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THE EXPONENTIAL FORM OF THE FRANK MATRIX

EFRUZ OZLEM MERSIN

(Communicated by M. Sababheh)

Abstract. This paper focuses on the exponential form of the Frank matrix, one of the popular
test matrices because of its well-conditioned and ill-conditioned eigenvalues. We explore the
key properties of the matrix a for a > 1, highlighting its unique spectral characteristics, es-
pecially concerning its eigenvalues. By employing various mathematical techniques, including
Sturm’s Theorem, we establish that all eigenvalues of the matrix are real, positive and distinct.
Furthermore, we provide a detailed characterization of its determinant, inverse, characteristic
polynomial, LU decomposition, and several norms.

1. Introduction

Matrices are fundamental tools for representing and analyzing linear transforma-
tions in different dimensions. Their main properties, such as invertibility, rank and
determinant, provide essential information about the behavior of the systems they de-
scribe. Matrices play a central role in many fields including applied mathematics,
physics, computer science and engineering, where they are used to model complex
structures such as network dynamics, quantum systems and machine learning algo-
rithms. Understanding matrix properties, particularly eigenvalues, is important for an-
alyzing stability, resonance and the dynamic behavior of various processes. Because of
their wide range of applications, the accurate computation and characterization of these
properties remains an important task in both theoretical and applied research. Study-
ing these properties on special classes of matrices often leads to more meaningful and
interpretable results. One such special matrix is the nth order Frank matrix, defined as

n n—1 0 ---00]
n—1ln—1n-2---00
n+1—max(i,j), i>j—2 [n—=2n—=2n—=2--00

F, = L= . . . -
0, otherwise S

2 .21
IR U RS

This matrix, introduced by Frank, is known for its interesting spectral properties and
has been used as a test case for numerical algorithms. As a lower Hessenberg matrix
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and a special type of Max matrix, the Frank matrix exhibits distinctive eigenvalue prop-
erties that have been extensively studied. Hake [7] investigated several properties of
the Frank matrix, including its determinant, inverse, characteristic polynomial with co-
efficient relations, and LU decomposition. The eigenvalues are all positive and occur
in reciprocal pairs, with 1 always being an eigenvalue when the matrix order is odd
[7]. The eigenvalues can be derived using the roots of Hermite polynomials, reveal-
ing that the smaller half are ill-conditioned, particularly as the matrix order increases
[3]. Due to these characteristics, matrices with similar structures to the Frank matrix
are frequently employed in numerical analysis to investigate eigenvalue problems in
ill-conditioned systems. Since the eigenvalues of any matrix correspond to the roots
of its characteristic polynomial, determining these roots is fundamental to understand-
ing both the matrix itself and the system it represents. Sturm’s Theorem is a powerful
tool for determining the exact number of distinct roots of a polynomial within an inter-
val by counting the sign changes in the sequence of polynomials known as the Sturm
sequence. This theorem, first introduced by Sturm [27, 28, 29] in 1829, has inspired nu-
merous generalizations and extensions in the literature, such as [6, 10, 17, 26]. Mersin
and Bahsi [15] applied the Sturm’s Theorem to the nth order generalized Frank matrix,
which is defined as

[ an a1 0 00
An—1 ap—1 Ap—2 -~~~ 0 0
| 1 Arn_n Apn_» Ar_n - 0 0
F.o— ) @ntl-max(i, ) i>j—2 _ | 2 pn—2 An—2
o 0, otherwise )

ay aj a -+ apa

_al ai ay "'611611_

where a = (ay, aa,. .., a,) is a real number sequence. Some properties of the general-

ized Frank matrix £y, , such as determinant, inverse, characteristic polynomial and LU
decomposition, have been investigated by Mersin et al. [14]. Varah [30] gave a gen-
eralization of the Frank matrix and computed its eigensystem. Shi and Kizilates [24]
introduced another generalization of the Frank matrix, called the r-Frank matrix, and
obtained some of its properties. Polatli [22] studied on Min matrix form of the general-
ized Frank matrix. Higham [8] gave some important properties about some bidiagonal
matrices including the Frank matrix that make them powerful tools in a variety of prob-
lems. The author also showed how factorizations involving bidiagonal matrices of some
special matrices, such as the Frank matrix and the Kac-Murdock-Szego matrix, yield
simple proofs of the total nonnegativity and other properties of these matrices. Recent
literature shows extensive work on structured matrices. Studies on spectral properties
[12, 25], matrix structures [11, 13], and Frank matrices specifically [1, 2, 5, 16, 21]
provide valuable context for our results.

