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ON THE §-NUMERICAL RADIUS AND THE §-CRAWFORD NUMBER
FUNCTIONS OF DIRECT SUM OF HILBERT SPACE OPERATORS

ZAMEDDIN I. ISMAILOV AND PEMBE IPEK AL*

(Communicated by M. Krni¢)

Abstract. In this work, some important properties of the & -numerical radius and the § -Crawford
number functions of bounded linear operators on Hilbert spaces are investigated. Then, the re-
lationships between the 8 -numerical radius and the § -Crawford number functions of the direct
sum of Hilbert space operators and those of their coordinate operators are explored. Further-
more, some generalization formulas for lower and upper bounds of the & -numerical radius and
the & -Crawford number functions of such direct sums are obtained. Finally, some lower and
upper bounds for the §-numerical radius in the sectorial cases of coordinate operators are es-
tablished, and these evaluations generalize some results known in the literature. Moreover, the
obtained results offer a range of useful techniques that can facilitate further advancements in this
field.

1. Introduction

The concepts of numerical range and numerical radius of an operator play a very
significant role in pure and applied mathematics and have been studied extensively due
to their applications in engineering, quantum computing, quantum mechanics, numeri-
cal analysis, differential equations, fluid dynamics, the geometry of Banach space, etc.
(see, [2, 0, 13]).

Throughout this article, H denotes a complex Hilbert space endowed with the
inner product (-,-) and associated norm |- ||. Let B(H) and B.(H) stand for the
C* -algebra of all bounded linear operators and compact operators acting on H, respec-
tively. The numerical radius of an operator T is given by

o(T) =sup{|(Tx,x)|: x€ H, ||x|| =1}.

The usual operator norm and the Crawford number of an operator T are, respec-
tively, defined by
1T = sup{||Tx]| - x € H, [x] =1}

and
o(T) =inf{|(Tx,x)| :x € H, ||x|| =1}
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[10].
In literature there is one important formula of Yamazaki [27] for calculation of
numerical radius o(T) of T € B(H) as

o(T) = sup ||Re(e"T)|.
teR

There is a another formula for computation of generalized numerical radius as

oy(T) = ;lelﬁN(Re(eieT)),

where N is given normof T € B(H) [1].

Finding the exact value of @(7) for an arbitrary T € *B(H) is not an easy task,
except in some special cases. Therefore, researchers in this field have devoted a con-
siderable amount of time and effort to find lower and upper bounds of w(T).

Recall that for any T € B(H) the numerical radius @(7') is a norm on B(H) and
among the most basic bounds of @(T) is the following two-sided inequality

1
SITI < o(T) < |7 (1)

(see, e.g., [10]). The right hand side of (1) becomes an equality when 7 is normal,
while the left side becomes an equality when T2 = 0.

Sharpening (1) has received a considerable attention in the literature. We refer the
reader to [3, 5, 15, 16, 17, 21, 22] as a sample of recent attempts to obtain sharper and
better bounds of @(7). Among those attempts, the following two-sided inequality will
be of interest, see [16].

1 1
T T+TT7| <w*(T) < ST T+ 777 (2)

The inequality (2) refine the left and right inequalities of (1).

The literature has several generalizations of the classical numerical radius and
the classical Crawford number. We will focus on the §-numerical radius and the -
Crawford number functions of direct sum of Hilbert space operators.

DEFINITION 1. ([24]) For the operator T € B(H) and 0 < § < ||T||, the -
numerical range is defined as

Ws(T) = el ({(Txx) :x € H, |x]| = 1, |Tx]| > 8}),
where cl(-) is denoted closure of a set in complex plane.

Clearly, W5(T) is a closed subset of the closure of the usual numerical range,

and Wo(T) = () Ws(T). By a slight modification of a theorem of Dekker [7], it is
s<|7|

not hard to see that Ws(T') is connected. It would be interesting to know if Wg(T) is

convex. Itis, if T is normal, or if the underlying Hilbert space is two-dimensional.
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DEFINITION 2. For the operator 7 € B(H) and 0 < 0 < ||T||, the §-numerical
radius and the § -Crawford number functions are defined as

ws(T)=sup{|A|: A € Ws(T)} and c5(T)=inf{|A|: A € Ws(T)},
respectively.

From the definitions of the § -numerical radius and the d -Crawford number func-
tions, it follows immediately that w(7) = o(T) and ¢o(T) = ¢(T).

Logically, the concept of the §-numerical radius and the §-Crawford number
functions can be generalized as follows:

For the operator T € B(H) and —eo < § <0,

ws(T)=0o(T) and cg(T)=c(T).
It is easy to see that
e(T) <cs(T) < 05(T) < o(T).
Also, for < 8 < || T,
Ws(T) CWe(T), ws(T) < w(T), and c(T) < cgs(T).
Throughout this article, we will define for 7 € B(H) and —e < A < ||T||
A (T) = {x € Si(H) : |ITx] > A},

where S (H) is a unit sphere on H.

