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THE EXPONENTIAL FORM OF THE FRANK MATRIX

EFRUZ ÖZLEM MERSIN

(Communicated by M. Sababheh)

Abstract. This paper focuses on the exponential form of the Frank matrix, one of the popular
test matrices because of its well-conditioned and ill-conditioned eigenvalues. We explore the
key properties of the matrix aFn for a > 1 , highlighting its unique spectral characteristics, es-
pecially concerning its eigenvalues. By employing various mathematical techniques, including
Sturm’s Theorem, we establish that all eigenvalues of the matrix are real, positive and distinct.
Furthermore, we provide a detailed characterization of its determinant, inverse, characteristic
polynomial, LU decomposition, and several norms.

1. Introduction

Matrices are fundamental tools for representing and analyzing linear transforma-
tions in different dimensions. Their main properties, such as invertibility, rank and
determinant, provide essential information about the behavior of the systems they de-
scribe. Matrices play a central role in many fields including applied mathematics,
physics, computer science and engineering, where they are used to model complex
structures such as network dynamics, quantum systems and machine learning algo-
rithms. Understanding matrix properties, particularly eigenvalues, is important for an-
alyzing stability, resonance and the dynamic behavior of various processes. Because of
their wide range of applications, the accurate computation and characterization of these
properties remains an important task in both theoretical and applied research. Study-
ing these properties on special classes of matrices often leads to more meaningful and
interpretable results. One such special matrix is the n th order Frank matrix, defined as

Fn =
{

n+1−max(i, j), i > j−2
0, otherwise

=

⎡
⎢⎢⎢⎢⎢⎢⎢⎣

n n−1 0 · · · 0 0
n−1 n−1 n−2 · · · 0 0
n−2 n−2 n−2 · · · 0 0

...
...

...
. . .

...
...

2 2 2 · · · 2 1
1 1 1 · · · 1 1

⎤
⎥⎥⎥⎥⎥⎥⎥⎦

.

This matrix, introduced by Frank, is known for its interesting spectral properties and
has been used as a test case for numerical algorithms. As a lower Hessenberg matrix
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and a special type of Max matrix, the Frank matrix exhibits distinctive eigenvalue prop-
erties that have been extensively studied. Hake [7] investigated several properties of
the Frank matrix, including its determinant, inverse, characteristic polynomial with co-
efficient relations, and LU decomposition. The eigenvalues are all positive and occur
in reciprocal pairs, with 1 always being an eigenvalue when the matrix order is odd
[7]. The eigenvalues can be derived using the roots of Hermite polynomials, reveal-
ing that the smaller half are ill-conditioned, particularly as the matrix order increases
[3]. Due to these characteristics, matrices with similar structures to the Frank matrix
are frequently employed in numerical analysis to investigate eigenvalue problems in
ill-conditioned systems. Since the eigenvalues of any matrix correspond to the roots
of its characteristic polynomial, determining these roots is fundamental to understand-
ing both the matrix itself and the system it represents. Sturm’s Theorem is a powerful
tool for determining the exact number of distinct roots of a polynomial within an inter-
val by counting the sign changes in the sequence of polynomials known as the Sturm
sequence. This theorem, first introduced by Sturm [27, 28, 29] in 1829, has inspired nu-
merous generalizations and extensions in the literature, such as [6, 10, 17, 26]. Mersin
and Bahşi [15] applied the Sturm’s Theorem to the n th order generalized Frank matrix,
which is defined as

Fan =
{

an+1−max(i, j), i > j−2
0, otherwise

=

⎡
⎢⎢⎢⎢⎢⎢⎢⎣

an an−1 0 · · · 0 0
an−1 an−1 an−2 · · · 0 0
an−2 an−2 an−2 · · · 0 0

...
...

...
. . .

...
...

a2 a2 a2 · · · a2 a1

a1 a1 a1 · · · a1 a1

⎤
⎥⎥⎥⎥⎥⎥⎥⎦

,

where a = (a1, a2, . . . , an) is a real number sequence. Some properties of the general-
ized Frank matrix Fan , such as determinant, inverse, characteristic polynomial and LU
decomposition, have been investigated by Mersin et al. [14]. Varah [30] gave a gen-
eralization of the Frank matrix and computed its eigensystem. Shi and Kızılateş [24]
introduced another generalization of the Frank matrix, called the r -Frank matrix, and
obtained some of its properties. Polatlı [22] studied on Min matrix form of the general-
ized Frank matrix. Higham [8] gave some important properties about some bidiagonal
matrices including the Frank matrix that make them powerful tools in a variety of prob-
lems. The author also showed how factorizations involving bidiagonal matrices of some
special matrices, such as the Frank matrix and the Kac-Murdock-Szego matrix, yield
simple proofs of the total nonnegativity and other properties of these matrices. Recent
literature shows extensive work on structured matrices. Studies on spectral properties
[12, 25], matrix structures [11, 13], and Frank matrices specifically [1, 2, 5, 16, 21]
provide valuable context for our results.

