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Abstract. In this current manuscript, we prove the Hyers-Ulam stability of homogeneous and
nonhomogeneous linear differential equations by using a new transform called formable integral
transform. Further, we present counter-examples of formable integral transforms for the Hyers-
Ulam stability approach.

1. Introduction

In 1940, Ulam [23] posed the stability problem of of functional equations: Given
a group G and a metric group G, with metric p(.,.). Given € > 0; does there exist
a 0 > 0 such that if f: G} — G, satisfies p(f(x),h(x)) < & for all x,y € Gy, then
a homomorphism 4 : G| — Gy exists with p(f(x),h(x)) < €, for all x,y € G;? The
problem for approximately additive mappings, on Banach spaces, was solved by Hyers
[7]. The result obtained by Hyers was generalized by Rassias [18]. During the last two
decades many mathematicians have extensively investigated the stability problems of
functional equations (see [5, 8, 9, 10]).

Alsina and Ger [2] were the first mathematicians who investigated the Hyers-Ulam
stability of the differential equation g’ = g. They proved that if a differentiable function
y: I — R satisfies [y’ —y| < € for all 7 € I, then there exists a differentiable function
g: I — R satisfying g'(¢t) = g(¢) for any ¢ € I such that |g—y| < 3¢ forall r € 1.
This result of Alsina and Ger was generalized by Takahasi et al. [22] to the case of the
complex Banach space valued differential equation y’ = Ay. Furthermore, the results
of Hyers-Ulam stability of differential equations of first order were also generalized by
Miura et al. [14], Jung [11] and Wang et al. [24]. Li [12] established the stability of
linear differential equation of second order in the sense of the Hyers and Ulam y” = Ay.
Li and Shen [13] proved the stability of nonhomogeneous linear differential equation of
second order y" + p(x)y + q(x)y + r(x) = 0 in the sense of the Hyers and Ulam, while
Gavruta et al. [6] proved the Hyers-Ulam stability of the equation y” + f(x)y = 0 with
boundary and initial conditions.
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Qarawani [16] established the Hyers-Ulam stability of the equations of the second
order
Z// — F()C,Z)

with the initial conditions z(xp) =0 = 7/ (x() . For more information on the Hyers-Ulam
stability for several type of differential equations and integral equations, see [4].
We use basic symbols and notations in Table 1.

Table 1. Basic symbols and notations

constant | to,t1,c,&,0,B,k,M, T ay,---,a,

variable £,X,8, U, W

function .2, f,8 1,81,82,m,1,0
differential b=y, y(n—l))

In this paper, we investigate the Hyers-Ulam stability of the following nonlinear
differential equation of nth order

Yy = ft,y,y . y0Y) (1)

with the initial conditions

/

(o) = yo, ¥'(10) =y1,---,y" Y (t0) = yu-1, (2)

where y € CU(I), 1= [to,11], (1,]) = (1,0, )y D) €D, 1€, o<1 <
1 <eo,and f(t,,y,y",...,y" ) is defined on a closed bounded set D C R"*! that
satisfies the condition

; y(t) —z()]
(11 —10)" 17

3)

where g(¢) : I — (0,1) is an integrable function.
Moreover, we establish the Hyers-Ulam stability of the problem (1), (2) for f
satisfying the Lipschitz condition

n—1 . .
£ D) = £ D <40 3 00 =200 @
i=0
where Ag > 0.

DEFINITION 1. We say that the differential equation (1) has the Hyers-Ulam sta-
bility if there exists a positive constant K > 0 with the following property:
Forevery € >0, y € C(”)(I), if

" =D <e

with the initial condition (2), then there exists a solution z() € C"(I) of the differential
equation (1) such that |y(r) —z(r)] < Ke, where K is a constant that does not depend
on € noron y(z).
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2. Preliminaries

By using various integral transforms such as Sumudu transform [3], Aboodh trans-
form [15], Mohand transform [20] and Laplace transform [2 1], the Hyers-Ulam stability
problems of several differential equations have been solved.

In Table 2, integral transforms to solve the stability problems of differential equa-
tions are given.

Table 2. Integral transforms
Sumudu transform | S(f(1)) =F (&) = [y f(t&)e "dt

Aboodh transform | A(f(t)) = F(u) =1 [ f(t)e " dt
Mohand transform | M(f(t)) = F(v) =v? [3 f(t)e “dt
) =F(s)=Jy “e " f(t)dt

)
)
)

Laplace transform | L(f(z

In this section, we introduce the definition of a new transform, called the formable
(integral) transform, and study some theorems and properties of the new transform.