The infinite direct sum of Hilbert spaces and the infinite direct sum of operators
have been studied in [9]. Namely, the infinite direct sum of Hilbert space H,, n > 1
and infinite direct sum of operators A, in H,, n > 1 are defined as

H= @H = {u = (up):up €Hyyn > 1, ||u||%1 = 2 ||unH%_1n < —|—°°}
n=1 n=1

and

A=A, :DA)CH—H,
n=1

where D(A) = {u = (u) € H : uy € D(A,), n > 1, Au = (Ayu,) € H}, respectively.
Recall that H is a Hilbert space with the norm induced by the inner product

Mg

(u Vg = Y (un,vn)pg,, u=uy, v=v, €H.

n=1

We present the following theorem, which is well known in the literature on the
boundedness of direct sums of Hilbert space operators.
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THEOREM 1. ([18]) Let A, € B(H,),n>1 and A = @A :H — H. In order
to A € B(H) the necessary and sufficient condition is sup HA || < oo. Moreover, in the
n=1
case that A € B(H), the norm of A is in the form ||A|| = sup||An]|.

n>1

For clarification, we discuss an example.

EXAMPLE 1. In the Eucledian space R?(R), consider the following operator in
form

A=A DA :R> SR, Aix;=x1, AR >R, Ay =2x, Ax:R—R.
Itis clear that ||A|| = ||A; ©A;|| = 2. Then, forany 0 < § <2 and x = (x1,x) € S;(R?)

8% < [|Ax? = Ava [P+ Aoz | = 2] + 403 = 4 - 3x}

4-52\"?
and from this we have |x;| < < 3 ) . So

S1(R if —0< <0,

4—82\'"?
x=( x17x2:x%+x%:l7x1|<< 3 ) Lif 0K 6 <2,
<

0 <2 we have

Then, for 0

w5 (A) = sup{[(Ax,x)| : x € A5(A)}

sup {x7 +2x3 : (x1,%2) € Ag(A)}

4—82\'"?
sup{Z x| < ( 3 ) }

Therefore, for 6 <2 we get

03 (A) = w(A), if —eo< <0,

A D) if0<8<2
)2, if —e0< <0,
]2, if0<8<2
=2.

Similarly, for 0 < 6 <2

cs(A) = inf{|(Ax,x)| : x € As(A)}
= inf{x%—FZx% D (x1,x02) €A5(A)}

oo 1/2
1nf{2 X ] < (4 35> }
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Then, for § < 2 we obtain

1, if —e0< <0,
c5(A) =49 24682
) + , if0<d<K2.
T T
DEFINITION 3. For any fixed —E<y<(x<§7

(i) S(y,0) = {re:r>0,y< @< a} CC bea sector with vertex in origin and
angles § and o.

(ii) The operator T: H — H, T € B(H) in any Hilbert space H is said to be (y,)-
sectorial if W(T') C S(y, ).

(iii) The class of all (y, a)-sectorial operators on Hilbert space H it will be denoted
by Sec(y,q)(H).

Throughout this paper, in (ii) of Definition 3, & will be taken as the largest &
satisfying the given condition, and o as the smallest o satisfying the given condition.

It is clear that if T € Sec(, o)(H), T is accretive. If T € Sec(y,o)(H) and y =0,
then T is accetive-dissipative. If T € Sec(y q)(H) and o =0, then T is accetive-
accumulative.

In[11] and [12], some lower and upper bounds for 2 x 2 operator matrices on the
direct sum of Hilbert spaces have been investigated.

In [19] and [26], the relationship between certain numerical characteristics — such
as the numerical range, numerical radius, Crawford number, and sectoriality — of boun-
ded linear operators on the direct sum of Hilbert spaces and those of their coordinate
operators has been investigated.

In [20], the characterization of lower and upper bounds for the g-numerical ra-
dius of 2 x 2 operator matrices acting on the direct sum of Hilbert spaces has been
investigated.

In [25], the relationship between g-numerical radii of infinitely direct sum of
Hilbert space operators and their coordinate operators has been investigated.

In [14], the lower and upper bounds of the numerical radius for operators on finite
direct sums of Hilbert spaces have been investigated.

In [3], some interesting new inequalities for the numerical radius of accretive ma-
trices have been obtained.

The main goal of this work is to investigate the relationship between the §-
numerical radius and the & -Crawford number functions of direct sum of Hilbert space
operators and those of their coordinate operators. Furthermore, some evolutions formu-
las for lower and upper bounds of the d -numerical radius and the §-Crawford number
functions of direct sum of Hilbert space operators have been obtained. Later on, sim-
ilar problems have been investigated for sectorial cases of coordinate operators. The
obtained results generalize many well-known conclusions concerning the classical nu-
merical radius and the classical Crawford number functions for an operator and the
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infinite direct sum of Hilbert space operators found in the current mathematical litera-
ture (see, e.g., [3, 8, 16, 19, 23, 26]). In addition, the obtained results provide various
useful techniques for further developments in this area.

This work is organized as follows. In Section 2, we first investigate some impor-
tant properties of the 0 -numerical radius and the §-Crawford number functions of a
bounded linear operator in a Hilbert space. In Theorems 8 and 9, we examine the rela-
tionships between the & -numerical radius and the & -Crawford number functions of the
direct sum of Hilbert space operators and those of their coordinate operators. Subse-
quently, we obtain some generalization formulas for the lower and upper bounds of the
0 -numerical radius and the & -Crawford number functions of such direct sums. In Sec-
tion 3, we obtain several formulas for the upper and lower bounds of the & -numerical
radius in the sectorial cases of coordinate operators.