There are also some papers in the literature on the exponential forms of some spe-
cial matrices, including Max and Min matrices. For example, Petroudi and Pirouz [18]

introduced the exponential form of Min matrix A =
[
amin(i, j)−1

]n
i, j=1

, where a is a pos-

itive real constant. The authors examined some properties of e◦F =
[
eFmin(i, j)+1

]n
i, j=1

,
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where Fn is the n -th Fibonacci number [19]. Petroudi et al. [20] studied a particular

matrix H =
[
Hki j

]n
i, j=1

and its Hadamard exponential matrix e◦H =
[
e
Hki j

]n
i, j=1

. Here,

ki j = min (i, j) and Hn is the n -th harmonic number. The authors investigated the de-
terminant, inverse, and some bounds for the spectral norms of these matrices. Shi [23]

examined the matrix A =
[
aki j

]n−1

i, j=0
and its Hadamard inverse A◦(−1) . The entries of

A are ak = e
(

k
n

)
= e

2ik
n , where ki j = min (i, j) + 1. The author studied some of its

properties such as the determinant, inverse, and some norms.
Although exponential forms of various structured matrices have been investigated

in previous studies, no attention has been given to the Frank matrix in this context.
In the present paper, we define the exponential form of the Frank matrix and ex-

amine some of its basic properties. Our analysis includes the determinant, inverse,
characteristic polynomials, eigenvalues, LU decomposition, and various matrix norms.
The eigenvalue investigation employs Sturm sequence methods, which are introduced
in the Preliminaries section.

2. Preliminaries

This section reviews the essential concepts, primarily the theory of Sturm se-
quences, which we use to analyze the Frank matrix’s eigenvalues.

DEFINITION 1. [6] Let q0 (x) ,q1 (x) , . . . ,qn (x) be continuous functions on an
interval (, ) (including the possibilities  = − ,  = ). If

(i) q0 (x) does not have the roots in interval (, ) ,

(ii) For 1 � i � n, the set of the roots of qi (x) is discrete,

(iii) For 1 � i � n−1, and x0 that holds qi (x0) = 0; qi−1 (x0) qi+1 (x0) < 0,

(iv) For 1 � i � n and sufficiently small 1, 2 > 0, and x0 that holds qi (x0) = 0;
qi−1 (x0) [qi (x0 + 2)−qi (x0− 1)] < 0,

then the sequence q0 (x) ,q1 (x) , . . . ,qn (x) has the Sturm properties on interval (, ) .

THEOREM 1. [6] Assume that the sequence q0 (x) ,q1 (x) , . . . ,qn (x) has the Sturm
properties on (, ) . For any numbers a < b in (, ) , qn (x) has exactly (b)−
(a) distinct roots in interval (a,b) , where (a) is the number of changes in sign of
consecutive terms of the sequence q0 (a) ,q1 (a) , . . . ,qn (a) .

THEOREM 2. [6] If the sequence q0 (x) ,q1 (x) , . . . ,qn (x) has the Sturm prop-
erties, then the roots of the consecutive terms qi (x) and qi−1 (x) are interlaced for
1 � i � n.

We now transition to preliminaries on matrix norms that we use in the analysis of
the exponential form of the Frank matrix.
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DEFINITION 2. [9] The Euclidean (Frobenius) and spectral norm of an m× n
matrix D = [di j] are

‖D‖F =

[
m


i=1

n


j=1

| di j |2
] 1

2

and ‖D‖2 =
√

max
1�i�n

i
(
DHD

)
,

respectively, where DH is the conjugate transpose of the matrix D and i ’s are the
eigenvalues of the matrix DHD .

DEFINITION 3. [9] Let A and B be any m× n matrices. Then, the maximum
row lenght norm of A and maximum column lenght norm of B are defined respectively
by

r1(A) = max
1�i�m

√
n


j=1

|ai j|2, c1(B) = max
1� j�n

√
m


i=1

|bi j|2.

The spectral norm of a Hadamard product can be bounded using the row and col-
umn length norms of the constituent matrices.

THEOREM 3. ([9]) Let A = [ai j] , B = [bi j] be any m×n matrices, and let D =
A◦B = [ai jbi j] denote their Hadamard product. Then, the spectral norm of D satisfies

‖D‖2 � r1(A)c1(B). (1)

Having established the necessary preliminaries, we now present our main results
on the exponential form of the Frank matrix.

3. Main results

DEFINITION 4. The exponential form of the Frank matrix aFn for a > 1 is defined
as

aFn =

⎡
⎢⎢⎢⎢⎢⎢⎢⎣

an an−1 0 · · · 0 0
an−1 an−1 an−2 · · · 0 0
an−2 an−2 an−2 · · · 0 0

...
...

...
. . .

...
...

a2 a2 a2 · · · a2 a
a a a · · · a a

⎤
⎥⎥⎥⎥⎥⎥⎥⎦

.

It is clear that the entries of the matrix aFn = [i j]ni, j=1 are

i j =
{

an+1−max(i, j), i > j−2
0, otherwise.

THEOREM 4. The determinant of the matrix aFn is computed by the rule

∣∣aFn
∣∣= a

n


i=2

(
ai−ai−1).
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Proof. By using the elementary column operations, we have

∣∣aFn
∣∣=

∣∣∣∣∣∣∣∣∣∣∣∣∣

an−an−1 an−1 0 · · · 0 0
0 an−1−an−2 an−2 · · · 0 0
0 0 an−2−an−3 · · · 0 0
...

...
...

. . .
...

...
0 0 0 · · · a2−a a
0 0 0 · · · 0 a

∣∣∣∣∣∣∣∣∣∣∣∣∣
.

The property of the determinant of a triangular matrix gives the desired result immedi-
ately. �

THEOREM 5. Let the matrix n =
[
 (n)

i j

]n
i, j=1

be the inverse of the matrix aFn .