A function g(7) is said to be of exponential order c if there exist constants M and
T such that |g(¢)] < Me” forallt > T.

DEFINITION 2. The formable (integral) transform of a function g(#) of exponen-
tial order is defined over the set of functions

W={g(t): IN€ (0,00), ;> 0, i=1,2, [g(t)| < Ne'T ', if 1 € [0,e0)}

in the following form:

R[g(t)] = B(s,u) = s/ooo e Vg(ut)dt. (5)

This is equivalent to

R[g(t)] = E/O e g(t)dt, s> 0, u>0,

u
where s and u are the formable transform’s variables. The term formable emphasizes
the transform’s flexibility in handling diverse classes of differential equations. In ad-
dition, it has a duality with other well known transforms that will be considered later.
To show the applicability of the formable transform, we compute the transform for sev-
eral functions and we compare the results with other values from some well-known
transforms and illustrate them in Section 3.
The inverse formable transform of a function g(¢) is given by

-1 1 c+ioo1 stu~!
R [B(S,I/L)] :g(t) = Z_M/C_i Ee B(s,u)ds.
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From the definition of the Fourier transform, we know

Fle] =FW) = —= [ ™ gyar
s = PPN = o= [ PG, ©)

where g(z) is a function defined on the domain (—ee,e0), so that for 7 € (—<,0), we
assume that g(z) = 0. Hence for 1 > 0, let g(r) = g(t)u(r)e” ", where u(t) is the unit
step function and c¢ is any constant, so that Eq. (6) becomes

1/~ . oo .
gu(t)e " = —/ e [/ e_(cﬂw)tg(t)dt} dw. (7)
27T ) 0
Multiplying both sides of Eq. (7) by ¢, we obtain
_ i « (c4iw)t “ —(c+iw)t
glO)u() e e (1)t | d. ®)
27 o 0
Letting =c+iw, 7‘ idw and dw = ids in (8), we obtain

1 Cc+ioo a1 © g
g(u(r) = 2_775i/c—i en /0 ew g(t)dt|ds
1 Ctico 1 « S e
= — —eu | — T d[ d
27‘1:i/c_ioo se [u/o e 8l) } *

l Ctieo l st

= —/ —ewB(s,u)ds.

271 Je—ioo S

Defining g(r) on (0,e0), we obtain

)= 5 /ﬁm1 - B(s,u)d
= — —e s.u)as.
g 277:1 c—joo S ’

Hence

. 1 peti=l
R [B(s,u)] = %/C_iw ;e B(s,u)ds

and

THEOREM 1. (Sufficient conditions for the existence of the formable transform)
If a function g(t) is a piecewise continuous function in every finite interval [0, ] and
is of exponential order [3, then the formable (integral) transform B(s,u) of g(t) exists.
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Proof. Let a be any positive number. Then we have

B(s,u) = E/ e g(t)dt
0

u
N

R s [ s
:—/ e g(t)dt+—/ ew g(r)dr.
uJo

uJo

Since the function g(¢) is a piecewise continuous function in every finite interval [0, c],
the integral £ [i* e g(r)dt exists, and since g(¢) is of exponential order 8, we have

J
e lgto)la
o

/ e NP dr

o

N —st

o
—/ e g(t)dt
0

<

—st
Twog(t)|dt
. e g( ))

“RluSlulv S e

This completes the proof. [l

Now, we introduce some basic properties.

PROPOSITION 1. (Linearity property) Ler cg(t) and Bgo(t) be two functions
in aset W. Then (ag(t)+ Pga(t)) € W, where oo and [ are nonzero arbitrary
constants, and

Rlogi(1) +Bg2(1)] = aR[gi(1)] + BRIga (1)) ©)
Proof. Using the definition of the formable (integral) transform, we have

Rlarg:(1)+ Bea(t)) = = [ (crg1 () + Beale))ar

N

_ —/ e%“agl(z)dz+§/() i Bga(1))di

u.Jjo
= a%/:e%gl(f)dt—kﬁg/()we%g2(t))dt
= oR[g1(1)] + BR[ga(7)].