There are also some papers in the literature on the exponential forms of some spe-
cial matrices, including Max and Min matrices. For example, Petroudi and Pirouz [18]
introduced the exponential form of Min matrix A = {ami“(w )_1]r‘l . where a is a pos-

L,]=

n
itive real constant. The authors examined some properties of e° = [eFmi"('?!')“] ,
hj=1
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where F, is the n-th Fibonacci number [19]. Petroudi et al. [20] studied a particular

. n . . . H.. 1"
matrix H = [Hkij] and its Hadamard exponential matrix e° = [e kij ] . Here,
i,j=1 i.j=
kij = min (i, j) and H, is the n-th harmonic number. The authors investigated the de-

terminant, inverse, and some bounds for the spectral norms of these matrices. Shi [23]
n—1
examined the matrix A = {ak,.j} o and its Hadamard inverse A°("1). The entries of
i,j=
2nmik

A are ap = e (%) =e™n , where k;; = min (i, j) + 1. The author studied some of its
properties such as the determinant, inverse, and some norms.

Although exponential forms of various structured matrices have been investigated
in previous studies, no attention has been given to the Frank matrix in this context.

In the present paper, we define the exponential form of the Frank matrix and ex-
amine some of its basic properties. Our analysis includes the determinant, inverse,
characteristic polynomials, eigenvalues, LU decomposition, and various matrix norms.
The eigenvalue investigation employs Sturm sequence methods, which are introduced
in the Preliminaries section.

2. Preliminaries

This section reviews the essential concepts, primarily the theory of Sturm se-
quences, which we use to analyze the Frank matrix’s eigenvalues.

DEFINITION 1. [6] Let go(x),q1(x),...,g,(x) be continuous functions on an
interval (o, ) (including the possibilities ot = —co, § = o). If

(i) qo(x) does not have the roots in interval (¢, f3),
(ii) For 1 < i< n, the set of the roots of g; (x) is discrete,
(iii) For 1 <i<n—1, and x¢ that holds g; (xo) =0; gi—1 (x0) gi+1 (x0) <O,

(iv) For 1 < i< n and sufficiently small &, & > 0, and x( that holds ¢; (xo) = 0;
qi-1(x0) [gi (xo + &) — qi (xo — &1)] <0,

then the sequence g (x),q1 (x),...,gs (x) has the Sturm properties on interval (¢, ).

THEOREM 1. [0] Assume that the sequence qo (X),q1 (X),...,qn(x) has the Sturm
properties on (a,f3). For any numbers a < b in (a,B), q,(x) has exactly Q(b) —
Q (a) distinct roots in interval (a,b), where Q (a) is the number of changes in sign of
consecutive terms of the sequence qq(a),q1 (a),...,q,(a).

THEOREM 2. [0] If the sequence qo(x),q1(x),...,qn(x) has the Sturm prop-
erties, then the roots of the consecutive terms q;(x) and q;—\ (x) are interlaced for
1<i<n.

We now transition to preliminaries on matrix norms that we use in the analysis of
the exponential form of the Frank matrix.
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DEFINITION 2. [9] The Euclidean (Frobenius) and spectral norm of an m X n
matrix D = [d;;| are

ID]|F =

2 2 | d;j |2] and ||D|> = g%ki (D" D),

i=1j=

respectively, where D is the conjugate transpose of the matrix D and A;’s are the
eigenvalues of the matrix DD

DEFINITION 3. [9] Let A and B be any m X n matrices. Then, the maximum
row lenght norm of A and maximum column lenght norm of B are defined respectively

by
m
121122511 ‘a” lrgjagn = |blj‘

The spectral norm of a Hadamard product can be bounded using the row and col-
umn length norms of the constituent matrices.

THEOREM 3. ([9]) Ler A = [ajj|, B = [bjj] be any m x n matrices, and let D =
AoB = [a;jbjj| denote their Hadamard product. Then, the spectral norm of D satisfies

D2 < r1(A)c1(B). (1)

Having established the necessary preliminaries, we now present our main results
on the exponential form of the Frank matrix.

3. Main results

DEFINITION 4. The exponential form of the Frank matrix a for a > 1 is defined

as ) ;
at a0 00
anfl anfl an72 .00
- an—2 an—2 an—2 .00
a’t = .
at a* & a’a
l a a a - aa]
It is clear that the entries of the matrix a/ = [y; J'Klj: | are

an+l—max(i,j)7 i>j—2
Yij = 0, otherwise.