Then,

 (n)
i j =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

1
an−an−1 , i = j = 1,

(−1)1+ j

an− j(a−1) j , i = 1, j �= 1,n,

−1
an− j+1−an− j , i = j +1,

0, i > j +1,

(−1)k

an− j−1(a−1)k+2 , i = j− k, i, j �= 1,n, 0 � k � n−3,

− (n)
i,n−1, i �= n, j = n,

1
a−1

, i = j = n.

Proof. We use the mathematical induction method on n . For n = 2, we have

aF2 =
[

a2 a
a a

]
.

Then,

2 =
1

a3−a2

[
a −a

a− a2

]

=

[
1

a2−a
−1

a2−a−1
a2−a

1
a−1

]
.
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That is, the result is true for n = 2. Assume that the result is true for n−1. Then, the

entries of n−1 =
[
 (n−1)

i j

]n−1

i, j=1
are

 (n−1)
i j =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

1
an−1−an−2 , i = j = 1,

(−1)1+ j

an− j−1(a−1) j , i = 1, j �= 1,n−1,

−1
an− j −an− j−1 , i = j +1,

0, i > j +1,

(−1)k

an− j−2(a−1)k+2 , i = j− k, i, j �= 1,n−1, 0 � k � n−4,

− (n−1)
i,n−2 , i �= n−1, j = n−1,

1
a−1

, i = j = n−1.

Let the matrices aFn and n be partitioned as

aFn =
[

P11 P12

P21 P22

]
and n =

[
T11 T12

T21 T22

]
,

where
P11 =

[
an
]
,

P12 =
[
an−1 0 0 . . . 0 0

]
,

P21 =
[
an−1 an−2 an−3 . . . a2 a

]T
,

and

P22 =

⎡
⎢⎢⎢⎢⎢⎢⎢⎣

an−1 an−2 0 · · · 0 0
an−2 an−2 an−3 · · · 0 0
an−3 an−3 an−3 · · · 0 0

...
...

...
. . .

...
...

a2 a2 a2 · · · a2 a
a a a · · · a a

⎤
⎥⎥⎥⎥⎥⎥⎥⎦

.

Considering the assumption, we have P−1
22 = n−1 . The equality[

P11 P12

P21 P22

][
T11 T12

T21 T22

]
=
[

I 0
0 I

]

yields

T11 =
(
P11−P12P

−1
22 P21

)−1
=
[

1
an−an−1

]
,

T12 = −T11P12P
−1
22 =

[
−1

an−2(a−1)2
1

an−3(a−1)3
−1

an−4(a−1)4
. . . (−1)n

a(a−1)n−1
(−1)n+1

a(a−1)n−1

]
,
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T21 = −P−1
22 P21T11 =

[
−1

an−an−1 0 0 . . . 0 0
]T

,

and
T22 = P−1

22 −P−1
22 P21T11P12P

−1
22

=

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

1
an−3(a−1)2

−1
an−4(a−1)3

1
an−5(a−1)4

· · · (−1)n−1

(a−1)n−1
(−1)n

(a−1)n−1

−1
an−1−an−2

1
an−4(a−1)2

−1
an−5(a−1)3

· · · (−1)n−2

(a−1)n−2
(−1)n−1

(a−1)n−2

0 −1
an−2−an−3

1
an−5(a−1)2

· · · (−1)n−3

(a−1)n−3
(−1)n−2

(a−1)n−3

...
...

...
. . .

...
...

0 0 0 · · · 1
(a−1)2

−1
(a−1)2

0 0 0 · · · −1
a2−a

1
a−1

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

.

Thus, we obtain

n =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

1
an−an−1

−1
an−2(a−1)2

1
an−3(a−1)3

−1
an−4(a−1)4

· · · (−1)n

a(a−1)n−1
(−1)n+1

a(a−1)n−1

−1
an−an−1

1
an−3(a−1)2

−1
an−4(a−1)3

1
an−5(a−1)4

· · · (−1)n−1

(a−1)n−1
(−1)n

(a−1)n−1

0 −1
an−1−an−2

1
an−4(a−1)2

−1
an−5(a−1)3

· · · (−1)n−2

(a−1)n−2
(−1)n−1

(a−1)n−2

0 0 −1
an−2−an−3

1
an−5(a−1)2

· · · (−1)n−3

(a−1)n−3
(−1)n−2

(a−1)n−3

...
...

...
...

. . .
...

...
0 0 0 0 · · · 1

(a−1)2
−1

(a−1)2

0 0 0 0 · · · −1
a2−a

1
a−1

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

. �

THEOREM 6. The LU decomposition of the matrix aFn exists for all n . Its factors
L = [li j]

n
i, j=1 and U = [ui j]

n
i, j=1 are

li j =

⎧⎨
⎩

1
ai− j , i � j

0, otherwise

and

ui j =

⎧⎪⎪⎨
⎪⎪⎩

an, i = j = 1
an−i+1−an−i, i = j �= 1

an−i, j = i+1
0, otherwise.

Proof. Matrix multiplication yields the result. �

THEOREM 7. The characteristic polynomial of the matrix aFn has the following
recurrence relation

Qn ( ) =
(
 −an +an−1)Qn−1 ( )−an−1Qn−2 ( ) , (2)

where Q0 ( ) = 1 and Q1 ( ) =  −a.
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Proof. The definition of the characteristic polynomial of a matrix yields

Qn ( ) =
∣∣ I−aFn

∣∣=

∣∣∣∣∣∣∣∣∣∣∣∣∣

 −an −an−1 0 · · · 0 0
−an−1  −an−1 −an−2 · · · 0 0
−an−2 −an−2  −an−2 · · · 0 0

...
...