This completes the proof. [l
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PROPOSITION 2. (Change of scale) Let g(at) be a function in the set W, where
a is an arbitrary constant. Then

Rlg(at)]=B <g,u) = B(s, o).
Proof. Let
Rlg(or)] = gf()we%g(at)dt. (10)

Letting 0 = ar in Eq. (10), we have

u o
K R )
= — wa g(8)d
au/O e g(8)ds
s
=5(5)
= B(s, o)

This completes the proof. [l
PROPOSITION 3. (Formable transform of the derivative) If g")(r) is the nth

derivative of a function g(t), where g™ (t) € W, for n = 0,1,2,... with respect to
t, then

R[0)] = ZB(s.u) —kz; (5" s0)

Proof. For n=1, we have

RO =2 [ % g0y
= = [~(0) + B(s.)
Thus
Rlg'(1)] = ~B(s.u) ~ ~g(0). an
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Thus
, §2 52 s,
RIg/(1)] = 25B(5,u) = 25(0) — 2¢/(0). (12)

Assume that Eq. (11) is true for n = k. We show that it is true for n = k+ 1. By Eq.
(12), we have

=2R[sY0)] - g9 (0)
ol )_H(E)’” 0(0)] - S¢®(0
o Lo -2 (1) e §10)

This implies that Eq. (10) holds for n = k+ 1, which completes the proof. [l

PROPOSITION 4. (Formable transform of the convolution) If F(s,u) and G(s,u)
are the formable transforms of functions f(t) and g(t), respectively, then

RIF(0)+8(0)] = <F (s.0)G(s.),

where f(t)*g(t) is the convolution of the functions f(t) and g(t) defined by

/f glt—1)d

Proof. Using the definition of the formable transform in Eq. (5), we obtain

RUA(0) (0] = [ e(F w)(ut)d

—s/ / F()g(ut — 7)drds. (13)

Letting 7 = ux and d7 = udx in Eq. (13), we obtain

R[f(t)*g(t)] = s/owef‘” /Otf(ux)g(ut — ux)d (ux)dt
- s/owe_” /Otf(ux)g(u(t — x))udxdt. (14)
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Letting y =t —x and dy = dt in Eq. (14), we obtain

RO +g(0)] = [ [0 plun)gluy)udsay

= su/ / =0 £(ux) g (wy)dxdy

—su/o e f(ux)d)c/ooo “Ve(uy)dy

u

= /0oo e_”‘f(u)c)dxs/ooo e Yg(uy)dy
= gF(s7u)G(s7u).

This completes the proof. [

COROLLARY 1. The formable transform of (f*g) is given by

B [(f*g)’] =F(s,u)G(s,u).
Proof. Applying (3) and (4), we obtain
B[(f*8)] = =R(f(t) x¢(1)) — = (£ 8) (0).

But (f*g)(0) =0, and hence

su
B [(f*g)/] = ;EF(SJ’L)G(S»M)
= F(s,u)G(s,u).
This completes the proof. [l

Here, if we put g(z) = f(r) in Eq. (15), then we have
B[(f*f)] =F*(s,u).

15)

DEFINITION 3. (Inverse formable transform) A function g(z) is called the inverse
formable transform of a function B(s,u) if it has the following property R[g(7)] =

B(s,u). In symbolic form, we can write as R~ [B(s,u)] = g(t).

We summarize basic properties of the formable transform in Table 3.

Table 3. General properties of formable transform

Definition B(s,u) = £j1(;’°e(77ﬁg(t)clt
Inverse g(t) = 5= ot %eZB(sm)ds

Derivative | R[g"(t)] = s"B(s,u) — ¥}, (5)”_kg(k) (0)

Convolution B[f xg] = 4F(s,u)G(s,u)
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By simple computations, we obtain the formable (integral) transforms for some
functions as follows:

R {H = ’;—n n=0,1,2,-,
s
R[eat] T s—ow’
R[t"e™] = (s_”::% n=0,1,2, -,
. osu
R[sin(ar)] = 2ot
§2
R{cos(at)] = TR
R[sinh(at)] = szf‘%
2
Rlcosh(at)] = sz_sw
. 7 a
R {eﬁ’ sm(at)_ = @—B@%’
R {eﬁt cos((xt): = %’
R [eﬁtsinh(at): = (S—B;;—;u—oczuz’
1 as(s — Bu
R [eﬁtcosh((xt)A = (s—B(u)—z—BaLuT

Based on the above results, our main goal is to prove more efficiently the Hyers-
Ulam stability of the following nth order linear differential equations

g(") (1) —|—a1g("71)(t) +.otay 18 (t) +angt) =0 (16)
and
@) +arg" V(@) + .. an 18 (1) +anglt) = m(r). (17)

In this section, we introduce some standard notations and definitions which will
be useful to prove our main results. Assume that F:=R or C and R(c) denotes the
real part of o.

