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THREE EQUIVALENT DISTANCES ABOUT SINGULAR SUBSPACES

CHUNGUANG REN AND PEI ZHANG

(Communicated by X. Wang)

Abstract. Cai and Zhang proved that three distances between singular subspaces under spectral
and Frobenius norms are equivalent (T. T. Cai and A. Zhang, The Annals of Statistics, 2018,
46 (1), 60-89). We show that these distances remain equivalent under any unitarily invariant
norm. The constants in Theorems 1-2 (Cai and Zhang’s bounds) can be made sharper in our
results (Theorems 3—4). Furthermore, our proof methods for Theorems 4 which extend Cai and
Zhang’s results (Theorem 2) are significantly simpler.

1. Introduction

The distances about singular subspaces have been widely applied in various statis-
tical and machine learning problems, including low-rank matrix denoising ([1]), high-
dimensional clustering ([1]), covariance estimation ([2], [11]), canonical correlation
analysis ([3], [4], [7]), and singular-space estimation ([9], [10]), among others. In this
paper, we demonstrate that three distances are equivalent under any unitarily invariant
norm.

1.1. Notation

Let X € CP1*P2, A unitarily invariant norm || - || satisfies
luxvi =ix|

for all unitary matrices U € OQ,, (the set of p;-dimensional unitary matrices) and
V € O,,. Throughout this paper, X H denotes the conjugate transpose of X. Impor-
tant examples of unitarily invariant norms include the spectral norm, Frobenius norm,
nuclear norm, and Ky Fan norms. We denote the spectral norm and Frobenius norm by
| - |lsp and || - ||r, respectively.

REMARK 1. While the standard definition of unitarily invariant norms requires
the condition |[UXVH|| = || X|| to hold for all unitary matrices U € Op, and V € Q,,,
this equality in fact extends to matrices with orthonormal columns. Specifically, it holds
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for U € Oy, p, (the set of m x p; matrices with orthonormal columns) and V € OQ, ,,,
since

Ux)Hwux)=x"x,
(xvH(xvIHH = xxH

Let the singular values of VIV be denoted by o 20> - >0, >0. The
principle angles ([1]) between these subspaces are then defined as

O(V,V) := diag (cos ' (61),cos ! (02),...,cos ! (a})).

Moreover, R(V) denotes the column space of matrix V € Q.

1.2. Cai and Zhang’s work
Cai and Zhang’s results can be restated as in Theorems 1-2.
THEOREM 1. ([1]) Let V,V € Q,,. Then
[sin®(V,V)]|sp < Oin(g IV —VvOlls, < V2| sin®(V,V)|lsp,
€0y

Isin®(7,V)le < inf [V =VOllr < V2||sin O, V)]lF.
€0r

THEOREM 2. ([1]) Let V,V € Q. Then
| sin@(fCV)Hsp < HVVH _VVHHSp <2 Sin@(V»V)||Sp~
Especially,
[VVE vV || p = V2||sin@(V,V) k.

Liu and Ren ([6]) gived the following proposition about sin®(V,V).

PROPOSITION 1. ([6]) Let ||| be a unitarily invariant norm, V,V € Q,, , with
VV.]€O,and [V V] €Q,. Then

Isin®@(V,V)[| = [VEV] = [VIV. || = [[sin©(V,V)]].
For V{,V,,V3 € @p.’r,
| sin®(Va,V3)|| < ||sin®(Vy,Va)|| + || sin®(Vy, V3)||.

In fact, ||sin@(V,V)|| =0<= R(V)=R(V).
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1.3. Main work
Let V,V €0,, (p=7),
D(V,V):= Jnf |[V—=vol, dV,v):=|vvT —vvT|.
€0,

In addition, the infimum is achieved over @, which is a compact set. Hence, D(V,V)
= inf |V —-VO| = min ||V -VO|.
0c0;, 0€0;,

PROPOSITION 2. Let || - || be a unitarily invariant norm and V,V € Q,, . Then
(i) D(V,V)=D(V,V);

(ii) D(V,V)=0<=R(V) =R(V);

(iii) If Vi,Vo,Va € @p.’r,

D(V17V2) < D(V17V3) +D(V2,V3).