...
. . .

...
...

−a2 −a2 −a2 · · ·  −a2 −a
−a −a −a · · · −a  −a

∣∣∣∣∣∣∣∣∣∣∣∣∣
.

Expanding this determinant along the first row, we obtain

Qn ( ) = ( −an)

∣∣∣∣∣∣∣∣∣∣∣∣∣

 −an−1 −an−2 0 · · · 0 0
−an−2  −an−2 −an−3 · · · 0 0
−an−3 −an−3  −an−3 · · · 0 0

...
...

...
. . .

...
...

−a2 −a2 −a2 · · ·  −a2 −a
−a −a −a · · · −a  −a

∣∣∣∣∣∣∣∣∣∣∣∣∣

+an−1

∣∣∣∣∣∣∣∣∣∣∣∣∣

−an−1 −an−2 0 · · · 0 0
−an−2  −an−2 −an−3 · · · 0 0
−an−3 −an−3  −an−3 · · · 0 0

...
...

...
. . .

...
...

−a2 −a2 −a2 · · ·  −a2 −a
−a −a −a · · · −a  −a

∣∣∣∣∣∣∣∣∣∣∣∣∣
.

It is clear that the first determinant is equal to Qn−1 ( ) . Let the second determinant be
R( ) . Then,

R( ) =

∣∣∣∣∣∣∣∣∣∣∣∣∣

 −an−1 −an−2 0 · · · 0 0
−an−2  −an−2 −an−3 · · · 0 0
−an−3 −an−3  −an−3 · · · 0 0

...
...

...
. . .

...
...

−a2 −a2 −a2 · · ·  −a2 −a
−a −a −a · · · −a  −a

∣∣∣∣∣∣∣∣∣∣∣∣∣

−

∣∣∣∣∣∣∣∣∣∣∣∣∣

 −an−2 0 · · · 0 0
0  −an−2 −an−3 · · · 0 0
0 −an−3  −an−3 · · · 0 0
...

...
...

. . .
...

...
0 −a2 −a2 · · ·  −a2 −a
0 −a −a · · · −a  −a

∣∣∣∣∣∣∣∣∣∣∣∣∣
.

Hence,
R( ) = Qn−1 ( )−Qn−2 ( ) .

Last equality yields

Qn ( ) = ( −an)Qn−1 ( )+an−1 (Qn−1 ( )−Qn−2 ( )) .
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This gives the desired result as

Qn ( ) =
(
 −an +an−1)Qn−1 ( )−an−1Qn−2 ( ) . �

THEOREM 8. Let Qn ( ) =  n +(n)
n−1

n−1 + . . .+(n)
1  +(n)

0 be the charac-
teristic polynomial of the matrix aFn . Then, there is the following recurrence relation
between the coefficients of the characteristic polynomial

(n)
i = (n−1)

i−1 +
(−an +an−1)(n−1)

i −an−1(n−2)
i−1 .

Also,

(n)
0 =

(−an +an−1)(n−1)
0 = (−1)n ∣∣aFn

∣∣
and

(n)
n−1 = (n−1)

n−2 −an = −tr
(
aFn
)
,

where tr
(
aFn
)

is the trace of the matrix aFn .

Proof. Substituting the characteristic polynomial

Qn ( ) =  n +(n)
n−1

n−1 + . . .+(n)
1  +(n)

0

into the recurrence relation (2), we obtain

 n +(n)
n−1

n−1 + . . .+(n)
1  +(n)

0

=
(
 −an +an−1

)(
 n−1 +(n−1)

n−2  n−2 + . . .+(n−1)
1  +(n−1)

0

)
−an−1

(
 n−2 +(n−2)

n−3  n−3 + . . .+(n−2)
1  +(n−2)

0

)
.

Then, we obtain the desired result by equating the corresponding coefficients as

(n)
i = (n−1)

i−1

(−an +an−1)(n−1)
i −an−1(n−2)

i−1 .

Additionally,

(n)
0 =

(−an +an−1)(n−1)
0

=
(−an +an−1)(−an−1 +an−2)(n−2)

0

...

= (−1)n a
n


i=2

(
ai −ai−1)

= (−1)n
∣∣aFn

∣∣
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and

(n)
n−1 = (n−1)

n−2 −an

= (n−2)
n−3 −an−1−an

...

= −(a+a2 +a3 + . . .+an)
= −tr

(
aFn
)
. �

REMARK 1. It is a known fact that the characteristic polynomial of a matrix can
be obtained with both formulas

∣∣ I−aFn
∣∣ and

∣∣aFn − I
∣∣ . By using the formula∣∣aFn − I

∣∣ , the recurrence relation of the characteristic polynomial of the matrix aFn

is obtained as follows by using a similar way to the proof of Theorem 7

Qn ( ) =
(
an−an−1−

)
Qn−1 ( )−an−1Qn−2 ( ) , (3)

where Q0 ( ) = 1 and Q1 ( ) = a− . Equations (2) and (3) provide a practical way
to compute the characteristic polynomial of aFn without expanding the full determi-
nant. This approach substantially reduces the computational effort and becomes more
efficient for large matrices. From now on, we will use (3) as the recurrence relation for
the characteristic polynomial of the matrix aFn .

LEMMA 1. Let Qi ( ) be the characteristic polynomials of the matrix aFn for
1 � i � n. Then,

(i) Qi (0) �= 0 for 1 � i � n. In other words, 0 is not an eigenvalue of the matrix
aFn for 1 � i � n.