DEFINITION 4. [1, 17, 19] The Mittag-Leffler function of one parameter is de-
noted by Eg(¢) and defined by, Eg(t) = ¥, r(ﬁ[TkH) for ¢, € C with R(B) > 0.

If we put B = 1, then the above equation becomes E1 (1) = i’ w71y r i of

=e.



164 P. JAYASIMMAN, C. PARK, S. DONGANONT, D. GOWTHAMAN AND V. GOVINDAN

Now, we give the different definitions of Hyers-Ulam stability and Hyers-Ulam
o -stability of the differential equations (16) and (17).
Throughout this section, consider

B={g:[0,¢) — F | g isa continuously differential function of exponential order}.

DEFINITION 5.

(i) The linear differential equation (16) is said to have the Hyers-Ulam stability (for
class B) if there exists a constant k > O such that the following statement is true:
For every € > 0, if a function g € B satisfies the inequality.

g(")(t) —|—a1g("71)(t) +otap 18 ) tagt)| <e (18)

forall >0, then there exists a solution f : [0,0) — F of the differential equation
(16) such that f € B and |g(r) — f(r)| < ke for all > 0, where k is called as
Hyers-Ulam constant.

(i) We say that the non-homogeneous linear differential equation (17) has the Hyers-
Ulam stability if there exists a constant k > 0 such that the following statement
is true: For every € > 0, if a function g € B satisfies the inequality

g +arg" V1) + ...+ ap18' () +ang(t) —m(1)| < & (19)

forall >0, then there exists a solution f : [0,0) — F of the differential equation
(17) such that f € B and |g(r) — f(r)| < ke for all > 0, where k is called as
Hyers-Ulam constant.

DEFINITION 6. Let 0 : [0,00) — (0,00) be a function.

(i) We say that the homogeneous linear differential equation (16) has the Hyers-
Ulam o -stability (for the class B) if there exists a constant £ > 0 such that the
following statement is true: For every & > 0, if a function g € B satisfies the
inequality.

$) +arg V@) + ..+ an18'(t) +ang(t)| < o(1)e (20)

forall ¢ > 0, then there exists a solution f : [0,e0) — F of the differential equation
(16) such that f € B and |g(¢z) — f(¢)| < ko(t)e forall ¢t > 0, where k is called
as Hyers-Ulam ¢ -constant.

(i) We say that the non-homogeneous linear differential equation (17) has the Hyers-
Ulam o -stability if there exists a constant k > 0 such that the following statement
is true: For every € > 0, if a function g € B satisfies the inequality

g0 +arg" V1) + ...+ an18' (1) +ag(t) —m(t)| < o(r)e 1)

forall ¢ > 0, then there exists a solution f : [0,e0) — F of the differential equation
(17) such that f € B and |g(r) — f(¢)| < o(¢)e forall ¢ > 0, where & is called as
Hyers-Ulam o -constant.
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Now we introduce the definitions of Mittag-Leffler-Hyers-Ulam stability and Mit-
tag-Leffler-Hyers-Ulam o -stability of the differential equations (16) and (17).

DEFINITION 7. Let Eg(t) be the Mittag-Leffler function.

(1) We say that the differential equation (16) has the Mittag-Leffler-Hyers-Ulam sta-
bility if there exists a constant k > 0 such that the following statement holds true:
For every € > 0, if a function g € B satisfies the inequality.

() +arg" V(@) +... +an1g (1) +ang(r)| < Eglt)e (22)

forall >0, then there exists a solution f : [0,0) — F of the differential equation
(16) such that f € B and |g(t) — f(¢)| < kEg(t)e forall £ > 0, where the constant
k is called as Mittag -Leffler-Hyers-Ulam constant.

(i) We say that the non-homogeneous linear differential equation (17) has the Mittag-
Leffler-Hyers-Ulam stability if there exists a constant £ > 0 such that the follow-
ing statement is true:. For every € > 0, if a function g € B satisfies the inequality

(O +arg" V() 4. A an 18 (1) Fang(t) —m(1)| <Eg(t)e  (23)

forall # > 0, then there exists a solution f : [0,e0) — F of the differential equation
(17) such that |g(¢) — f(¢)| < kEg(t)e forall # > 0, where the constant k is called
as Mittag-Leffler-Hyers-Ulam constant.