Note that each operator T € B(H) can be expressed in the Cartesian decompo-

T+T" T-T"

and ImT = T Here,
T* denotes the adjoint of T. Throughout this study we denote by |T| = (T*T)'/? the
absolute value of an operator T € B(H).

sition form as T = ReT + ilmT, where ReT =

2. Bounds of the § -numerical radius and the 6 -Crawford number functions
of direct sum of Hilbert space operators

In this section, firstly, we investigate some important properties of the d -numerical
radius and the §-Crawford number functions of bounded linear operators on Hilbert
spaces. Then, we explore the relationships between the §-numerical radius and the
§ -Crawford number functions of the direct sum of Hilbert space operators and those
of their coordinate operators. Furthermore, we obtain some generalization formulas
for lower and upper bounds of the & -numerical radius and the &-Crawford number
functions of such direct sums.

Firstly, we give a well-known inequality that is essential for proving theorems.

LEMMA 1. ([4]) If T €B(H), T >0, then for any x € H
171> < I T|{Tx, ).
Now, we are in a position to present our results.

THEOREM 2. Let T € B(H).

() f0<a <O <||T|, then 0 < wo(T) — ws(T) < 9.
In special case, if =0, then 0 < o(T) — ws(T) < 9.

(ii) 1f 8 € [0, |7l then lim 05(T) = w(T).

(iii) If 81,02 € [0,]|T||], then ‘a)gl(T)—wgz(Tﬂ <)+ 5.
(iv) If § € [0,||T||], then 0 < ¢5(T) —¢(T) < 8.
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(v) If § €[0,[|T||], then hm 05(T) e(T).

(vi) If 81,8, € [0, ||T|]], then |cs, (T) —cs,(T)| < 81 + 8.
(vii) If 8 € [0,[|T||], then 0}(T) < wg(T*T).
(viii) Ifthe operator T is positive definite and & € [0, ||T||], then cg2(T*T) < || T||cs(T).
(ix) If the operator T is normal and § € [0,||T||], then
ws(T) = ws(T") and c5(T) =cs(T").

Proof.
(i) For a < 6 < ||T||, we have
Ao(T) ={x€Si(H): ||Tx[| > o}
= (xeSi(H): a < ||Tx|| < 8§} U{x e $i(H) : | Tx| > 8}
Then, we get

0o(T) = sup |(Tx.x)|

x€A(T)

max {sup {[(Tx,x)| : & < [|Tx[| <&}, sup{[(Tx,x)| : [|Tx]| > 5}}
ws(T)+ 9.

Hence, since the & -numerical radius function is monotonically decreasing
with respect to the variable &, then we have

0< wo(T)—ws(T) <96.

<
<

(i) The proof is clear from (i).
(ii1) By (i) in this theorem we have
|05, (T) — 05, (T)| < |05, (T) — (T)| + w5, — (T)| < &1 + 6.
(iv) Itis known that for any 0 < & < ||T|| we have
0<c(T) <cs(T).
On the other hand, we get

inf [(Tx,x)| = inf [(Tx,x)|
As(T) 81 (H)\{xeS) (H):0<]|Tx| <5}

< inf [(Tx,x)|+ inf [(Tx,x)],
Si(H) {x€S1(H):0<| T <8}

i.e.,
es(T) <e(T)+9.
Therefore, it is obtained that for each § < T||

|
0<es(T)—e(T) <
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(v)—(vi) Similarly to (ii) and (iii) the validity of (v) and (vi) it can be proved, respec-
tively.

(vii) If the operator T € B(H), then for x € S;(H) and 0 < § < ||T|| we have
8% < ||Tx||> = (T*Tx,x) < ||T*Tx||.
The last relation shown that
As(T) = As2(T°T). 3)
On the other hand,
[(Tx,2)[> < || Tx|* = (T Tx,x). )
Hence, from (3) and (4) it is obtained that

w3(T) < w2 (T*T).

(viii) If the operators T € B(H) is positive definite, then by Lemma 1 for x €
S1(H) and 0 < 0 < ||T|| we have

(T*Tx,x) = || Tx||* < ||T||(Tx,x). (5)
Hence, from (3) and (5) we have

cs2(T°T) < |[T||es(T).

(ix) The proof is clear from the definition of the & -numerical radius and the
8 -Crawford number functions. [

THEOREM 3. Let T,S € B(H).
(i) If0< 8 < ||AT|| forany A € C, A #0, then

ws(AT)=|Aws (T) and cs(AT) = \)L|c£_‘(T).

[4]
(ii) If 6 < ||T+ S|, then

05(T+S) < 55 (T) + w57 (S) and c5(T+8) = cs—r(S) —ws—5(T).

Proof.
(i) If A #0, then

ws(AT) = sup [(ATx,x)|=|A| sup [(Tx,x)|. (6)
As(AT) As(AT)
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On the other hand, we get

As(AT) = {x € $i(H) : |ATx] > 8} = {xesmH):nwa

From (6) and (7) we have
ws(AT) =|A] SUF (Tx,x)| = Ille( )-
\g\
Similarly, the second equality it can be proved.
Since for x € §1(H),
& < T +S)xll < [[Tx]| +[Sx]],

then we have
8 <||Tx|[+[S|| and & < [T+ [|Sx]|,

that is,
S—|ISII<|ITx|| and & — T < ||Sx]|-

Thus, we get

As(T +8) CAs s (T) N As— 7y (S)-
On the other hand, for x € S;(H), we have

(T +8)x, ) < [(Tx, x)[ + [{Sx, )]
Hence, from (8) and (9) we obtain

sup [((T+S8)x,x)[ < sup [(Tx,x)[+ sup [(Sx,x)l.
As(T+S) As s (T) As_yi7) ()

Thus, we get

o5 (T +8) < 0s_5 (T) + 057 (S)
Also, for any x € H we have

[(Tx,x)| < [((T + 8)x,x)| + [ (Sx, x)|.