PROPOSITION 3. Let || - || be a unitarily invariant norm and V,V € O, . Then
(i) d(V,V)=d(V.V);

(ii) d(V,V)=0<=R(V)=R(V);

(iii) IfVi,Vo,Va € @p.’r,

d(Vl,VQ) < d(Vl,V3) +d(V2,V3).

Propositions 1-3 show that ||sin®(V,V)||, D(V,V) and d(V,V) are all metrics
about singular subspaces. The following two theorems present that all the three differ-
ent metrics are equivalent under any unitarily invariant norm.

THEOREM 3. Let || - || be a unitarily invariant norm and V,V € O, ,. Then
sin0(F. V)] < inf [ ~VO| < (1+ [ sin®(V. V) |3 [sin@(7. V).
€0,

REMARK 2. Since [|sin@(V,V)||sp < 1,

Isin@(7, V)| < inf |7~ VO < 2][sin@(7, V)]
€0,

REMARK 3. By Theorem | and Theorem 3, we have
[sin®(V,V)]lsp < (}26,”‘7 ~VOl|sp < min {1+]] sin@(V7V)Hsp,\/§} [sin®(V,V)|lsp-
Compered with Theorem 1, our estimation becomes sharper when

[sin®(V,V)|[p < V2 1.
THEOREM 4. Let |- || be a unitarily invariant norm and V,V € Q,, .. Then
|sin@(V, V)| < [VVH —vVH| <2|sin@(V,V)].
Especially,
WV —vVH| o < V2 sin®(V,V)||sp.

Hence, the constant 2 in Theorem 2 can be sharper in our estimation.



116 C. REN AND P. ZHANG

2. Proofs of Propositions 2-3

We begin with a useful lemma, which plays a key role for our later discussions.

LEMMA 1. Let V,V €0, ,. Then R(V) = R(V) if and only if there exists O € O
such that V =V O.

Proof. Denote o, f; as the i-th columns of V,V respectively. Then
R(V) = Span{al7 Ty OCr}, R(V) = Span{Bla e 7ﬁr}~

(<=) Since V=VO0 and 0€ Q,, VO" =V . Then oy,---, 0, and By,---, B, can
be mutually lineally expressed. Furthermore,

span{oy, -+, 0.} = span{Py,---, B}

(=) Two sets of column vectors o, -, and Pi,---, [, can be regarded as
two sets of standard orthogonal bases of R(V) = R(V), then there must exist invertible
transition matrix O € C"™" such that V =V O. This with

viy = ofivtyo = of'o
and VHV =1, implies O"O =1,. Hence, 0 € 0,. O

Now, we can prove Proposition 2.

Proof. (i) Note that || - || is a unitarily invariant norm and O,0" € Q,, then

D(V,V)

inf |V —VO| = inf |[VO" —VOO!| = inf |[VO! —V|
0c0, 0c0, 0c0,

inf ||[V—VO"||=DV,V).
OHeO,

(ii) By D(V,V) = inf ||V —VO| = min ||V —VO|| = 0, one knows that there
0€0; 0€0;
exists O € O, such that V = VO. This concludes that

R(V)=R(V)

which thanks to Lemma 1.
On the other hand, if R(V) = R(V), Lemma 1 tells that there exists O € O, such
that V = VO. This leads to

D(V,V) = Oin(g) |V —-Vvol| =0.
€0y

(iii) Let 0,0’ € O,. Then

Vi = V20| = ||[Vi = V30" + V30" —V,0|| < ||Vy = V3O || + ||V30' — V0.
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For any fixed O’ € Q,, finding infimum about O in the above inequality, one obtains
D(V17V2) < HVI — V30/|| +D(V30/,V2) = HVI —V30/H -I—D(V37V2)

which thanks to R(V30') = R(V3). Furthermore, finding infimum about O’ in the above
inequality,

D(Vl,Vz) < D(Vl,V3) —|—D(V3,V2). O

Next, we prove Proposition 3.
Proof. (i) Note that || - || is a unitarily invariant norm, then
dWV,v)=|[VVH —vvH| = ||vvE —VVH || = a(v,V)
which dues to the homogeneity of a norm.
(i) By d(V,V) = ||VVH —vVH|| =0, it has VVH =vVH Since VHV =1,, it has
V =VVHV. Then
R(V) CR(V).
Similarly, R(V) € R(V). Hence,
R(V) =R(V).