DEFINITION 8. Let Eg(t) be the Mittag-Leffler function and o : [0,00) — (0,20)
be a function.

(1) We say that the differential equation (16) has the Mittag-Leffler-Hyers-Ulam o -
stability if there exists a constant k > 0 such that the following statement holds
true: For every € > 0, if a function g € B satisfies the inequality.

() +arg" V() +... 4 an 18 (1) +ang(t)| < o(t)Eg(t)e  (24)

forall >0, then there exists a solution f : [0,0) — F of the differential equation
(16) such that f € B and [g(t) — f(¢)| < ko(t)Eg(t)e for all £ > 0, where the
constant k is called as Mittag-Leffler-Hyers-Ulam o -constant.

(i) We say that the non-homogeneous linear differential equation (17) has the Mittag-
Leffler-Hyers-Ulam o -stability if there exists a constant k > 0 such that the
following statement is true: For every € > 0, if a function g € B satisfies the
inequality

() +arg™ V() + . ap 18 (1) Fang(t) —m(t)| < 6 (1)Eg()e (25

forall # > 0, then there exists a solution f : [0,e0) — F of the differential equation
(17) such that f € B and [g(t) — f(¢)| < ko(t)Eg(t)e for all £ > 0, where the
constant k is called as Mittag-Leffler-Hyers-Ulam o -constant.
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3. Hyers-Ulam stability of (16)

In this section, we prove several types of Hyers-Ulam stability of the homogeneous
nth order linear differential equation (16) by using the formable (integral) transform.

We note that in this section and the next section we investigate various types of
Hyers-Ulam stability for the class B, where B is the class of all continuously differen-
tiable functions. Assume that f : [0,00) — F is of exponential order.

THEOREM 2. Assume that aj + ...+ a,—1 +a, is a constant with R(a; + ...+
an—1+ap) > 0. Then the homogeneous linear differential equation (16) is Hyers-Ulam
stable in the class B.

Proof. Assume that g € B satisfies the inequality (18) for all # > 0. Let us define
a function e(t) : [0,00) — F by
e(t) = g" (1) +aig" (t) + ...+ an1g (1) + ang (1)

forall 7 > 0. In view of (18), the inequality |e(r)| < € holds for all # > 0. The formable
transform of e(z) gives

R{e()} =D(s,u) = R{g™ () +a1g" " V(1) + ...+ an_18' (1) + ang(t)},

D(s,u) = R{g" (1)} + aiR{g" (1)} +...+ a-1R{ (1)} + anR{g (1)},

where

R{g(t)} =B, (S7u)7

R{g ()} = TBi(s.u) ~ -5(0),

2 2 s

R{g"(1)} = T3 Bi(s.u) — 58(0) — 5(0),

n n—1 S\
Rig(0) = S a0 - Y (2) g0
k=0

Thus we have

D(s,1) = 2281 (5.0 —22; ()" 6800) +an 1 (2Bi(5.)~ 25(0)) + ani (5.,

n

s s
EBl(s,u) +...—|—a,,_1;Bl(s,u)—|—a,,Bl(s,u)

n—1 Ky n—k S
_ s (k) s
D(s,u)+k§)(u> gM(0)+..an-1-5(0),
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Bi(s,u) [Sn+ -t an- 1_+an:|
n—l s\ n—k Ky
:D(S7u)+;§6<;> g(k)(0)+...+an71;g(0),
n=1 (s\1=k , (k) s
By(s.) = 200+ Zico (0)” " 9(0) + - an-148(0). 26)

(gt a1y +an)

If we put 1 =0 in f(t) = e~ (@+-Fan1tanlio(r) then f(r) = g(¢) and f € B. The
formable transform of f(r) gives

¥ () F0(0) 4. ay 1 2 £(0)

R(f(1)) = Ba(s,u) = (% +. 4 ap1i+ay)

27)

Thus

R{f(n)(t) _i_alf(n*l)(t) + ...+an71f’(t) +anf(t)}

S}’I

— 2 Ba(s,u) —22; (g)”*"fw (0)+ -1 (Bas0) = > £(0) ) + aiBa(s,u).