Hence, from (8) and (10) we obtain

inf [(Tx,x)| < inf |(Tx,x)|

As s (T) As(T+S)

< inf (T +8)x,x)| + | (S,
Lot (T + i+ |(55.9)
< inf (T +8)x,x)|+ sup  [(Sx,x)|
As(T+S) A‘S*HTH(S)

and

cs—|s)(T) < es(T +S) + w57 (S),
i.e.

cs(T+S) = cs—s)(T) — o5 (S). O

129

_ZT} (7

®)

€))

(10)
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THEOREM 4. Let T € B(H) and O < ||T||. Then

a)(;/z(ReT) < ﬂ)(T) and ﬂ)5/2(lmT) < (l)(T)

Proof. Forany x € S1(H) and § < ||T| we have
8 < ||Tx| = |ReTx| + [ mT].
Then, |[ReTx|| > & or ||[ImTx|| > § for x € Sy (H). Hence
As(T) C Asja(ReT)UAs j»(ImT). (11)
On the other hand, for x € H
[(Tx,x)| > [(ReTx,x)| and |(Tx,x)| > |{ImTx,x)]|. (12)
Consequently, from (11) and (12) we obtained that

sup [(Tx,x)| > sup [(ReTx,x)| > sup |(ReTx,x)|.
XES| (H) AS/Z(RET)UAS/Z (ImT) A(g/z (ReT)

This shows that
(D5/2(R€T) <o(T).

Similarly, it can be proved that
wsp(ImT) < o(T). O
THEOREM 5. Let T € B(H) and 0 < 8 < ||T||. Then
w5 (1) < ||| Pos(IT)) and §(T) <|[|T]|Pes(IT)).
Proof. Forany x € S1(H) and 0 < 8 < ||T| we have

8 <] = (T Tx,x) = |(T°T)' 2P = | T ||,

Then
As(T) =As(|T))- (13)
On the other hand, for x € S| (H)
[(Tox,)[* < | T
= (T*Tx,x)?
— (T"T) V4%, (T*T)¥*x)?
< T )P (T TP

(T 1), ) ||(T7T )42
= 17| IP(T |x,x). (14)

Hence, from (13) and (14) the validities of theorem it is clear. [
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THEOREM 6. Let T € B(H) and 0 < 8 < ||T||. Then

03(T) < 0p(|TP).

Proof. ForxeSl(H) and 0 < 6 < ||T||, we have
<||Tx|)? = (T*Tx,x) < || T*Tx]).

Then,
As(T) CAn(ITP).

On the other hand, for any x € S| (H)
(Tx,x) > < [|Tx))> = (T*Tx,x) = (|T Px,).
Thus, from (15) and (16) it is obtained that

03(T) < op(TP). O
By Theorem 6, we get the following corollary.
COROLLARY 1. If T€B(H), T=T*>0, and 0< 5 <||T|, then
03(T) < 05(T?).
THEOREM 7. Let T € B(H), T=T* >0, and § <||T?||. Then

05(T?) < <ITlo s (T) and ¢ (T) <c5(T?).

17T

Proof. Since § < ||T?%x|| < ||T||||Tx||, then

As(T?) C AHSTH(T).

Moreover, by Lemma | we have
(T%x,x) = ||Tx|> < ||T|[(Tx,x), x€H.
Therefore, from the relations (17) and (18) it implies that

5(T?) <||T||w s (T).

[l

Itis known that if T =T* > 0, then
(Tx,x)> < (T?x,x), x€H.
Consequently, from (17) and (19) we have

2 (T)<es(T?). O

171l

131

15)

(16)

7)

(18)

19)
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Now, we explore the relationships between the O -numerical radius and the §-
Crawford number functions of the direct sum of Hilbert space operators and those of
their coordinate operators. Furthermore, we obtain some generalization formulas for
lower and upper bounds of the & -numerical radius and the §-Crawford number func-

tions of such direct sums.

THEOREM 8. Let A= @ A, € B(H). Then,

n=1
(i) forany 0 < 5, < ||An|l, n > 1, supa)5 (A;) < wg+(A) where 5* = sup 0y,

n=> n>1

(ii) forany 0 < 8 < [A]l, 05(A) < supas(A,),

n>1

(iii) for any 0 < 0 < ||A]|, ws(A) =supws(A,).
n>1

Proof.
() If x* =(0,0,...,0,x,,0,...), x, € A5, (A;), n> 1, then x* € S| (H) and
8y < (0P + 0%+ ...+ 0%+ [|Apxa| >+ 0>+ .. )2 = ||Ax*]|,

Hence, 6" = sup§, < ||Ax*||. So,
n>1

{(0,...,0,%,,0,...) :x, € Ag, (An) } C Ass(A). (20)
On the other hand, for x* = (0,...,0,x,,0,...), x, € A5, (A,), n > 1, we have
[(Apxn, Xn) | = [(AX",x7)]. 2D

Hence, from (20) and (21) we obtain

sup (Apxn,xn)| < sup |(Ax,x)|,
{0,020, )xn €A, (An) } Ag+(A)
i.e.
ws, (An) < w5+<(A), n>1
Consequently,

(ii) If x € W5(A), then

if x, £0. (22

X 2
o ()
ol

< JlAx(? = 2 1Anxal® = 3 |
n=1
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Hence, for fixed n > 1 and x;,, 20

Xy = (0,...,0,|x—” 0 ) € Ws(A).

