisely, these authors proved the following two identities:⎢⎢⎢⎣

(



k=n

1
Fk

)−1
⎥⎥⎥⎦=

⎧⎨
⎩

Fn−2, if n is even and n � 2;

Fn−2−1, if n is odd and n � 1,
(1.7)

⎢⎢⎢⎣( 


k=n

1

F2
k

)−1
⎥⎥⎥⎦=

⎧⎨
⎩

Fn−1Fn−1, if n is even and n � 2;

Fn−1Fn, if n is odd and n � 1,
(1.8)

where �x� is the floor function, that is, it denotes the greatest integer less than or equal
to x . Wang [23] gave the similar results for partial infinite sums including reciprocal
cubical-Fibonacci numbers.

The sequence Pn of Pell numbers is defined by the recurrence relation:

Pn+1 = 2Pn +Pn−1,

with seed values P0 = 0 and P1 = 1. From the characteristic equations x2 − x−1 = 0
we also have the computational formula

Pn =
(1+

√
2)n− (1−√

2)n

2
√

2
.

Holliday and Komatsu [11], Zhang and Wang [34,35] independently gave analogues of
the results (1.9) and (1.10) for the Pell numbers:⎢⎢⎢⎣

(



k=n

1
Pk

)−1
⎥⎥⎥⎦=

⎧⎨
⎩

Pn−1 +Pn−2, if n is even and n � 2;

Pn−1 +Pn−2−1, if n is odd and n � 1,
(1.9)

⎢⎢⎢⎣( 


k=n

1

P2
k

)−1
⎥⎥⎥⎦=

⎧⎨
⎩

2Pn−1Pn−1, if n is even and n � 2;

2Pn−1Pn, if n is odd and n � 1.
(1.10)

Xu and Wang [24] gave the similar results for partial infinite sums including reciprocal
cubical-Pell numbers.

For some recent developments of (1.7)–(1.10), see the works by (for example) Liu
and Zhao [18], Wu and Zhang [30, 31], Zhang and Wu [36], Kuhapatanakul [13, 14],
Yuan et al. [33], Wang and Wen [25], Wang and Zhang [26, 27], Liu and Wang [17],
and Choo [5].
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Inspired by (1.7)–(1.10), in 2016 Lin [15] studied the computational problem of
the reciprocal sum related to the Riemann zeta function. More precisely, the author
proved that, for any positive integer n ,⎢⎢⎢⎣( 


k=n

1
k2

)−1
⎥⎥⎥⎦= n−1 and

⎢⎢⎢⎣( 


k=n

1
k3

)−1
⎥⎥⎥⎦= 2n(n−1).

Also in [15], Lin proposed the following open problem.

OPEN PROBLEM 1.1. Whether there exists an explicit computational formula for⎢⎢⎢⎣
(




k=n

1
ks

)−1
⎥⎥⎥⎦ , (1.11)

where s is an integer with s � 4.

This problem is interesting, because it is actually an effective approximation for
the partial sum of the Riemann zeta function  (s) .

Lin and Li [16] gave an interesting computational formula for (1.11) with s = 4.
More precisely, these authors proved that, for any positive integer n ,⎢⎢⎢⎣

(



k=n

1
k4

)−1
⎥⎥⎥⎦=

⎧⎨
⎩

24m3−18m2 +
⌊

3(5m−1)
2

⌋
, if n = 2m;

24m3−54m2 +
⌊

3(58m−17)
4

⌋
, if n = 2m−1.

(1.12)

Xu [32] considered the open problem of Lin for s = 4 and s = 5 and obtained the
following results:⎢⎢⎢⎣

(



k=n

1
k4

)−1
⎥⎥⎥⎦= −1+4n−5n2+3n3 +

⌊
(2n+1)(n−1)

4

⌋
(1.13)

and ⎢⎢⎢⎣
(




k=n

1
k5

)−1
⎥⎥⎥⎦= −5n+9n2−8n3 +4n4 +

⌊
(n+1)(n−2)

3

⌋
. (1.14)

As far as we know, the above open problem has not yet been solved for s � 6.
In this paper, we present the asymptotic expansion of

(


k=n 1/k j+1
)−1

in terms of
1/n . Based on this expansion, we answer the open problem of Lin for s = 4 and s = 5
(Theorems 3.1 and 4.1). Using our method and Maple software one can study the open
problem 1.1 for the cases s � 6. For example, we present (without proof) an explicit

computational formula for

⌊(


k=n
1
k6

)−1
⌋

(Eq. (4.19)).