So we have
s" nl g\ n—k K S
2 _ d (k) d _ 2 _
—Ba(s.u) k§:j0(u) 7 (0)+an,1<u32(s,u) ; f(0)>+a,,B2(s7u) 0,

n

s s
EBQ(S, u)+...+a,_ —Bz(s7 u) + ayBy(s,u)

_2(> 0)+.. +an1f()

n—1

D <§>n_kf(k) (0)+. ..+an71§f(0)7

k=0

() FR0) + . a1 2£(0)
(S +. +ap1i+ay) '

s"
By (s, Lt) — . a1 +an:| =

By(s,u) =

By (27), we have

RUFD@) +arf" (1) + .o+ a1 f(1) +anf (1)} =

Since R is a one to one operator,

OO +arf" V@) + A ap f (1) + anf (1) =
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Here f(z) is a solution of the differential equation (16).
By (26) and (27), we obtain

R{g(t)} = R{f (1)} = Bi(s,u) — Ba(s,u)
_ D(s,u)
(4. 4 ap-1L+ay)
“D(s,u)
LS4t ap1itay)

N u

= R[e(r) =1(1)],
where
s
) =€ (S 4. Han12ta)
It)=R"! _ il
®) {u(;—n—I— +an,1;+an)}
:R_l{ - S }
(3 + .+ s +au)
:e—(a1+...+an,1+an)t.
Consequently,
R{g(t) = f(t)} = R{e(t) +1(1)}
and thus

8(1) = f(t) = e(t) x1(1).

Taking modulus on both sides, we have
g(t) — f()] = le(t) = 1(t)]
1
/ e(s)l(t —s)ds
0
t
< [lelie—s)las
0

!
< 8/ 1(t — s)ds,
0

since

Z(I) < ef(a1+...+an,1+un)t

1
<e / o R@rt ot tan)i-5) g
0
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1
<e / ¢ Rlart e an)(0) g~ Rlar ot ani+an)(s) g
0

t
< EefR(ulJr...Jru,,,lJran)(I)/ efR(ul+...+an,1+u,1)(.\')ds
0
eR(a1+...+a,1,1+an)(t) —1

<&
ST R(a ¥ .. A an +ay)

< ke

_ 1
forall + > 0, where k = R T, ra) -

This implies that the homogeneous linear differential equation (16) has the Hyers-
Ulam stability for the class B. [

We note that if —R(a;+...+a,—1+a,) <0, then

€ (1 _ e—R(a1+...+an,1+an)(t)>
R(ai+...+ay,—1+ap)

diverges to infinity as 7 tends to infinity. Hence in the case of —R(a; +...+a,—1+
a,) < 0, we cannot prove the Hyers-Ulam stability by applying the formable transform
method.

Similar to Theorem 2, we prove the Hyers-Ulam o -stability for the differential
equation (16). For the sake of the completeness of this paper, the proof is introduced
here in detail.

THEOREM 3. Assume that G : [0,00) — (0,0) is an increasing function and a, +
.t an_1+ay is a constant with R(a; + ...+ ay—1 +an) > 0. Then the differential
equation (16) has the Hyers-Ulam o -stability for the class B.

Proof. Assume that g € B and o : [0,00) — (0,°0) is an increasing function satis-
fying the inequality (20) for all # > 0. If we define a function e(¢) : [0,00) — F by

e() =g +arg" V() +... 4 an_18 (1) + ang(t)

for all ¢ > 0, then we have |e(¢)| < o(¢)e forall 7 > 0.
As we did in the first part of Theorem 2, we can prove that

Flo) = ettty )

is a solution of the differential equation (16).
By a similar method to the proof of Theorem 2, we can show that

lg(t) — f()| = le(r) *e*(“l+~-~+anf1+un)t|

/t e(s) § o~ (@t A 1+an)(t=s) 4
0

< /‘t ‘e(s)| |e—(a1+m+ll)1fl+an)(t—s) |dS
0
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< o.(t)ge—R(m+...+a,1,1+an)t /’ eR(a1+...+a,1,1+a,,)sds
0
g G(t)g (1 — e—R(lll+...+a,1,l+an)t>
R@r T+ a1+ 0)
<ko(t)e

forall + > 0, where k = R 1

I TEET—— This completes the proof. [J

Now, we are going to establish the Mittag-Leffler-Hyers-Ulam stability of the dif-
ferential equation (16) by using the formable (integral) transform.