(ii) Two consecutive terms Qi ( ) and Qi+1 ( ) do not have a common root for 1 �
i � n−1 .

Proof.

(i) Considering the recurrence relation (3) and Q1 (0) = a , we obtain

Qi (0) =
(
ai−ai−1)Qi−1 (0)

=
(
ai−ai−1)(ai−1−ai−2)Qi−2 (0)

...

=
(
ai−ai−1)(ai−1−ai−2) . . .(a2−a

)
a

�= 0

for 1 � i � n .
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(ii) Let us suppose that Qi+1 (0) = Qi (0) = 0 for 1 � i � n− 1. Then, using the
recurrence relation (3), we have

Qi−1 (0) = Qi−2 (0) = . . . = Q0 (0) = 0.

This equality contradicts with Q0 ( ) = 1. �

LEMMA 2. Let Qi ( ) be the characteristic polynomials of the matrix aFn for
1 � i � n. Suppose that

1. J1 ⊂ (0,) is any interval that does not contain the roots of Qi−1 ( ) ,

2. J2 ⊂ (0,) is any interval that does not contain the roots of Qi ( ) ,

3. J3 = (t,) is any interval that does not contain the roots of all Qi ( ) .

Then,

(i)
Qi ( )

Qi−1 ( )
is strictly decreasing on J1 ,

(ii) 
Qi−1 ( )
Qi ( )

is strictly increasing on J2 ,

(iii) (−1)i−2 Qi ( ) < (−1)i−1Qi−1 ( ) for  ∈ J3 .

Proof. We use the induction method on i simultaneously to prove (i) and (ii).

(i) For i = 1, we have
Q1 ( )
Q0 ( )

=
a−

1
= a−

is strictly decreasing on every interval and

Q0 ( )
Q1 ( )

=


a−
=

1
a

−1

is strictly increasing on any interval that does not contain root of Q1 ( ) which
equals to a . Let (i) and (ii) be true for i � k . Then, we investigate the results
hold true for k+1 � n . Assume that I ⊂ (0,) is an interval that does not have
the roots of Qk ( ) and Qk−1 ( ) . Considering the recurrence relation (3), we
can write

Qk+1 ( )
Qk ( )

=
(
ak+1−ak −

)
−ak

Qk−1 ( )
Qk ( )

.

It is clear that ak+1 − ak −  is strictly decreasing. Using the assumption for

i � k , −ak
Qk−1 ( )
Qk ( )

is strictly decreasing on I . Then,
Qk+1 ( )
Qk ( )

is is strictly
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decreasing on I . Let Qk−1 (t2) = 0 and (t1,t2) ⊂ (0,) be an interval that con-

tains t2 but no roots of Qk ( ) . Then,
Qk+1 ( )
Qk ( )

is strictly decreasing in intervals

(t1, t2) and (t2,t3) . Hence, the continuity yields
Qk+1 ( )
Qk ( )

is strictly decreasing

on interval (t1,t3) .

(ii) Let L ⊂ (0,) be an interval that does not contain the roots of Qk ( ) and
Qk+1 ( ) . By the recurrence relation (3), we get[


Qk ( )

Qk+1 ( )

]−1

=
Qk+1 ( )
Qk ( )

=
ak+1−ak −


−ak Qk−1 ( )

Qk ( )

=
ak+1−ak


−1−akQk−1 ( )

Qk ( )
.

It is clear that
ak+1−ak


is strictly decreasing. Considering continuity and the

assumption for i � k ; −ak Qk−1 ( )
Qk ( )

is strictly decreasing on L . Thus, we have[


Qk ( )
Qk+1 ( )

]−1

is strictly decreasing on L . This yields 
Qk ( )

Qk+1 ( )
is strictly

increasing on L . Even if L contains any roots of Qk ( ) , continuity yields


Qk ( )

Qk+1 ( )
is strictly increasing on L . This completes the proofs of (i) and (ii).

(iii) Since the form of Qi ( ) is

Qi ( ) = (−1)i i + . . . ,

we have

lim
→

Qi−1 ( )
Qi ( )

= −1

and the sign of Qi () is (−1)i . Then, from (ii) of this theorem, we have

Qi−1 ( )
Qi ( )

< −1

for  ∈ J3 . Hence,
(−1)i−1Qi−1 ( )

(−1)i−2 Qi ( )
> 1. (4)

Considering Qi ( ) does not contain the roots in J3 the sign of Qi ( ) does not
change in J3 . Therefore, the sign of Qi ( ) in J3 is and the sign of Qi () are
the same. That is,

(−1)i Qi ( ) > 0
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for  ∈ J3 . Thus, from equation (4), we obtain

(−1)i−2 Qi ( ) < (−1)i−1Qi−1 ( ) . �

REMARK 2. We use the notation Qi () in the proof of Lemma 2 (iii) instead of
lim→Qi ( ) .

THEOREM 9. The characteristic polynomial sequence Q0 ( ) ,Q1 ( ) , . . . ,Qn ( )
of the matrix aFn has the Sturm properties on interval (0,) .

Proof.

(i) It is clear that Q0 ( ) = 1 does not have the roots in interval (0,) .

(ii) To show the roots of Qi ( ) (1 � i � n) are discrete, we use the inductionmethod
on i . Since Q1 ( ) = a−  has only one root as 0 = a , the result holds true
for i = 1. Let the result holds true for i � k . Then, the set of roots of Qk ( ) is
discrete. Considering the recurrence relation (3), we get

Qk+1 ( ) = Qk ( )
(
ak+1−ak−

)
−akQk−1 ( )

= Qk ( )
[(

ak+1−ak −
)
−ak Qk−1 ( )

Qk ( )

]
.