) 9
||

Then, from (22) we obtain

X 2 X 2
3 <l (72| < e (2
B B
Consequently, HX—"H € Ws(A,), x, # 0. Then, we have
Xn

Ws(4) < U Ws(4n)
n=1

From the last relation, we have

05 (A) < sup s (Ay).
n>1

(iii) From (i) and (ii) in this theorem, the proof'is clear. [

Similar to the proof of Theorem 8, the following theorem can also be proved.

THEOREM 9. Let A= @ A, € B(H). Then,
n=1

(i) forany 0 < 5, < ||An|l, n > 1, c5+(A) < ir>1€05n(An) where §* = supd,,
nz n>1

(ii) for any 0.< 8 < [All, infe5(4,) < 5(4),

(iii) for any 0 < & < [|A], ¢5(A) = infe5(An).
nz

133

By (i) of Theorem 8, we get the following corollary which is proved in [8, Thm.

9] in the special case.

COROLLARY 2. Let A=A1®...0A,®0® ... € B(H) and 5y < ||An||, 1 <

m<n, and 6,, =0, m >n-+1. Then,

03 (Am) < 0F.(A), 1

N

m < n,

where 0* = sup J,. Hence,

1<m<n

o3 (A1) +...+ o, (An)> 1/2
n

g+ (A) > (
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If 6,, =0, 1 <m < n, then 6 =0 and the last relation shows that

1/2
L[5 1Al
> mi
- \/ﬁ (mgl 4

| . 1/2
- 2
NG (;,IIIAm )

max ||Apl|
1<m<n

TN
o (A)
2yn

If we take 0 = 0 in (iii) of Theorem 8 and Theorem 9, we get the following
corollary which proved in [19, Thm. 4 and Thm. 7] and [26].

COROLLARY 3. Let A= @ A, € B(H). Then,

n=1

w(A) =supw(A,) and c(A) = infc(Ay).

n>1 n>1

THEOREM 10. Let A= @ A, € B(H) and 0 < § < ||Al|. Then,

n=1

03(A) < 05y (REA+Im*A)

where o0 =Y, O, Oy = ||ReA ImA, —ImA,ReA, ||, n> 1.
1

n=

Proof. For x € S1(H) and n > 1, we have
[(Ax,x)|* < ((R*A+ImPA) x,x). (23)
On the other hand, for x € S;(H) and n > 1 we have

|Anxal|> = ((ReAy + ilmA,) xn, (ReAy + ilmAy) x,) < ((Re*An + Im*Ay) X, Xn) + O,
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where o, = |ReA,ImA, — ImA,ReA,||, n > 1. Hence, it is obtained that

8 < [lAx]?

= 2 HAan”2
n=1

Mg

< ( (RezAn—FlmzA,,) XnyXn) + O

n=1

< + o

i (RAy+ ImPAy) xy
n=1

= || (Re2A —|—Im2A)x|| + o,

where oo = Y, «,. Consequently, we get
n=1

8 —a< || (RezA —|—Im2A)x|| .

Thus,
As(A) C Ago_y (REA+ImPA) .
Finally, (23) and (24) show that

03(A) < 05y (REA+Im*A). O
By Theorem 10, we get the following corollary.

COROLLARY 4. Ifthe operator A € B(H) is normal and 0 < § < ||A
w3(A) < g2 (RPA +ImPA) .

Theorem 10 can be reformulated as form:

REMARK 1. Let A= @ A, € B(H) and 0 < § < ||A||. Then

n=1

©3(A) < 0g2_o (REA+ImPA) < ||[REA+Im*A|| = sup |Re* A, + ImPA, .
n>1

135

(24)

, then

Ifwetake n=1,i.e. A=A ®0&..., A; € B(H;) and § =0 in Remark 1, then

we get the following inequality which says that second inequality in (2)

l * *
0? (A1) < |RE*A; + Im?A, | = §||A1A1 +A1A7].

THEOREM 11. Let A= @ A, € B(H) and 0 < 8 < ||A|. Then
n=1

1
c5(A) = 365 a (RA +ImA)

where o0 =Y, 0O, Oy = ||ReA ImA, —ImA,ReA,]|, n > 1.
1

n=
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Proof. For n > 1 and x € H we have
Ax )2 > %(|<ReAx WP+ [(ImAx)P). (25)
On the other hand, from the proof of Theorem 10 it is known that
As(A) C Asa_,, (REA+1Im*A). (26)

Therefore, from (25) and (26) it is established that

1
c5(A) = 365 a (REA+1Im*A). O

Theorem 11 can be reformulated as form:

REMARK 2. Let A= @ A, € B(H) and 0 < § < ||A||. Then,

n=1

1
1660 (AA+AA"),

c3(A) >
where ot = Y o, &, = ||ReA,ImA, — ImA,ReA,||, n > 1
n=1

By Theorem 11, we get the following corollary.

COROLLARY 5. [fthe operator A € B(H) is normal and 0 < 8 < ||A||, then
cs> (REPA+ImA)
52 (A"A+AA").

Moreover; if § =0, then

1
*(A) > Zcz (A*A+AAY).
Also, if A=A1®0® ..., Ay € B(H;) and § =0, then

C(ATAl +A1A>1k)

ENJ

C2(A1) 2
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3. Bounds of the 6 -numerical radius in sectorial cases of coordinate operators

In this section, we obtain some evolutions for upper and lower bounds of the § -
numerical radius function of direct sum of Hilbert space operators in the sectorial cases
of coordinate operators.