THEOREM 4. The determinant of the matrix a™ is computed by the rule

n
= aH (ai —ai_l).
i=2

o




THE EXPONENTIAL FORM OF THE FRANK MATRIX 95

Proof. By using the elementary column operations, we have

a'—a'! a! 0 0 0
0 avl— a2 a2 0O O
0 0 avr—a" 3 0 0
|| = .
0 0 0 d*—aa
0 0 0 0 a

The property of the determinant of a triangular matrix gives the desired result immedi-
ately. O

n

THEOREM 5. Let the matrix ®, = [q)i(;q )} be the inverse of the matrix a™™ .
T Jij=1

Then,

1 .
at — a1’ l=]:1,
(_1)1+j o )
a"*j(a—l)ﬁ 1_17]#17’17
—1 ..
at—itl — gn—j’ l:]+1’
(n) _ L
¢,‘j =140, i>j+1,

i=j—k i j#Ln0<k<n—3,
_(pi(;),la l#na j:n7

i=j=n.

Proof. We use the mathematical induction method on n. For n =2, we have

2
aFZ:[a a].
aa

Then,
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That is, the result is true for n = 2. Assume that the result is true for n — 1. Then, the

. (n—1) n—1
entries of ®,_| = | ¢, y are

i,j=1
1 . .
a1 — =2’ i=j=1,
(-p™ , ,
F gy =Li#le-L,
—1 ) )
i —gn—i-1’ i=j+1,
n—1
¢i(j = 0, i>j+1,
(—1* R
@i 2(a— 1)k i=j—k i j#ln—1,0<k<n—4,
_i(.z:;)’ i#n—l,j:n—l’
1
a1 i=j=n—1.
a_

Let the matrices a’ and @, be partitioned as

=] o o= 1)
where
Py =[ad"],
Po=[a"100...00],
Py = [a"‘l avrd" 3 AP a]T7
and

(d" a2 0 ---00
an—2 an—2 an—3 .- 00
00

anff'a anff'a anff'a .
Py = :
@ & aa
a a a a

Considering the assumption, we have P{zl = ®,,_ . The equality

PP |TuTn|_ |10
Py P | | Ty T2 01

yields
_ -1
Tiy = (P — PPy Py) = [m] ,
_ —1_ —1 1 -1 —1)" -t
T12 - _T11P12P22 - |:a"’2(ufl)2 a"’3(u71)3 a"’4(u71)4 a(iflg’kl uEafl)’kl )
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T
T21:—P231P21T11: [# 0000} ,

and 1 1 1
Ty =Py, — Py PuiTi1 P12 Py,
r 1 ~1 1 U ) G Vi
@ 3(a—1)? a4a-1)3 a5 (a—1)* (a—1)"1 (a—1y"!
—1 1 N o ) el o )
a'T—a—2 u"74(a71)2 H"75(0*1)3 (“*I)YHZ (afl)rhz
0 1 1 o (71))173 (71))172
— a—2_gn—3 ll"fs(a—l)z (a_l)n73 (a_l)n73
i 4
(a=1?  (a=1)?
1 1
L Z—a -1
Thus, we obtain
[ 1 -1 1 o S G ) G G
a"—d" U g =2(g—1? @ 3(a—1)° @ *(a—1)* a(a—1)""" ala—1)"""
_1 1 —1 1 B ) e V4
a"—a"T u"’3(a71)2 u"’4(a71)3 u"’s(afl)4 (afl)’k1 (ufl)"*l
0 ~1 1 —1 I o ) G o )
avl—gn=2 n—4 (a—l)z an—s (0—1)3 (0_1)n72 (a_l)’Hz
q)n — O 0 1 1 o 71)}173 (71))172 . D
a—2_gn—3 11"75(1171)2 (afl)"*3 (1171)"73
1 i 1 i
L w
L a2—a a—1 _

THEOREM 6. The LU decomposition of the matrix a' exists for all n. Its factors

L= [i]} ;- and U = [w;j]};_, are
1 s
lij=1 a=J’ P21
. 0, otherwise
and
a", i=j=1
an—i+1 _an—i i= ] 7& 1
Ujj = an—i, j=i+1
0, otherwise.