The numerical values given have been calculated using the computer program
MAPLE 13.



RRECIPROCAL SUM RELATED TO THE RIEMANN ZETA-FUNCTION 5

2. Lemmas

The following lemmas will be used in our present investigation.

LEMMA 2.1. (see [4, Lemma 5]) Let g be a function with asymptotical expan-
sion (c0 �= 0):

g(x) ∼



n=0

cnx
−n, x → .

Then for all real r it holds

(
g(x)

)r ∼ 


n=0

Pn(r)x−n, (2.1)

where

P0(r) = cr
0 and Pn(r) =

1
nc0

n


k=1

[k(1+ r)−n]ckPn−k(r), n � 1. (2.2)

In particular, the choice r = −1 in (2.1) yields

(
g(x)

)−1 ∼



n=0

pnx
−n, (2.3)

where

p0 = c−1
0 and pn = − 1

c0

n


k=1

ck pn−k, n � 1. (2.4)

Euler’s gamma function:

(x) =
∫ 

0
tx−1e−tdt, x > 0

is one of the most important functions in mathematical analysis and has applications in
many diverse areas. The logarithmic derivative of the gamma function:

(x) =
′(x)
(x)

is known as the psi (or digamma) function. The derivatives of the psi function (x) :

(n)(x) =
dn

dxn {(x)}, n ∈ N

are called the polygamma functions.

LEMMA 2.2. (see [2, Theorem 9]) Let k � 1 and n � 0 be integers. Then for all
real numbers x > 0 :

Sk(2n;x) < (−1)k+1(k)(x) < Sk(2n+1;x), (2.5)
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where

Sk(p;x) =
(k−1)!

xk
+

k!
2xk+1 +

p


i=1

[
B2i

k−1


j=1

(2i+ j)

]
1

x2i+k
,

and Bn (n ∈ N0 := N∪{0}) are the Bernoulli numbers defined by the following gen-
erating function:

t
et −1

=



n=0

Bn
tn

n!
, |t| < 2 .

The inequality (2.5) can be wtitten as

(k−1)!
xk +

k!
2xk+1 +

2n


j=1

B2 j

(2 j)!
(k+2 j)

xk+2 j < (−1)k+1(k)(x)

<
(k−1)!

xk +
k!

2xk+1 +
2n+1


j=1

B2 j

(2 j)!
(k+2 j)

xk+2 j . (2.6)

From the series expansion and asymptotic formula for the polygamma functions
(n)(x) (see [1, p. 260]):

(n)(x) = (−1)n+1n!



k=0

(x+ k)−n−1

and

(n)(x) ∼ (−1)n−1

{
(n−1)!

xn +
n!

2xn+1 +



k=1

B2k
(2k+n−1)!
(2k)!x2k+n

}
, x → ,

we find, as n →  ,




k=n

1
k j+1 =

(−1) j+1

j!
( j)(n) ∼ 1

n j

{
1
j
+

1
2n

+



�=2

(�+ j−1)!B�

j!�!n�

}
, (2.7)

or alternatively




k=n

1
k j+1 ∼ 1

n j




�=0

a�

n�
, (2.8)

with the coefficients a� ≡ a�( j) given by

a0 =
1
j
, a1 =

1
2
, a� =

(�+ j−1)!B�

j!�!
, � � 2. (2.9)