THEOREM 12. Let A= @ A, € B(H), A, be accretive-dissipative operator in

n=1

U U
H, such that A, € Sec(o’an)(Hn), 0< o, < 5 n>1, of =supay, < 5 Then, for

n>1
0< <A
w5 (A) < sec(a”)wg (ReA),
52
where §* = m and a = ZTgf{HReAn”a [ImA,||} # 0.

Proof. For any x € H, we have

|<Anxnaxn>|2

Mg

‘<Ax7x>‘2 =

3
Il
—_

(|(ReAnxn, xn) |* + | (ImAxn, xn)|*)

Il
Ms

3
Il
—_

Mg

< (|<ReA,,xn,xn>|2—l—tanz(oc,,)\(ReAnxn,anz)

3
Il
_

oo

< (1+tan?(a®)) Y [(ReAnxn, xa)|*

n=1

1 )
- RAn nsAn 2
() S ReAwso )

= sec’(a*)|(ReAx,x)|?,

T .
where o = sup oy, < 5 That is, for each x € H
n>1

[(Ax,x)| < sec(o*)|(ReAx,x)|. 27

On the other hand, since the ReA, and ImA, are accretive-dissipative operators,
then from Lemma [ for each x € S1(H) and 0 < d < ||A|| we have

82 < [lAx]?

= Z ||Anan2
n=1

< 2 (|[ReAnxy | + ||ImA,,xn||)2

n=1
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(%

<2 (2 [|ReAx|| {ReAnxy,xn) + 2 ImAnx<ImAnxn,xn>>
n=1

n=1
<a
n

<a(l+tan(a”)) Y (ReAnxn,xn)

=a(l +tan(a*))Z:eAx x)
a(1+tan(o™)) [|ReAx||

n=1

|ReA,xn||> + 2 ImAnxn||2>

8 ﬁMg

DM s

I
—_

n=1

(ReA,xpn,xn) + Ztan oy, <ReAnxn,xn>>

8

where a = 2max{||ReA,||, ||[ImA,||} . Therefore

52
0= ———— < ||ReAx]|.
Al anay) S 1ReA
Hence, we have
As(A) C Ag«(ReA). (28)

Consequently, from (27) and (28) it implies that

ws(A) <sec(a”)wg: (ReA). O

By similar technique the following result can be proved.

THEOREM 13. Let A= @ A, € B(H), A, be accretive-dissipative operator in

T
Hy, and Ay € Secg g,y (Hp), 0 < 0 < 5, n> 1, 06 = ir>1€an > 0. Then, for 0 < § <
: it

R
1A]]
ws(A) < esc(a)wg, (ImA),
52
where 5* = m and a = 2maX{||R€AnH, HlmAn”} 7é 0.

If we take A=A ®0D..., A| € Sec(o’al)(Hl) and § = 0 in Theorem 12 and
Theorem 13, we get the following corollary, whose item (i) was previously proved in
[3, Corollary 3.2] in case of n X n matrix.

COROLLARY 6.

(i) Under the assumptions of Theorem 12

(Al) SCC(OQ)HReAlH
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(ii) Under the assumptions of Theorem 13

ﬂ)(A]) < CSC(OQ)HImAl H
If we take § =0 in Theorem 12 and Theorem 13, we get the following corollaries.

COROLLARY 7. (i) Under the assumptions of Theorem 12,

w?(A) <

N

1
— ReA, | + ||[ImA,||?
oy S (1Rl + [ )

1
= S A*A, +AAY
2cos2(06*)nl§1)” A Ay |
1 T
= —— _||JATA+AAY||, 0 < o < =.
2C082(OC*)|| * I < 2

(ii) Under the assumptions of Theorem 13,

wz(A) <

N

7) sup (||ReA,,H2 + ||ImAn||2)

Oly n>1

. sup [|A,An + AnA, ||
2sin” () n>1

T
—  A*A+AAY]], O< @, < =.
25in2(o¢*)H AL 2

Note that in case of A=A ®0® ..., A € Sec(g ,)(H1) and & = aq =0, item
(1) of Corollary 7 was proved by Kittaneh in [16].
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COROLLARY 8. Under the assumptions of Theorem 12 and Theorem 13,
©*(A) < = (sec?(a")||ReA|)* +csc?(aw) | ImA|)?)

sup{sec2 (a*),csc?(a )} (||ReAH2+||ImAH )

— N =N =

= Zsup{secz(a*),cscz(oc*)} |[A*A+AA™||, 0 <o, 0 < g

In additionally, if A=A ®0&H..., A € Sec(o )(Hl), then from the last inequality

n
¥

(Al) —||A*A1+A1A H

THEOREM 14. Let A= @ A, € B(H) and for some 0 <y, < o < §7 A, €

n=1
Sec(yman)(Hn), n=l1, p.= 1nf)/n >0, and of = ,Sqlilfa"
(i) e Ifd<| (ReA) < cos(y:)w(A),
e If6< HImA|| then ws(ImA) < sin(a*)w(A),
(ii) o Ifd <| (ReA) = cos(a*)c(A),
o If6< HImA|| then cg(ImA) = sin(y.)c(A).
Proof.

(i) For any x € H, we have

o

|(Ax,x)|* = 2 [{Anxn,xn)| 2 (¢ ReAnxn, xn)% + (ImAnxn,xn>2).

n=1
Also, since
[{(ImA,x,,x,)| = tan(y,) |(ReAnxn, Xu)|, xn € Hy, n>1,

then

|(Ax, x) 2 (14 tan?(y,))|(ReA,x,, x,)|?