Proof. Matrix multiplication yields the result. [J

THEOREM 7. The characteristic polynomial of the matrix a™ has the following
recurrence relation

On(A)=(A—ad"+d"") Qu1(A) =" 'A0u 2 (1), e
where Qo (A) =1 and Q1 (L) =14 —a.
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Proof. The definition of the characteristic polynomial of a matrix yields

A—a" —a"! o - 0 0
_an—l )L_an—l _an—2 0 0
0 ’/1 - —a"? "2 h—ad" ... 0 0
On =|Al—a""| = . . . . . .
—a*>  —d —a*> - A—a* —a
—a —a -a - —a A—a

Expanding this determinant along the first row, we obtain

A—a"' —a"? 0o - 0 0
_an72 A _ (1"72 _an73 . 0 0
_an—3 _an—3 A _an—3 L 0 0
0.(2) = (% —a) |
—a? —a? —a? A—a* —a
—a —a —a -+ —a A-—a
—a" ' —a? 0 - 0 0
_an—2 A — an—2 _an—3 L 0 0
a3 —g" 3 -3 0 0
+an—1 .
—a*> - —a*> - A—ad* —a
—a —a —a -+ —a A-—a

It is clear that the first determinant is equal to Q,—; (4). Let the second determinant be
R(A). Then,

A—a !t —a"? 0 - 0 0
—(1"72 A _ an72 _an73 . 0 0
_an—3 _an—3 A — an—3 . 0 0
R(A) = .
—a? —a? —a? A—d® —a
—a —a —a —a A—a
A —a"? 0 0 0
0A—a"2 —a'3 0 0
0 —a"3 A—a3 0 0
0 —-a —a? A—d? —a
0 —a —a —a A—a
Hence,
R()L) = Qn—l ()L) - )LQn—Z ()L) .
Last equality yields

0n(A) = (A =d") Qu-1(A) +d" " (Qn-1(A) = A0u2 ().
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This gives the desired result as

0n(A)=(A-d"+a" Qw1 (A)—a" A0, 2(A). O

THEOREM 8. Let Q,(A) = A"+ u/nn 1/1”_1 +...+ u/ln A+ l[/O" be the charac-
teristic polynomial of the matrix a'. Then, there is the following recurrence relation
between the coefficients of the characterlstlc polynomial

Oyl ()

Also,

and

where tr (aF ") is the trace of the matrix a™ .

Proof. Substituting the characteristic polynomial
0n(2) = A"+ 27y 2yl
into the recurrence relation (2), we obtain
Ay Aty g
— (A—a"+a"") (/1" Ly Uan=2 4yl gl ”)
aa (A" Rl Lt NETR L A 2)).

Then, we obtain the desired result by equating the corresponding coefficients as

Wi(n) _ lVl_(fl—l) (_an+an71) llfi("_l) _ anflwi(fzz).
Additionally,
W(gn):( d+d l)w(n 1)
= (—d"+a" ) (—a an_z) wé"iz)
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and

W= -

) _
:W}57173)_an l_an

:—(a+a2+a3+...+a")
= —tr(aF"). O

REMARK 1. Itis a known fact that the characteristic polynomial of a matrix can
be obtained with both formulas [AI—a’| and |af* —AI|. By using the formula

|af" — A1], the recurrence relation of the characteristic polynomial of the matrix a
is obtained as follows by using a similar way to the proof of Theorem 7

0u(A)=(a"—a"" = 1) 0wt (A) —a" 20,2 (R), 3)

where Qp(A) =1 and Q) (A) = a— A. Equations (2) and (3) provide a practical way
to compute the characteristic polynomial of a» without expanding the full determi-
nant. This approach substantially reduces the computational effort and becomes more
efficient for large matrices. From now on, we will use (3) as the recurrence relation for
the characteristic polynomial of the matrix a’” .

LEMMA 1. Let Q;(A) be the characteristic polynomials of the matrix a™ for
1 <i< n. Then,

(i) Qi(0)#0 for 1 <i<n. Inother words, 0 is not an eigenvalue of the matrix
aF"forlSign.

(ii) Two consecutive terms Q; (L) and Qi+ (A) do not have a common root for 1 <
i<n—1.

Proof.

(i) Considering the recurrence relation (3) and Q; (0) = a, we obtain

0;(0) = (a'—a" ") 0i_1 (0)
= (@ —d) (@ —d) 02 (0)

=(a—d ") (a" —a’;z) (a2 —a)a

£0

for 1 <i<n.
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(ii) Let us suppose that Q;+1 (o) = Qi (Ap) =0 for 1 < i< n— 1. Then, using the
recurrence relation (3), we have

0i—1 () =0i2(A) =...= 00 (A) =0.