By Lemma 1 (ii), Qk+1 ( ) and Qk ( ) do not have common root, and by Lemma

2(i),
Qk+1 ( )
Qk ( )

is strictly decreasing between two consecutive roots of Qk ( ) .

Hence, Qk+1 ( ) has at most one root between any two consecutive roots of
Qk ( ) .

(iii) For 1 � i � n−1, the recurrence relation (3) yields

Qi+1 ( ) =
(
ai+1−ai−

)−aiQi−1 ( ) .

Let Qi ( ) = 0 for 1 � i � n−1. From

Qi+1 ( ) = −aiQi−1 ( ) ,

we have
Qi+1 ( )Qi−1 ( ) < 0

for  ∈ (0,) .

(iv) Suppose that Qi (0) = 0 for 1 � i � n and [0− 1,0 + 2] be an interval that
contains no roots of Qi−1 (0) = 0 for sufficiently small 1,2 > 0. Then the

sign of Qi−1 ( ) does not change, and by Lemma (2)(i),
Qi ( )

Qi−1 ( )
is strictly de-

creasing in this interval. Thus, the sign of
Qi ( )

Qi−1 ( )
is “+” and “−” in intervals

[0− 1,0) and (0,0 + 2] , respectively. Hence, we obtain

Qi−1 (0− 1)Qi (0− 1) > 0 > Qi−1 (0 + 2)Qi (0 + 2) .
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Since the sign of Qi−1 ( ) does not change in interval [0− 1,0 + 2] , we have

Qi−1 (0)Qi (0− 1) > 0 > Qi−1 (0)Qi (0 + 2) .

That is
Qi−1 (0) [Qi (0 + 2)−Qi (0− 1)] < 0. �

THEOREM 10. The eigenvalues of the matrix aFn are positive and distinct for
n � 1 .

Proof. Assume that n and 1 are the minimum and maximum roots of all Qi ( )
for 1 � i � n , respectively. Since 0 is not a root of Qi ( ) , the sign of Qi ( ) does
not change in interval [0,n) . Thus, the sign of Qi (t1) is equal to sign of Qi (0) for
t1 ∈ (0,n) . Hence, we have i (t1) = i (0) , where i () is the number of changes
in sign of consecutive terms of the sequence

Q0 () ,Q1 () , . . . ,Qi−1 () ,Qi ()

for 1 � i � n . Similarly, since the sign of Qi ( ) does not change in interval (1,) , we
have i (t2) = i () for t2 ∈ (1,) . In the light of Theorems 1 and 9, the number of
distinct roots of Qi ( ) in interval (t1,t2) is i (t2)−i (t1) . Since i (t2)−i (t1) =
i ()−i (0) for t1 ∈ (0,n) and t2 ∈ (1,) , we need to compute the values i ()
and i (0) . Since the form of i ( ) is

i ( ) = (−1)i i + . . . ,

the sign of Qi () is (−1)i . Thus, i () = i . Also, it is clear that

Qi (0) =
(
ai −ai−1)(ai−1−ai−2) . . .(a2−a

)
a > 0.

That is i (0) = 0. Hence, the number of distinct roots of Qi ( ) in interval (t1,t2) for
t1 ∈ (0,n) and t2 ∈ (1,) . This implies that all the roots of Qi ( ) are positive and
distinct for 1 � i � n . In other words, all the eigenvalues of the matrix aFn are positive
and distinct for n � 1. �

REMARK 3. We use the notation i () in the proof of Theorem 10 instead of
lim→i ( ) .

THEOREM 11. The eigenvalues of the matrices aFi and aFi−1 are interlaced. That
is,

 (i)
1 >  (i−1)

1 >  (i)
2 >  (i−1)

2 > .. . >  (i−1)
i−1 >  (i)

i ,

where  (i)
s ’s are the eigenvalues of the matrix aFi for i = 1,2, . . . ,n and s = 1,2, . . . , i .

Proof. Theorems 2 and 9 yield the desired result. �



THE EXPONENTIAL FORM OF THE FRANK MATRIX 105

THEOREM 12. Let  (n)
1 and  (n)

n be the maximum and minimum eigenvalues of
the matrix aFn for n � 2 , respectively. Then,

(i)  (n)
n < a,

(ii) an <  (n)
1 .

Proof.

(i) Since a is the unique eigenvalue of the matrix aF1 , the result follows directly
from Theorem 11.

(ii) Assume that 1 is the maximum eigenvalue of the matrix aFn−1 . In other words,
1 is the maximum root of Qn−1 ( ) . Then 1 is greater then all the roots of all
Qk ( ) , and the sign of Qk ( ) is (−1)k for 0 � k � n−1. Hence, we obtain

n−1 (an) = n−1.

Considering the recurrence relation (3), we have

Qn (an) = −an−1Qn−1 (an)−an−1anQn−2 (an)
= −an−1 [Qn−1 (an)+anQn−2 (an)] .

By Lemma 2(iii), we get

(−1)n−3 Qn−1 (an) < (−1)n−2 anQn−2 (an) , (5)

(−1)n−3 [Qn−1 (an)+anQn−2 (an)] < 0. (6)

Then, considering equations (5) and (6), it is clear that the sign of Qn (an) is
(−1)n−1 . That is Qn (an) and Qn−1 (an) have the same sign. Therefore, we
obtain

i (an) = i−1 (an) = n−1.