> (1+tan’(y,)) 2 | (ReApxn, )|

n=1

= sec’ (1) |(ReAx, x)[, (29)

where ¥, = 1r>1€ Yu- Consequently, from (29) and the inclusion Ag(ReA) C S1(H)
nz

we obtain
sup [{Ax,x)| > sec(¥s) sup |(ReAx,x)|.
S1(H) Ag(ReA)
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Hence, it is obtained that
w(A) > sec(y:) s (ReA),
that is
ws(ReA) < cos(yi)w(A).

Similarly, since
[(Ax, x) 2 ( ReAnx,,,x,, <ImAnx,,,x,,>2)

and
[{ImAxn,xn)| < tan(oy,) | (ReAnxp, xn)|, %0 € Hy,

then, we obtain

[(Ax,x)[> > i(l—f—cot (06)) | (ImA X, %) |?

n=1

=

> (1+cot®(a*)) Y [(ImAyxy, x,)|?

n=1
= csc? (o) |(ImAx, x) |, (30)
where o* = sup . From (30) and the inclusion Ag(ImA) C S1(H), it is estab-

n>1
lished that
w(A) = csc(o)ws (ImA),
that is
ws(ImA) < sin(a*)w(A).

(ii) Since A, € Sec(y, (,)(Hn), n > 1 we have for x € H

=

[{Ax,x) > < (14 tan®(a*)) D |(ReApx,, x,)|* = sec?(or*)|(ReAx, x)

n=1

2. 3D

Thus, from (31) it implies that

f |(Ax,x)| < sec(a*) inf |(ReAx,x)|.
nf I(Ax, )| < sec(a) inf|{ReAx.x)

Hence
c(A) <sec(a”)cs(ReA),

that is
cs(ReA) > cos(a*)c(A),

where o = sup .
n>1
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On the other hand, since for n > 1
[{ReApxn,xn)| < cot(vi)|(ImAyxn,xn)|, Xu € Hy,

then
|(Ax,x) Z [{Anxn,xn)|

< (1 + cot? (1)) | (ImAx, x)|?
= csc? (1) |[(ImAx,x) |, (32)

where Y, = 11>1€ Yn- Thus, from (32) we have

f |(Ax,x)| < inf |(ImAx,x)|.
0 liAx )] < ese(r.) inf | [{ImAx.)

Finally, we have
c(A) <cese(ra)es (ImA),

that is
cs(ImA) = sin(y,)c(A). O

If we take § = 0 in (i) of Theorem 14, we get the following corollary.

COROLLARY 9. If A=A 408..., A eSec(%fal_al)(Hl), 0<oy < g, then

(ReAl) sm(a1) (Al) and (D([mAl) sm(al) (Al)

Note that since ReA| and ImA, are self-adjoint operators, then @ (ReA|) = ||ReA; ||
and w(ImA;) = ||ImA,||. Hence by Corollary 9 we get the following corollary which
proved in [23, Lemma 3.1] in the case of matrix.

COROLLARY 10. If A=A1905..., A; ESeC( . al)(Hl), O<a < g, then

|[ReA || < sin(oq)w(Ay) and ||ImA;|| < sin(ap)w(Ay).

On the other hand, since ||A1|| < ||[ReA1|| + ||[ImA;]|, then

csc(o csc(o
A 1+ LA (| — e )
cscl o csc(a
- ; -+ SLA) (1, ~ e
< SO g SO g

= csc(on) [[ImA, .

Hence, by Corollary 10 we get the following corollary which proved in [23, The-
orem 3.5].
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T
COROLLARY 11. If A=A1905..., A; eSec(%foc1 al)(H1)7 O<a < > then

csc(ay)
2
Also, we obtain the following corollary from Theorem 4 and Theorem 14.

csc(a)

@ (Ay) = esc(on)|[ImA, || = 1Al + === ([lImAs]| — || ReAy]]).

COROLLARY 12. Under the assumptions of Theorem 14

0F /5 (ReA) + w5, (ImA)

2

o —
sin“ (o) + cos?(Y+)

2 0F /5 (ReA) + w5, (ImA)

- 1 +cos?(ys) ’

" 2 5 (Red) + 0 (imA)

05, (ReA) + w5 ,,(ImA

0*(A 5/2 5/2 .

1 4 sin®(or*)
If we take 8 = 0 in Corollary 12, then the following result is obtained.

7
COROLLARY 13. IfA=A1©0D..., A € Sec(y, o,)(H1), 0<y1 <0y < > then

|ReA || + [|7mA4||>
sin?(0y) +cos?(y1)

ReA1|]?
aﬂ(l‘h)?i” - ;H ;
1+ cos?(11)

w?(A)) >

and 5
ImA
w2(Al) > ” m 21H )
1+sin“(oy)

If we take 0 = 0 in Theorem 4 and Theorem 14, we get the following corollary,
whose item (i) was previously proved in the matrix case in [23, Theorem 3.4].

COROLLARY 14. If A=A ®0D..., Ay eSec(yhal)(HlL O<y<o< ; then

240 > w*(ReAy) + w*(ImAy)  ||ReA||> + [[ImA,|*  ||AjA1 + A Af]|
w ( 1)/ ) - ) - )
1 +sin” (o) L +sin” (o) 2(1+sin“ (o))

and

WA > @ (ReA)) + @*(ImAy) _ [[ReAy|® + |[ImAi |2 _ AjA; +AiAT]|
1+cos?(y1) 1+cos?(11) 2(14cos?(y1))

Data availability statement. No data was used for the research described in the
article.