This equality contradicts with Qp (A)=1. O

LEMMA 2. Let Q;(A) be the characteristic polynomials of the matrix a' for
1 <i< n. Suppose that

1. J; C (0,00) is any interval that does not contain the roots of Q;—1 (1),

2. J» C (0,e0) is any interval that does not contain the roots of Q; (A),

3. J3 = (t,0) is any interval that does not contain the roots of all Q;(A.).
Then,

Qi(4)
Qi-1(A)

0i-1(A)
Qi(4)

(ii) (=1)720i(A) < (=1)"'AQi_1 (X) for A € J.

(i)

is strictly decreasing on Jy,

(ii) A

is strictly increasing on J,

Proof. We use the induction method on i simultaneously to prove (i) and (ii).

(i) For i=1, we have

O1(A) a—2A

= =a—A
Qo (1) 1
is strictly decreasing on every interval and
AQo (A) A 1

01(4) a—/l_ﬁ_l
A

is strictly increasing on any interval that does not contain root of Q; (A) which
equals to a. Let (i) and (ii) be true for i < k. Then, we investigate the results
hold true for k+ 1 < n. Assume that I C (0,0) is an interval that does not have
the roots of Qy (A) and Qy_; (A). Considering the recurrence relation (3), we
can write
Qi1 (A) <ak+1 _ak_/l> _da Ok-1 (/1).
O (1) O (1)

It is clear that a**! —a* — A is strictly decreasing. Using the assumption for

Or-1(A) Ori1(A)

i<k, —adA =22 g strictly decreasing on /. Then, ————— is is strictly

Ok (A) Ok (A)



102

(i)

(iii)

E. O. MERSIN

decreasing on I. Let Qy_; (r2) =0 and (t1,72) C (0,°0) be an interval that con-

M is strictly decreasing in intervals

Ok (1)
Ory1(A)

(t1,12) and (12,13). Hence, the continuity yields ——-—= is strictly decreasing

Ok (A)

tains 7, but no roots of QO (A). Then,

on interval (71,13).

Let L C (0,00) be an interval that does not contain the roots of Q(A) and
Or+1 (A). By the recurrence relation (3), we get

P Or(4) }_1 _ Qe (A)

Ori1(A) AQx(A)

at—d -2 K1 (A)
A O (1)

a gk Or-1(4)

S

A Or(A) -

k+1 k

. a ar . . . S o
It is clear that ———— is strictly decreasing. Considering continuity and the

. Ay )
assumption for i < k; —akw is strictly decreasing on L. Thus, we have

1 Ok (1)
O (A) } L . .. or(A) . .
A= trictly d L. Th Ids A ———+ trictl
[ 0 () is strictly decreasing on is yields Ot ) is strictly

increasing on L. Even if L contains any roots of Q(4), continuity yields

A
A Qkiw is strictly increasing on L. This completes the proofs of (i) and (ii).

Okt1(A)
Since the form of Q; (A1) is

Oi(A)=(—1)Al+...,

we have

and the sign of Q; () is (—1)". Then, from (ii) of this theorem, we have

AQi—1(A) -1
Qi (4)
for A € J5. Hence, ‘
(=D"'A01 (2)
i—2 >1
(=D)"7Qi(4)

Considering Q; (A) does not contain the roots in J3 the sign of Q;(A) does not
change in J3. Therefore, the sign of Q;(A) in J3 is and the sign of Q; (o) are
the same. That is,

“4)

(—1) Qi (A) >0
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for A € J5. Thus, from equation (4), we obtain
(=) 20 (A) < (=1)"'A0i 1 (A). O

REMARK 2. We use the notation Q; (o) in the proof of Lemma 2 (iii) instead of
limlaoo Qi (A’) .

THEOREM 9. The characteristic polynomial sequence Qo (A),Q1(A),...,0n(A)
of the matrix a™ has the Sturm properties on interval (0,eo).

Proof.

(i) Ttis clear that Qg (A) = 1 does not have the roots in interval (0,).

(ii) To show the rootsof Q; (A) (1 < i < n) are discrete, we use the induction method
on i. Since Q1 (A) =a— A has only one root as A9 = a, the result holds true
for i = 1. Let the result holds true for i < k. Then, the set of roots of Qy (A) is
discrete. Considering the recurrence relation (3), we get

Quet (1) = Qi (A) (¢! = = 1) — Ra" Qe 1 (2)
=0r(4) [(akH —ak—)L> —/lakiQékl(/%)] .