By (2.3), from (2.8) we obtain the asymptotic expansion of
(


k=n 1/k j+1
)−1

given by Lemma 2.3.
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LEMMA 2.3. Let j � 1 be a given integer. Then the following asymptotic expan-
sion holds: ( 


k=n

1
k j+1

)−1

∼ n j



�=0

b�n
−�, n → , (2.10)

with the coefficients b� ≡ b�( j) given by

b0 = j and b� = − j
�


k=1

akb�−k, � � 1, (2.11)

where a� ≡ a�( j) are given in (2.9). Namely,

( 


k=n

1
k j+1

)−1

∼ n j
{

j− j2

2n
+

j2(2 j−1)
12n2 − j3( j−2)

24n3 +
j2(6 j3 −29 j2 +16 j +6)

720n4

− j3( j−4)(2 j2−10 j−3)
1444n5 +

j2(2 j−3)(6 j4−76 j3 +291 j2 +264 j +80)
60480n6

− j3( j−6)(3 j4−42 j3 +248 j2 +238 j +80)
120960n7 + . . .

}
, n → . (2.12)

3. A solution of the open problem 1.1 for s = 4

Xu [32], Lin and Li [16] have given a computational formula for (1.11) with s = 4.
Here we present a solution of the open problem 1.1 for s = 4. Our formula is different
from formulas in [16, 32].

The choice j = 3 in (2.10) yields

(



k=n

1
k4

)−1

= 3n3− 9
2
n2 +

15
4

n− 9
8
− 9

16n
− 9

32n2 +
55

64n3 +O

(
1
n4

)
, n → .

(3.1)

Based on (3.1), we find a computational formula for (1.11) with s = 4 given by Theo-
rem 3.1.

THEOREM 3.1. For n = 1 , we have⎢⎢⎢⎣
(




k=1

1
k4

)−1
⎥⎥⎥⎦=

⌊
90
4

⌋
= 0, (3.2)

and for n � 2 we have⎢⎢⎢⎣
(




k=n

1
k4

)−1
⎥⎥⎥⎦=

⌊
3n3− 9

2
n2 +

15
4

n− 9
8

⌋
. (3.3)
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Proof. Direct computations yield

(



k=2

1
k4

)−1

=
90

−90+4 = 12.147 . . . ,

(
3n3− 9

2
n2 +

15
4

n− 9
8

)
n=2

= 12.375,

(



k=3

1
k4

)−1

=
720

−765+84)
= 50.445 . . . ,

(
3n3− 9

2
n2 +

15
4

n− 9
8

)
n=3

= 50.625,

(



k=4

1
k4

)−1

=
6480

−6965+724 = 133.733 . . . ,

(
3n3− 9

2
n2 +

15
4

n− 9
8

)
n=4

= 133.875,

Hence, (3.3) is valid for n = 2,3, and 4.

We now show that (3.3) is aslo valid for all n � 5. It suffices to show that, for
n � 5,

⌊
3n3− 9

2
n2 +

15
4

n− 9
8

⌋
<

(



k=n

1
k4

)−1

<

⌊
3n3− 9

2
n2 +

15
4

n− 9
8

⌋
+1. (3.4)

Direct computations yield (where m ∈ N)

3n3− 9
2
n2 +

15
4

n− 9
8

=

⎧⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎩

192m3 +72m2 +15m+1+ 1
8 , if n = 4m+1;

192m3 +216m2 +87m+12+ 3
8 , if n = 4m+2;

192m3 +360m2 +231m+50+ 5
8 , if n = 4m+3;

192m3 +504m2 +447m+133+ 7
8 , if n = 4m+4

(3.5)

and

3n3− 9
2
n2 +

15
4

n− 5
4

=

⎧⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎩

192m3 +72m2 +15m+1, if n = 4m+1;

192m3 +216m2 +87m+12+ 1
4 , if n = 4m+2;

192m3 +360m2 +231m+50+ 1
2 , if n = 4m+3;

192m3 +504m2 +447m+133+ 3
4 , if n = 4m+4.