Conflict of interest. The authors declare that they have no conflict of interest.



144

[1]

[2]

[3]

[4]

[5]

[6]

[7]

[8]

[9]
[10]
[11]

[12]

[13]

[14]

[15]

[16]

[17]

[18]

[19]

[20]

[21]

[22]

[23]

[24]
[25]

Z.1.ISMAILOV AND P. I. AL

REFERENCES

A. ABU-OMAR AND F. KITTANEH, Numerical radius inequalities for n x n operator matrices, Linear
Algebra Appl. 468 (2015), 18-26.

O. AXELSSON, H. LU AND B. POLMAN, On the numerical radius of matrices and its application to
iterative solution methods, Linear Multilinear Algebra 37 (1-3) (1994), 225-238.

Y. BEDRANI, F. KITTANEH AND M. SABABHEH, Numerical radii of accretive matrices, Linear Mul-
tilinear Algebra 69 (5) (2020), 957-970.

Y. M. BEREZANSKY, Z. G. SHEFTEL AND G. F. US, Functional Analysis, Birkhduser Basel, Berlin,
1966.

P. BHUNIA AND K. PAUL, Development of inequalities and characterization of equality conditions

for the numerical radius, Linear Algebra Appl. 630 (2021), 306-315.

F. F. BONSALL AND J. DUNCAN, Numerical ranges II, Cambridge University Press, London—New
York, 1971.

N. P. DEKKER, Joint numerical range and joint spectrum of Hilbert space operators, Thesis, Univer-
sity of Amsterdam, 1969.

R. DRNOVSEK AND V. MULLER, On joint numerical radius II, Linear Multilinear Algebra 62 (9)
(2014), 1197-1204.

N. DUNFORD AND J. T. SCHWARTZ, Linear Operators I, Interscience Publishers, New York, 1958.
P. R. HALMOS, A Hilbert Space Problem Book, Springer-Verlag, New York-Berlin, 1982.

O. HIRZALLAH, F. KITTANEH AND K. SHEBRAWI, Numerical radius inequalities for certain 2 x 2
operator matrices, Integral Equations Operator Theory 71 (1) (2011), 129-147.

O. HIRZALLAH, F. KITTANEH AND K. SHEBRAWI, Numerical radius inequalities for commutators
of Hilbert space operators, Numer. Funct. Anal. Optim. 32 (7) (2011), 739-749.

R. A. HORN AND C. R. JOHNSON, Topics in Matrix Analysis, Cambridge University Press, Cam-
bridge, 1991.

Z. 1. ISMAILOV AND R. O. MERT, Gaps between some spectral characteristics of direct sum of
Hilbert space operators, Oper. Matrices 16 (2) (2022), 337-347.

F. KITTANEH, A numerical radius inequality and an estimate for the numerical radius of the Frobenius
companion matrix, Studia Math. 158 (1) (2003), 11-17.

F. KITTANEH, Numerical radius inequalities for Hilbert space operators, Studia Math. 168 (1) (2005),
73-80.

H. MORADI AND M. SABABHEH, New estimates for the numerical radius, Filomat 35 (14) (2021),
4957-4962.

M. A. NATMARK AND S. V. FOMIN, Continuous direct sums of Hilbert spaces and some of their
applications, Uspehi Mat. Nauk 10 2 (64) (1955), 111-142.

E. OTKUN CEVIK, Some numerical characteristics of direct sum of operators, Commun. Fac. Sci.
Univ. Ank. Ser. Al. Math. Stat. 69 (2) (2020), 1221-1227.

A. PATRA AND F. ROY, On the estimation of q-numerical radius of Hilbert space operators, Oper.
Matrices 18 (2) (2024), 343-359.

M. SABABHEH AND H. MORADI, More accurate numerical radius inequalities (I), Linear Multilinear
Algebra 69 (10) (2019), 1964-1973.

M. SABABHEH AND H. MORADI, More accurate numerical radius inequalities (II), Linear Multilin-
ear Algebra 69 (5) (2019), 921-933.

S. A. SAMMOUR, F. KITTANEH AND M. SABABHEH, A geometric approach to numerical radius
inequalities, Linear Algebra Appl. 652 (2022), 1-17.

J. G. STAMPFLI, The norm of a derivation, Pacific J. Math. 33 (1970), 737-747.

H. STANKOVIC, M. KRSTIC AND I. DAMNJANOVIC, Some properties of the q-numerical radius,
Linear Multilinear Algebra 73 (8) (2025), 1736-1757.



ON THE 0 -NUMERICAL RADIUS AND THE & -CRAWFORD NUMBER FUNCTIONS 145

[26] P. Y. WU AND H. L. GAU, Numerical ranges of Hilbert space operators, Encyclopedia Math. Appl.
179, Cambridge University Press, Cambridge, 2021.

[27] T. YAMAZAKI, On upper and lower bounds of the numerical radius and equality condition, Studia
Math. 178 (2007), 83-89.

(Received July 12, 2025) Zameddin 1. Ismailov
Karadeniz Technical University

Department of Mathematics

61080, Trabzon, Tiirkiye

e-mail: zameddin.ismailov@gmail.com

Pembe Ipek Al

Karadeniz Technical University
Department of Mathematics
61080, Trabzon, Tiirkiye

e-mail: ipekpembe@gmail .com

Journal of Mathematical Inequalities
v .ele-math.com
jmi@ele-math.com