THEOREM 4. Let a; + ...+ ay—1 +a, and B be constants with R(a; + ... +
ay—1+ay) >0 and B > 0. Then the homogeneous linear differential equation (16)
has the Mittag-Leffler-Hyers-Ulam stability for the class B.

Proof. Assume that g € B satisfies the inequality (22) for all ¢+ > 0. Let e(z) :
[0,00) — F be a function defined by

e()=g" () +arg" V() +... 4 an_18 (1) + ang(t)

for all £ > 0. In view of (22), we have |e(t)| < € holds for all # > 0. The formable
transform of e(z) gives

R{e()} = D(s,u) = R{g" (1) + arg" V(1) + ... +-ay18' (1) + ang 1)}

Then
s" nl s\ n—k s s
D(s,u) = —B -y (= (k) w1 (—B - B
(s = zBa(s.0 = 3 ()" 60) +anmr (GBa(50) = 55(0)) B,
and

- S —k S
D(s,u) + 3375 (3)"8W(0) +...an-13(0)
(Z+. +ap1i+ay) '

Bi(s,u) = (28)

If we put f(t) = e (@t-Fan-1ta)ig(r) then f(0) = g(0) and f € B. The formable
transform of f(r) gives

() FR0) + . ap1 £ £(0)

R(f@)) = Bals,u) = (ﬂ—I—...—l-a 715+a)

(29)

It follows from (29) that

RUMO +arf" V) + ... 4 anrf () + anf (1)}
n n—1 s

=S B(su)- Y <;>n_kf(k) (0) +an_1 <£B2(s7u) - 5f(0)> + auB(s,u).

u k=0
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Since R is a one to one operator, we have
FO +arf" V@) + . an f () +anf(t) = 0.

Then
s
u(;i—’f,—f—...—i—an,l‘ui—f—an)’

C(s,u) =

N

R{l(1)} = E

u u—,,—|—...—|—an_1§—|—a,,)

_ —1{ s }
<u,f—’il—|—...+an_1§—|—anu>

l(l‘) _ ef(a1+...+an,1+u,1)t.
Moreover, it follows from (28) and (29) that

R{g(t)} —R{f(t)} = Bi(s,u) — Ba(s,u)
D(s,u)

( S +...+an,1§+anu>

u
N

u(u;f—'il—k...—i-an_l%—kanu)

u
=-D
“D(5,u)

= %D(s,u)C(s,u).
Put

R{g(1)} = R{f (1)} = R{e(t) x1(1)}.

Then we have

Taking modulus on both sides and using the fact that |e(z)| < €Eg(t) for t > 0 and
Eg (¢) is increasing for ¢ > 0, we have

lg(t) = f()| = le(r) *e*(“l+~-~+anf1+un)t|

/t e(s) § o~ (@t A 1+an)(t=s) 4
0

< /‘t ‘e(s)| |e—(a1+m+ll)1fl+an)(t—s) |dS
0
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t
gEﬁ(I)Ee—R(al+...+a,1,1+an)t/ eR(a1+...+a,1,1+an)st
0

Eﬁ(Z)S
SRlay+...+a, 1 +ay)
< kEﬁ(l‘)E

(l _ e—R(lll+...+ll,1,1+an)t>

forall > 0, where k = m . Then by (19), we can confirm that the homo-
geneous linear differential equation (16) has the Mittag-Leffler-Hyers-Ulam stability

forclass B. [

Similar to the case of Theorem 4, the Mittag-Leffler-Hyers-Ulam o -stability for
the linear differential equation (16) can be proved.

THEOREM 5. Assume that G : [0,00) — (0,0) is an increasing function and a, +
...t a,_1+a, and B are constants with R(ay + ...+ a,—1 +a,) > 0. Then the differ-
ential equation (16) has the Mittag-Leffler-Hyers-Ulam o -stability for the class B.