Since n ()= n and Qn (an) �= 0, Theorems 1 and 9 give us the following result:
Qn ( ) has n ()−n (an) = n−(n−1)= 1 real root in interval (an,) . Thus,

an < 1.

If an � 1 , then by Theorem 11 1 < 1 . Hence,

an < 1. �

Now, we give an example to illustrate the properties we found for the eigenvalues
of the matrix aFn with the help of the Sturm’s Theorem.
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EXAMPLE 1. Throughout this paper, we consider matrices of the form aFn where
a> 1 is a positive real number and Fn is the Frank matrix. In our numerical experiments
and examples, we specifically focus on the case where a equals Euler’s number e ≈
2.71828. That is, aFn represents the general matrix exponential, while eFn denotes the
specific case when a = e .

For n = 5, we have

eF5 =

⎡
⎢⎢⎢⎢⎣

148.41321 54.59816 0 0 0
54.59816 54.59816 20.08554 0 0
20.08554 20.08554 20.08554 7.38906 0
7.38906 7.38906 7.38906 7.38906 2.71828
2.71828 2.71828 2.71828 2.71828 2.71828

⎤
⎥⎥⎥⎥⎦ .

The characteristic polynomials of the matrices eFi for i = 1,2, . . . ,5 are

Q0( ) = 1,
Q1( ) = − +2.71828,
Q2( ) =  2−10.107339+12.696484,
Q3( ) = − 3 +30.19288 2−161.10969+161.2007,
Q4( ) =  4−84.791044 3+1406.1565 2−5976.5344+5563.4589,
Q5( ) = − 5 +233.20425 4−11009.308 3+146691.46 2−575053.55

+521936.13.

The roots of the polynomials Qi( ) for i = 1,2, . . . ,5 (or the eigenvalues of the matri-
ces eFi ) are

 (1)
1 = 2.718282,

 (2)
1 = 8.637395,  (2)

2 = 1.469943,

 (3)
1 = 23.675574,  (3)

2 = 5.210596,  (3)
3 = 1.306709,

 (4)
1 = 64.366690,  (4)

2 = 14.539396,  (4)
3 = 4.589711,  (4)

4 = 1.295245,

 (5)
1 = 174.96698,  (5)

2 = 39.555943,  (5)
3 = 12.856727,  (5)

4 = 4.529632,

 (5)
5 = 1.294959,

where  (i)
1 , (i)

2 , . . . , (i)
i denote the roots of Qi( ) for i = 1,2, . . . ,5.

The sequence Q0 ( ) ,Q1 ( ) ,Q2 ( ) ,Q3 ( ) ,Q4 ( ) ,Q5 ( ) has the Sturm prop-
erties, since it has the following properties:

•  = 0 is not the root of the polynomials Qi ( ) for i = 1,2, . . . ,5.

• The consecutive polynomials Qi ( ) and Qi+1 ( ) do not have a common root
for i = 1,2, . . . ,4.

• The set of the roots of the polynomials Qi ( ) is discrete for i = 1,2, . . . ,5.

• For Qi( ) = 0 ( i = 1,2, . . . ,5), we have Qi−1( )Qi+1( ) < 0. For example, for
Q4(4.589711) = 0, Q3(4.589711) = −38.904020, Q5(4.589711) = 9748.8080
we have

Q3(4.589711)Q5(4.589711) = −379200 < 0.
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• If Qi(0) = 0, then Qi−1(0) [Qi(0 + 2)−Qi(0− 1)] < 0 for i = 1,2, . . . ,5
and sufficiently small 1,2 > 0.

For example, consider Q4(4.589711) = 0. Then Q3(4.589711) = −38.904020.
For 1 = 0.001 and 2 = 0.01, we have

Q4(4.589711+0.01)= 19.629075
Q4(4.589711−0.001)= −1.960652
Q3(4.589711) [Q4(4.589711+0.01)−Q4(4.589711−0.001)]

= −38.904020×21.589727
= −839.9998 < 0,

which verifies the inequality.

Since the sequence Q0 ( ) ,Q1 ( ) ,Q2 ( ) ,Q3 ( ) ,Q4 ( ) ,Q5 ( ) has the Sturm
properties, we have the following results:

• The roots of Qi ( ) for i = 1,2, . . . ,5 (or eigenvalues of the matrix eFi ) are pos-
itive and distinct.

• The eigenvalues of the matrices eFi and eFi−1 are interlaced for i = 2,3,4,5. For
example, for i = 5 and i−1 = 4, we have

 (5)
1 = 174.96698 >  (4)

1 = 64.366690 >  (5)
2 = 39.555943

>  (4)
2 = 14.539396 >  (5)

3 = 12.856727 >  (4)
3 = 4.589711

>  (5)
4 = 4.529632 >  (4)

4 = 1.295245 >  (5)
5 = 1.294959.

• Let  (n)
1 and  (n)

n denote the maximum and minimum eigenvalues of the matrix
eFn , respectively, for n = 2,3,4,5. We have

 (2)
1 = 8.637395 > e2 = 7.389056,

 (3)
1 = 23.675574 > e3 = 20.085537,

 (4)
1 = 64.366690 > e4 = 54.598150,

 (5)
1 = 174.96698 > e5 = 148.413159,

and
 (2)

2 = 1.469943,  (3)
3 = 1.306709,  (4)

4 = 1.295245,

 (5)
5 = 1.294959 < e = 2.718282.