(3.6)



RRECIPROCAL SUM RELATED TO THE RIEMANN ZETA-FUNCTION 9

We have, by (3.5) and (3.6),⌊
3n3− 9

2
n2 +

15
4

n− 9
8

⌋
=
⌊
3n3− 9

2
n2 +

15
4

n− 5
4

⌋

=

⎧⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎩

192m3 +72m2 +15m+1, if n = 4m+1;

192m3 +216m2 +87m+12, if n = 4m+2;

192m3 +360m2 +231m+50, if n = 4m+3;

192m3 +504m2 +447m+133, if n = 4m+4.

(3.7)

We see from (3.7) that, for n � 5,⌊
3n3− 9

2
n2 +

15
4

n− 9
8

⌋
=
⌊
3n3− 9

2
n2 +

15
4

n− 5
4

⌋
. (3.8)

Thus, (3.4) can be written for n � 5 as

⌊
3n3− 9

2
n2 +

15
4

n− 5
4

⌋
<

(



k=n

1
k4

)−1

<

⌊
3n3− 9

2
n2 +

15
4

n− 5
4

⌋
+1. (3.9)

By (3.6), we have, for n � 5,⌊
3n3− 9

2
n2 +

15
4

n− 5
4

⌋
� 3n3− 9

2
n2 +

15
4

n− 5
4
. (3.10)

By (3.5) and (3.8), we have, for n � 5,

3n3− 9
2
n2 +

15
4

n− 9
8

<

⌊
3n3− 9

2
n2 +

15
4

n− 9
8

⌋
+1 =

⌊
3n3− 9

2
n2 +

15
4

n− 5
4

⌋
+1.

(3.11)

In order to prove (3.9), it suffices to show by (3.10) and (3.11) that, for n � 5,

3n3− 9
2
n2 +

15
4

n− 5
4

<

(



k=n

1
k4

)−1

< 3n3− 9
2
n2 +

15
4

n− 9
8
. (3.12)

Noting that




k=n

1
k j+1 =

(−1) j+1

j!
( j)(n) (3.13)

holds, (3.12) can be written for n � 4 as

1

3n3− 9
2n2 + 15

4 n− 9
8

<
1
3!
(3)(n) <

1

3n3− 9
2n2 + 15

4 n− 5
4

. (3.14)
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The choice (k,n) = (3,1) in (2.6) yields, for x > 0,

1
3n3 +

1
2n4 +

1
3n5 −

1
6n7 <

1
3!
(3)(x) <

1
3n3 +

1
2n4 +

1
3n5 −

1
6n7 +

2
9n9 . (3.15)

Using (3.15), we find, for n � 5,

1
3!
(3)(n)− 1

3n3− 9
2n2 + 15

4 n− 9
8

>
1

3n3 +
1

2n4 +
1

3n5 −
1

6n7 −
1

3n3− 9
2n2 + 15

4 n− 9
8

=
478+275(n−5)+51(n−5)2+3(n−5)3

6n7(2n−1)(4n2−4n+3)
> 0

and

1
3!
(3)(n)− 1

3n3− 9
2n2 + 15

4 n− 5
4

<
1

3n3 +
1

2n4 +
1

3n5 −
1

6n7 +
2

9n9 −
1

3n3− 9
2n2 + 15

4 n− 5
4

= − 1
18n9(12n3−18n2 +15n−5)

{
4520+16410(n−5)+13287(n−5)2

+4767(n−5)3+876(n−5)4+81(n−5)5 +3(n−5)6
}

< 0.

Hence, (3.14) holds for n � 5. The proof is complete. �

REMARK 3.1. The formula (3.3) can be written for n � 2 as

⎢⎢⎢⎣
(




k=n

1
k4

)−1
⎥⎥⎥⎦=

⎧⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎩

192m3 +72m2 +15m+1, if n = 4m+1 (m ∈ N);

192m3 +216m2 +87m+12, if n = 4m+2 (m ∈ N0);

192m3 +360m2 +231m+50, if n = 4m+3 (m ∈ N0);

192m3 +504m2 +447m+133, if n = 4m+4 (m ∈ N0).
(3.16)

4. A solution of the open problem 1.1 for s = 5

The choice j = 4 in (2.10) yields(



k=n

1
k5

)−1

= 4n4−8n3 +
28
3

n2− 16
3

n− 2
9

+
88

27n2 +
88

27n3 +O

(
1
n4

)
(4.1)

as n → . Based on (4.1), we find a computational formula for (1.11) with s = 5 given
by Theorem 4.1. Our formula is different from that in [32].