On the other hand, if R(V) = R(V), Lemma 1 tells that there must exist O € O,
such that V = VO. Then

d(V,v)=|vvi—vvH| =o.
(iii) Let V1,V5,V3 € Q. Then

d(Vi,V2) = [V =V | = WiV = a3t + VsVt — v |
<d(V1,V3) +d(Vo,V3). O

3. Proof of Theorem 3

We introduce a fundamental lemma, which is important for the following proofs.

LEMMA 2. ([5], [8]) Let ||-|| be a unitarily invariant norm, and A,B € CP1*P2,
Then

IABY| < |l lBI,

where ||Al|sp stands for spectral norm. Moreover, ||A|| < ||B| holds if [|Al| ) < |IBl|(x)
for k=1,2,--- min{py, pr}, where ||A||) stands for Ky Fan norm.
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We now proceed to prove Theorem 3.

Proof. By Proposition 1, ||sin®(V, V)| = ||[VHV||. Note that V'V =0 and |V,
=1, these with Lemma 2 show that

[sin@(V,V)|| = [VI'V - VIVO| < |[VI]llV = VOl < [V -VOl|.
Furthermore,
|sin®(V,V)|| < inf |V —VO| =D(V,V).
0€0,
Denote the SVD of VAV as
viy .= psof, PO €O,.

Let O :=PQO". Then V—-VO = [.(V—-VvPO") = (vWH + v, vi)(V —vPol) =
VVE(V —vPo®) + v, VE(V — VPQH). Furthermore,

D(V,V) = Oig(grllV—VOH
IVVEW VPO | +[[ViVE(V —vPoT)||
IV[Isp|[V(V = VPN + VLl VIV — VPO
= [[VR(V —vPo")||+[[V](V —vPO")|
= VIV — PO + VIV = |[PEQ" — PO"|| + || sin@(V, V)|
= ||diag {1 - a1 (VIV),---, 1 = o, (VIV)} || + | sin@®(V, V)]]. (1)
By o;(VHV) €[0,1], 1 — 0;(VHV) < 1—6?(VHV) (i=1,---,r). Then Lemma 2 tells
[|diag {1 — oy (VHV), -, 1— 0, (VIV}
Hdlag{l—cl(V ), ,1—03(VHV)}H.

<
<

Moveover, by the definition of @(V, V),
sin@(V,V) = diag { 1—c}(VHV) - 4 /1— o}(va/)}.

This with Proposition 1 leads to

[sin®(V,V)| = ||diag {c,(V]V) , -+, o1 (VIV) }|

diag {\/1—01 (VHY) \/1 o?( VHV)}H

Then Lemma 2 implies that
|diag {1 - GF(VI7) - 1= G2(VID) | = |[diag {oP(VIV) , -, SRV} |
. - A1y 2 . N ) N
= |(diag {o:(vVI'V), -, o (VIV)})? | < Isin@(V, V)| sin@(7, V)]l
The above inequality and (1) tell that
D(V.V) < (1+sin®(V,V)]sp) | sin®V.V)|. O
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4. Proof of Theorem 4
We first present a key lemma that will be useful for subsequent proofs.

LEMMA 3. ([1]) Suppose A, B€ CP*" AHB =0 or ABH = 0. Then
012(A +B) < 0'12(A) + 0'12(B).

The proof of Theorem 4 is presented as follows.

Proof. Note that VEV = 0. Then by Proposition 1 and Remark 1,
Isin®(V, V)| = [VEV | = [VHOOH|| = [vHoPH - vivvH).
Using Lemma 2,
Isin®W, V)| < IV lspl[VVH = VVE] < V7T —vVE].

On the other hand, VVH —vvH = (vvH v, viypyH _yyHpyH L p vl =
v, VHYYH —yyHY VH Then

[VVH —vvH|| = [vviV v — v vivH| )
< VVHVLV I+ Vv
< VAVL+[[VIV] =2||sin®(V, V).

Specifically, when the unitarily invariant norm is the spectral norm, we have

[VVH —vvH| o = |vvHY P — v, viPVH||

<\ IVVEDLOH R 4 v, vEon 2 3)

< JIVEVL 3+ VED |3

where (3) follows from the orthogonality condition (VVHV, VEHY, vHYPH =0 equa-
tion (2), and Lemma 3. Combining this inequality with Proposition 1, we conclude that

[VVH —vVH|p < V2[|sin®(V,V)|lp. O
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