By Lemma 1 (ii), OQr+1 (A) and Qy (A) do not have common root, and by Lemma
o Ok (A)

2(1), —————=
Do)

Hence, Qy.1(A) has at most one root between any two consecutive roots of

Ok (4).
(iii) For 1 < i< n—1, the recurrence relation (3) yields
Qisi(A)=(a""—d' =)= 2d'Q;_1 (7).
Let Qi(A)=0for 1 <i<n—1.From
Qi1 (A) =—-2Ad'Qi_1 (7)),

is strictly decreasing between two consecutive roots of Qy (A).

we have
Qir1(A)0i-1(A) <0
for A € (0,0).

(iv) Suppose that Q; (A9) =0 for 1 <i<n and [Ag— &, + &] be an interval that
contains no roots of Q;j (Ay) =0 for sufficiently small &;,& > 0. Then the

i(A) .
sign of Q;_; (A) does not change, and by Lemma (2)(i), QQ ( 0 /{) is strictly de-
i1
i (A
creasing in this interval. Thus, the sign of QQZ ( ( ))L) is “4” and “—" in intervals
i1

[Ao—&1,40) and (Ao, Ao + &], respectively. Hence, we obtain
Qi-1(A—E1)Qi(Ao—E1) >0>0i1(A+&)0i(o+E).
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Since the sign of Q;_; (A) does not change in interval [Ag — &1, A9 + &), we have

Qi-1(A0) Qi (Ao —&1) > 0> 0;1(A0) Qi (Ao + &)

That is
Qi-1(40) [Qi(Ao+ &) —Qi(A—&)]<0. O

THEOREM 10. The eigenvalues of the matrix a' are positive and distinct for
n>1.

Proof. Assume that A, and A; are the minimum and maximum roots of all Q; (1)
for 1 < i< n, respectively. Since O is not a root of Q;(A), the sign of Q;(A) does
not change in interval [0,4,). Thus, the sign of Q; (1) is equal to sign of Q;(0) for
t1 € (0,4,). Hence, we have Q; (r;) = Q;(0), where Q; () is the number of changes
in sign of consecutive terms of the sequence

Qo (), 01(a),...,0i-1(x),0i(cx)

for 1 <i< n. Similarly, since the sign of Q; (A1) does not change in interval (A;,0), we
have Q; (r2) = Q;(e°) for 1, € (A1,°°). In the light of Theorems 1 and 9, the number of
distinct roots of Q; (A) in interval (¢1,1,) is Q; (f2) — Qi (11). Since Q; (f2) — Qi (1) =
Q; (e0) — Q;(0) for 7; € (0,A,) and 1, € (A1,°0), we need to compute the values Q; (o)
and Q; (0). Since the form of Q; (1) is

Q(A)=(—1)A+...,

the sign of Q; (e) is (—1)'. Thus, Q; (eo) = i. Also, it is clear that

0i(0) = (d' —ai_l) (ai_1 —ai_z) o 2 —a)a>0.
That is Q;(0) = 0. Hence, the number of distinct roots of Q; (A) in interval (¢1,#,) for
t1 € (0,A,) and 1, € (A1,°0). This implies that all the roots of Q;(A) are positive and

distinct for 1 < i < n. In other words, all the eigenvalues of the matrix af are positive
and distinct forn > 1. [

REMARK 3. We use the notation Q; (e°) in the proof of Theorem 10 instead of
limy, .. Qi (A).

THEOREM 11. The eigenvalues of the matrices a* and a'- are interlaced. That
is,

AP S A0S 205500 S s a5 S A0

where )Ls(l) ’s are the eigenvalues of the matrix a* for i=1,2,....n and s =1,2,...,i.

Proof. Theorems 2 and 9 yield the desired result. [
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THEOREM 12. Let ll(n) and )L,En) be the maximum and minimum eigenvalues of
the matrix a™ for n > 2, respectively. Then,

(i) A" <a

(i) a" < A",

Proof.

(i) Since a is the unique eigenvalue of the matrix a1, the result follows directly
from Theorem 11.

(i) Assume that u; is the maximum eigenvalue of the matrix a1 In other words,
W is the maximum root of Q,—1(A). Then u; is greater then all the roots of all

Ok (1), and the sign of Qg (A) is (—1)* for 0 < k <n— 1. Hence, we obtain
Q,_1(d")=n—1.
Considering the recurrence relation (3), we have

Qn (an) — _anlen_l (an) _ anflanQn_z (an)
= —a" ' [Q, 1 (a") +a"Q,_» (a")].

By Lemma 2(iii), we get

(1) Quoi (@") < (1) d" Q2 (a"), )
(=1)" [0t (d") +d"Qp_2 (a")] <O0. (6)

Then, considering equations (5) and (6), it is clear that the sign of Q, (da") is
(=1)""'. Thatis Q,(a") and Q, | (a") have the same sign. Therefore, we
obtain

Qi(d)=Q_1(d")=n—1.