RRECIPROCAL SUM RELATED TO THE RIEMANN ZETA-FUNCTION 11

THEOREM 4.1. For n = 1,2 , and 3 , we have⎢⎢⎢⎣
(




k=1

1
k5

)−1
⎥⎥⎥⎦=

⌊
1

 (5)

⌋
= 0, (4.2)

⎢⎢⎢⎣( 


k=2

1
k5

)−1
⎥⎥⎥⎦=

⌊
1

 (5)−1

⌋
= 27, (4.3)

⎢⎢⎢⎣
(




k=3

1
k5

)−1
⎥⎥⎥⎦=

⌊
32

32 (5)−33

⌋
= 176, (4.4)

and for n � 4 we have⎢⎢⎢⎣( 


k=n

1
k5

)−1
⎥⎥⎥⎦=

⌊
4n4−8n3 +

28
3

n2− 16
3

n− 2
9

⌋
. (4.5)

Proof. It suffices to show that, for n � 4,

⌊
4n4−8n3 +

28
3

n2− 16
3

n− 2
9

⌋
<

(



k=n

1
k5

)−1

<

⌊
4n4−8n3 +

28
3

n2− 16
3

n− 2
9

⌋
+1.

(4.6)

Direct computations yield

4n4−8n3 +
28
3

n2− 16
3

n− 2
9

=

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

324m4 +432m3 +228m2 +40m−1+ 7
9 , if n = 3m+1;

324m4 +864m3 +876m2 +384m+58+ 4
9 , if n = 3m+2;

324m4 +1296m3 +1956m2 +1304m+319+ 7
9 , if n = 3m+3

(4.7)

and

4n4−8n3 +
28
3

n2− 16
3

n

=

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

324m4 +432m3 +228m2 +40m, if n = 3m+1;

324m4 +864m3 +876m2 +384m+58+ 2
3 , if n = 3m+2;

324m4 +1296m3 +1956m2 +1304m+320, if n = 3m+3.

(4.8)
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For n = 3m+1 (m ∈ N), we have, by (4.7) and (4.8),⌊
4n4−8n3 +

28
3

n2− 16
3

n− 2
9

⌋
= 324m4 +432m3 +228m2 +40m−1

=
⌊
4n4−8n3 +

28
3

n2− 16
3

n

⌋
−1 = 4n4−8n3 +

28
3

n2− 16
3

n−1.

We then obtain that, for n = 3m+1 (m ∈ N),

4n4−8n3 +
28
3

n2− 16
3

n =
⌊
4n4−8n3 +

28
3

n2− 16
3

n− 2
9

⌋
+1. (4.9)

For n = 3m+2 (m ∈ N), we have, by (4.7) and (4.8),⌊
4n4−8n3 +

28
3

n2− 16
3

n− 2
9

⌋
= 324m4 +864m3 +876m2 +384m+58

=
⌊
4n4−8n3 +

28
3

n2− 16
3

n

⌋
.

We then obtain that, for n = 3m+2 (m ∈ N),

4n4−8n3 +
28
3

n2− 16
3

n <

⌊
4n4−8n3 +

28
3

n2− 16
3

n

⌋
+1

=
⌊
4n4−8n3 +

28
3

n2− 16
3

n− 2
9

⌋
+1. (4.10)

For n = 3m+3 (m ∈ N), we have, by (4.7) and (4.8),⌊
4n4−8n3 +

28
3

n2− 16
3

n− 2
9

⌋
+1 = 324m4 +1296m3 +1956m2 +1304m+320

=
⌊
4n4−8n3 +

28
3

n2− 16
3

n

⌋
= 4n4−8n3 +

28
3

n2− 16
3

n. (4.11)