These numerical results verify that en <  (n)
1 and  (n)

n < e for n = 2,3,4,5.

Now, we compute the numbers of the eigenvalues of eF5 in intervals (0,5) and
(5,15) .

According to Table 1, the number of eigenvalues of the matrix eF5 in the interval
(0,5) is 5(5)−5(0) = 2, and the number of eigenvalues in the interval (5,15) is
5(15)−5(5) = 1.
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Sign of Qi ( )
for  = 0

Sign of Qi ( )
for  = 5

Sign of Qi ( )
for  = 15

Q0 ( ) + + +
Q1 ( ) + − −
Q2 ( ) + − +
Q3 ( ) + − +
Q4 ( ) + + −
Q5 ( ) + + −

5 (0) = 0 5 (5) = 2 5 (15) = 3

Table 1: The number of sign changes of Qi ( ) for i = 0,1, . . . ,5 and  = 0,5,15 .

λ

Qi(λ )

λ = 0 λ = 5 λ = 15

Q0(λ )

Q1(λ )

Q2(λ )

Q3(λ )

Q4(λ )

Q5(λ )

Ω5(0) = 0 Ω5(5) = 2 Ω5(15) = 3

Positive (+ )

Negative (− )

Figure 1: Sign changes of Qi( ) ( i = 0,1, . . . ,5 ) at  = 0,5,15 .

λ

1.
29

49
59

4.
52

96
32

12
.8

56
72

7

39
.5

55
94

3

17
4.

96
69

8

Figure 2: Eigenvalues of eF5 on the real line.
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Figure 1 displays the sign changes of the characteristic polynomial sequence of
eFn for i = 0,1, . . . ,5 evaluated at  = 0,5,15, corresponding to Table 1.

The eigenvalue distribution shown in Figure 2 confirms the results given in Table
1, with eigenvalues at 1.294959 and 4.529632 falling in (0,5) , 12.856727 in (5,15) .

Finally, we examine the Euclidean and spectral norms of the matrix aFn . First, we
give some preliminaries.

THEOREM 13. The Euclidean (Frobenius) norm of the matrix aFn is calculated
by the formula

∥∥aFn
∥∥

F =

(
a2n +

n+1


i=3

ia2(n−i+2)

) 1
2

.

Proof. The desired result follows directly from the definition of the Euclidean
norm. �

THEOREM 14. Let a � 2 . Then, the upper bound for the spectral norm of the
matrix aFn is ∥∥aFn

∥∥
2 �

[(
a2n +1

)(
a2n−2 +n−1

)] 1
2 .

Proof. Using the Hadamard product, we have

aFn = A◦B,

where

A = [ai j]
n
i, j=1 =

⎡
⎢⎢⎢⎢⎢⎢⎢⎣

an 1 0 · · · 0 0
an−1 an−1 1 · · · 0 0
an−2 an−2 an−2 · · · 0 0

...
...

...
. . .

...
...

a2 a2 a2 · · · a2 1
a a a · · · a a

⎤
⎥⎥⎥⎥⎥⎥⎥⎦

and

B = [bi j]ni, j=1 =

⎡
⎢⎢⎢⎢⎢⎢⎢⎣

1 an−1 0 · · · 0 0
1 1 an−2 · · · 0 0
1 1 1 · · · 0 0
...

...
...

. . .
...

...
1 1 1 · · · 1 a
1 1 1 · · · 1 1

⎤
⎥⎥⎥⎥⎥⎥⎥⎦

.
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The factor matrices A and B could be characterized as

ai j =

⎧⎨
⎩

1, i = j +1
an+1−i, i � j

0, otherwise

and

bi j =

⎧⎨
⎩

an−i, i = j +1
1, i � j
0, otherwise.

Then, considering equation (1), we obtain

r1 (A) = max
1�i�n

√
n


j=1

| ai j |2 =
(
a2n +1

) 1
2

and

c1 (B) = max
1� j�n

√
n


i=1

| bi j |2 =
(
a2n−2 +n−1

)1
2 .

Hence, we have ∥∥aFn
∥∥

2 �
[(

a2n +1
)(

a2n−2 +n−1
)] 1

2

for the spectral norm of the matrix eFn . �

Conclusion

In the present paper, we investigate the exponential form of the Frank matrix,
which is notable for its eigenvalues. Since 1958, the Frank matrix Fn has been the
subject of various papers, and it has recently generated interest in the mathematical
community. We obtained significant results regarding various properties of the matrix
denoted by aFn for a > 1. For instance, using Sturm’s Theorem, we demonstrated that
all eigenvalues of this matrix are real, positive, and distinct. Additionally, we character-
ized the determinant, inverse, characteristic polynomial, LU decomposition, and some
norms of the matrix aFn . These findings contribute to a deeper understanding of the
structural aspects of the Frank matrix in its exponential form. Furthermore, the struc-
tured nature of the Frank matrix suggests several natural extensions for future research.
Given its known role in numerical analysis as a test matrix, our results could be applied
to study numerical conditioning problems. Additionally, the recursive structure of aFn

invites exploration of its relationships with other structured matrix families, particu-
larly Toeplitz and Toeplitz-like matrices. The explicit formulas we provided for ma-
trix properties may also facilitate further analytical and computational investigations.
For computational applications, the derived results could inform the development of
numerical methods for structured matrix exponentials and contribute to testing frame-
works for matrix algorithms. This work provides additional insights into the properties
of the Frank matrix and may serve as a reference for future studies on structured matrix
exponentials.
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