Since ), (e0) =n and Q, (¢") # 0, Theorems 1 and 9 give us the following result:
0O, (A) has Q) (e0) —Q,, (@") =n—(n— 1) =1 real root in interval (a",o). Thus,

at < A.
If @" < uy, then by Theorem 11 u; < A;. Hence,
a' < )Ll. O

Now, we give an example to illustrate the properties we found for the eigenvalues
of the matrix @/ with the help of the Sturm’s Theorem.
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EXAMPLE 1. Throughout this paper, we consider matrices of the form a’» where
a> 1 is a positive real number and F;, is the Frank matrix. In our numerical experiments
and examples, we specifically focus on the case where a equals Euler’s number e ~
2.71828. That is, a’ represents the general matrix exponential, while e/ denotes the
specific case when a =e.

For n =15, we have

148.41321 54.59816 0 0 0
54.59816 54.59816 20.08554 0 0
efs = | 20.08554 20.08554 20.08554 7.38906 0
7.38906 7.38906 7.38906 7.38906 2.71828
2.71828 2.71828 2.71828 2.71828 2.71828

The characteristic polynomials of the matrices efi for i =1,2,...,5 are

Qo(A) =1,

Q1(A) = —A +2.71828,
03(A) =A% —10.1073391 + 12.696484,

03(A) = —A3 +30.1928812 — 161.10969A + 161.2007,

Q4(A) = A* —84.7910442.3 + 1406.15651% — 5976.5344\ + 5563.4589,
0s(A) = —A° +233.204251% — 11009.308A°3 4 146691.46A2 — 575053.551

+521936.13.

The roots of the polynomials Q;(A) for i = 1,2,...,5 (or the eigenvalues of the matri-
ces efi) are

A0 =2.718282,

MY =8.637395, AP =1.469943,

AP =23.675574, AV =5210596, A1) =1.306709,

Y = 64366690, A1V =14.539396, AY =4.580711, ALY =1.295245,

2D = 17496698, A1V =39.555043, AL =12.856727, AV =4.529632,
A = 1.294959,

where )Ll(i),)tz(i)7...,)t-(i) denote the roots of Q;(A) fori=1,2,...,5.

1

The sequence Qo (4),01(1),02(4),03(4),04(4),0s(4) has the Sturm prop-

erties, since it has the following properties:
e A =0 is not the root of the polynomials Q; (A) fori=1,2,...,5.

e The consecutive polynomials Q;(A) and Q;+; (A) do not have a common root
fori=1,2,....,4.

The set of the roots of the polynomials Q; (1) is discrete for i = 1,2,...,5.

For Q;(A)=0 (i=1,2,...,5), we have Q;_1(A)Q;+1(A) < 0. For example, for
04(4.589711) = 0, 05(4.589711) = —38.904020, Os5(4.589711) = 9748.8080
we have

03(4.589711)Q5(4.589711) = —379200 < 0.
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o If Ql()t()) =0, then Q,;l(l()) [Ql(l()—l— 52) — Qi()t() — él)] <0 fori=1,2,...,5
and sufficiently small &;,& > 0.

For example, consider 04(4.589711) = 0. Then Q3(4.589711) = —38.904020.
For £ =0.001 and & = 0.01, we have

04(4.589711+0.01) = 19.629075

04(4.589711 —0.001) = —1.960652

03(4.589711) [04(4.589711 +0.01) — Q4(4.589711 — 0.001)]
— —38.904020 x 21.589727
— —839.9998 < 0,

which verifies the inequality.

Since the sequence Qp(A),01(A),02(A),03(A),04(A),05(A) has the Sturm
properties, we have the following results:

e The roots of Q;(A) for i=1,2,...,5 (or eigenvalues of the matrix e7) are pos-
itive and distinct.

e The eigenvalues of the matrices efi and efi-! are interlaced for i =2,3,4,5. For
example, for i =5 and i — 1 =4, we have

A =174.96698 > 1Y = 64.366690 > A% = 39.555943
> A = 14539396 > 21V = 12.856727 > A(Y = 4589711
> A0 = 4529632 > A\ = 1205245 > A1) = 1.294959.

o Let /ll(n) and /l,En) denote the maximum and minimum eigenvalues of the matrix
efr | respectively, for n = 2,3,4,5. We have

and
2P = 1.469943, 1Y = 1.306709, 2\Y = 1.295245,
2 =1.294959 < ¢ =2.718282.