Hence, for all n � 4 (m ∈ N), we have, by (4.9), (4.10) and (4.11),

4n4−8n3 +
28
3

n2− 16
3

n �
⌊
4n4−8n3 +

28
3

n2− 16
3

n− 2
9

⌋
+1. (4.12)

By (4.7), we have, for n � 4,⌊
4n4−8n3 +

28
3

n2− 16
3

n− 2
9

⌋
< 4n4−8n3 +

28
3

n2− 16
3

n− 2
9
. (4.13)

In order to prove (4.6), it suffices to show by (4.12) and (4.13) that, for n � 4,

4n4−8n3 +
28
3

n2− 16
3

n− 2
9

<

(



k=n

1
k5

)−1

< 4n4−8n3 +
28
3

n2− 16
3

n. (4.14)
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Noting that (3.13) holds, (4.14) can be written for n � 4 as

1

4n4−8n3 + 28
3 n2− 16

3 n
< − 1

4!
(4)(n) <

1

4n4−8n3 + 28
3 n2− 16

3 n− 2
9

. (4.15)

The choice (k,n) = (4,2) on the left-hand side of (2.6) and (k,n) = (4,1) on the
right-hand side of (2.6) yield, for x > 0,

1
4x4 +

1
2x5 +

5
12x6 −

7
24x8 +

1
2n10 −

11
8n12 < − 1

4!
(4)(x)

<
1

4x4 +
1

2x5 +
5

12x6 −
7

24x8 +
1

2n10 . (4.16)

Using (4.16), we find, for n � 4,

− 1
4!
(4)(n)− 1

4n4−8n3 + 28
3 n2− 16

3 n

>
1

4x4 +
1

2x5 +
5

12x6 −
7

24x8 +
1

2n10 −
11

8n12 −
1

4n4−8n3 + 28
3 n2− 16

3 n

=
1

24n12(n−1)(3n2−3n+4)

{
648+13305(n−4)+16610(n−4)2

+8721(n−4)3+2416(n−4)4+371(n−4)5+30(n−4)6 +(n−4)7
}

> 0

and

− 1
4!
(4)(n)− 1

4n4−8n3 + 28
3 n2− 16

3 n− 2
9

<
1

4x4 +
1

2x5 +
5

12x6 −
7

24x8 +
1

2n10 −
1

4n4−8n3 + 28
3 n2− 16

3 n− 2
9

= − 88n4 +264n3−511n2 +288n+12
24n10(18n4−36n3 +42n2−24n−1)

< 0.

Hence, (4.15) holds for n � 4. The proof is complete. �

REMARK 4.1. Let m ∈ N . The formula (4.5) can be written for n � 4 as

⎢⎢⎢⎣( 


k=n

1
k5

)−1
⎥⎥⎥⎦=

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

324m4 +432m3 +228m2 +40m−1, if n = 3m+1;

324m4 +864m3 +876m2 +384m+58, if n = 3m+2;

324m4 +1296m3 +1956m2 +1304m+319, if n = 3m+3.

(4.17)

REMARK 4.2. Using our method and Maple software one can study the open
problem 1.1 for the cases s � 6. For example, the choice j = 5 in (2.10) yields(




k=n

1
k6

)−1

= 5n5− 25
2

n4 +
75
4

n3− 125
8

n2 +
185
48

n+
25
96

+
1625
192n

+O

(
1
n2

)
.

(4.18)
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Based on (4.18), we here present (without proof) the following computational formula
for (1.11) with s = 6:

For n = 1 and n = 2, we have⎢⎢⎢⎣
(




k=1

1
k6

)−1
⎥⎥⎥⎦=

⌊
945
6

⌋
= 0,

⎢⎢⎢⎣
(




k=2

1
k6

)−1
⎥⎥⎥⎦=

⌊
945

6−945

⌋
= 57,

and for n � 3, we find⎢⎢⎢⎣
(




k=n

1
k6

)−1
⎥⎥⎥⎦=

⌊
5n5− 25

2
n4 +

75
4

n3− 125
8

n2 +
185
48

n+
25
96

+
1625
192n

⌋
. (4.19)

Some computer experiments indicate that formula (4.19) is true.
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