These numerical results verify that ¢ < /11(") and /ln(") <eforn=273,4,5.

Now, we compute the numbers of the eigenvalues of e/5 in intervals (0,5) and
(5,15).

According to Table 1, the number of eigenvalues of the matrix /5 in the interval
(0,5) is Qs(5) —Qs5(0) =2, and the number of eigenvalues in the interval (5,15) is
Q5(15) —Q5(5) = 1.
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Sign of Q;(A) | Sign of Q;(A) | Sign of Q;(A)
forA =0 forA =35 for A =15
Qo (L) + + +
01 (4) + — —
0> (A) + - +
03(4) + - +
04(A) + + -
Os(4) + + -
Q5(0)=0 Qs5(5)=2 Qs(15)=3

Table 1: The number of sign changes of Q;(A) for i=0,1,...,5 and A =0,5,15.

0i(4)

0Os(1) 1 I | Positive (+)
Negative (—)

04(2) 1 t \

03(4) ? ' *

02(4) 1 v )

0:1(4) i ' ¥

Qo(2) 1 i *

A=0 A=5 A=15 A

Qs5(0) =0 Qs(5)=2 Qs5(15) =3

Figure 1: Sign changes of Q;(A) (i=0,1,...,5) ar A =0,5,15.

1.294959

4.529632 —==—r——
12.856727 -~
39.555943 —==—r——
174.96698 ~—==t=——

Figure 2: Eigenvalues of e™> on the real line.
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Figure 1 displays the sign changes of the characteristic polynomial sequence of
ef" for i=0,1,...,5 evaluated at A =0,5,15, corresponding to Table 1.

The eigenvalue distribution shown in Figure 2 confirms the results given in Table
1, with eigenvalues at 1.294959 and 4.529632 falling in (0,5), 12.856727 in (5,15).

Finally, we examine the Euclidean and spectral norms of the matrix a. First, we
give some preliminaries.

THEOREM 13. The Euclidean (Frobenius) norm of the matrix a is calculated
by the formula
1

n+1 ) 2
P a® + D i) )
i=3

Fa

la

Proof. The desired result follows directly from the definition of the Euclidean
norm. O

THEOREM 14. Let a > 2. Then, the upper bound for the spectral norm of the
matrix a is

Nl—

la"

, < [(azn +1) (az”_2 +n—1)]

Proof. Using the Hadamard product, we have

al =AoB,
where
at 1 0 ---00]
a'a' 1 .00
an72 an72 an72 .00
A=laiflijo, = S
@ d &2 a1
| a a a a a|
and

[1a" Y 0 ---00]
1 & 2...00

; 1 1 1 ---00
B= [bij}i’jzl =
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The factor matrices A and B could be characterized as

1, i=j+1

J
aij = an+1—l’ 12 J

0, otherwise
and )
atl i=j+1
bij = 1, i>j
0, otherwise.

Then, considering equation (1), we obtain

Z\al, ‘2

J=1

1
1(8)= s \[ 3210y = (@ 1)

1
F, 5 g [(a2n+1) (aZn—2+n_1)]2

for the spectral norm of the matrix e/». [

Nl—

(" +1)

and

Hence, we have

la

Conclusion

In the present paper, we investigate the exponential form of the Frank matrix,
which is notable for its eigenvalues. Since 1958, the Frank matrix F; has been the
subject of various papers, and it has recently generated interest in the mathematical
community. We obtained significant results regarding various properties of the matrix
denoted by a for a > 1. For instance, using Sturm’s Theorem, we demonstrated that
all eigenvalues of this matrix are real, positive, and distinct. Additionally, we character-
ized the determinant, inverse characteristic polynomial, LU decomposition, and some
norms of the matrix a». These findings contribute to a deeper understanding of the
structural aspects of the Frank matrix in its exponential form. Furthermore, the struc-
tured nature of the Frank matrix suggests several natural extensions for future research.
Given its known role in numerical analysis as a test matrix, our results could be applied
to study numerical conditioning problems. Additionally, the recursive structure of a’”
invites exploration of its relationships with other structured matrix families, particu-
larly Toeplitz and Toeplitz-like matrices. The explicit formulas we provided for ma-
trix properties may also facilitate further analytical and computational investigations.
For computational applications, the derived results could inform the development of
numerical methods for structured matrix exponentials and contribute to testing frame-
works for matrix algorithms. This work provides additional insights into the properties
of the Frank matrix and may serve as a reference for future studies on structured matrix
exponentials.
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