Proof. Assume that g € B and o : [0,00) — (0,0) is a function and g() and f(¢)
satisfy the inequality (24) for all # >> 0. We will prove that there exist a positive integer
k > 0 (independent of €) and a solution f : [0,e0) — F of the differential equation (16)
such that f € B and

8(t) = f(1)| < ko(t)eEp(r)
for all # > 0. If we define a function e : [0,00) — k by
e(t) =g @) +a1g" V() + ...+ an 18" (1) +ang(t)

forall # > 0, then we have |e(t)| < o(¢)eEg(t) forall £ > 0.
Then by applying the same method as in the proof of Theorem 4, we can easily
get

|g(t) - f(t)| - |e(t) * e*(lll+...+an71+un)[|

/te(s)*6_(a1+"'+a”’1+a")(t_s)ds
0

t
</ ‘e(s)||e—(a1+...+a,,,1+a,,)(t—s)|ds
0

1
go_(t)Eﬁ(t)gefR(al+...+an,1+un)t/ eR(alJr...Jran,lJran)st
0

< O'(Z‘)Eﬁ (1)e <1 B e_R(a1+,,,+a,,,1+a,,)t>
R(ai+...+ay—1+ay)
<ko(t)Eg(t)e
for all + > 0, where k = m Then by (20), we can confirm that the

homogeneous linear differential equation (16) has the Mittag-Leffler-Hyers-Ulam o -
stability for the class B. [
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4. Hyers-Ulam stability of (17)

In this section, we prove several types of Hyers-Ulam stability of the non-homo-
geneous nth order linear differential equation (17) by using the formable (integral)
transform.

THEOREM 6. Assume that m : [0,00) — (0,00) is a continuous function of expo-
nential order and ay + ...+ a,—1 + a, is a constant with R(ay + ...+ ay,—1+a,) > 0.
The non-homogeneous linear differential equation (17) has the Hyers-Ulam stability
for the class B.

Proof. Suppose that g € B satisfies the inequality (19) for all 7 > 0. Consider the
function e : [0,00) — F by

e(t) =" (1) +aig" V() + ...+ an-18'(1) + ang(t) = m(1)
forall # > 0. Then |e()| < € holds for all # > 0. The formable transform of e(r) gives
R{e(t)} = D(s,u) = R{g"(t) + a1g" " (t) + ...+ an18'(t) + ang(t) —m(1)}.

This implies that

D(s,u) + 3424 (2)" " (0) +. . .an 128(0)
(sn—l— ta,— 1—+an) '

R{g(t)} = Bi(s,u) = (30)

If we set f(t) = e (@t -Fan1tanlio(r) 4 (m(r) s e (@tFan1taty then f£(0) = g(0)
and f € B. Formable transform of f(r) gives

) FR(0) + . ap 1 £ £(0)

R(7®) =Bals,u) = (ﬂ—I—...—l-a 715+a)

(€29

On the other hand, we have
R{FI@O) +arf" V() +. . +anf (t) +anf (1)}
_ _32 (5, 1) 2 ( ) YO +an (SBa(sn) = S£(0) + anBa(s,u).

By (31), we have

R{fM @) +arf" V) + ...+ an_f (1) + anf ()} = Rim(t)] = M(s,u)

and thus

OO +af" V@ + a1 f )+ anf (1) = m().

Hence f(t) is a solution of the differential equation (17).
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In addition, by applying (30) and (31), we can obtain
R{g(1)} = R{f (1)} = Bi(s,u) — Ba(s,u)

B D(s,u)
(St anit tay)
_ “D(s,u)

¢ Gr gt an)

where

R{l(1)} = Clo,u) = u(ﬂ—I—...—i—a ~15 ta )7

Z(t):Rl{ . u }
(u;f—,l—i—...—kan_l%—kanu)

a1+...+an,1+un)t.

= (
Therefore, we have
R{g(t) — f(1)} = Rie(t) = 1(t)},
which yields
g(t) — f(1) = e(t) s e~ (@t Fanrtan)
Furthermore,

g(t) — f(1)] = le(r) *ef(“l+~-~+an—1+un)f|

/ " o (s)elart ot tan) =) g
0

< /‘t ‘e(s)| |e—(a1+m+ll)1fl+an)(t—s) |dS
0

12
< ge—R(a1+...+a,1,1+an)t/ e—R(a1+...+a,1,1+an)sds
0

< € (1 _e—R(a1+...+an,1+an)t>
Rlai+...+ayp—1+ay)

< ke

forall + > 0, where k = R 1

I CTESET— This completes the proof. [

For the Hyers-Ulam o -stability of the non-homogeneous linear differential equa-
tion (17), we obtain the following theorem.
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THEOREM 7. Assume that m : [0,00) — k is a continuous function of exponen-
tial order, G : [0,00) — (0,°0) is an increasing function and ay+ ...+ ay—1 +a, is a
constant with R(ay + ...+ a,—1 +ay) > 0. Then the differential equation (17) has the
Hyers-Ulam stability for the class B.

Proof. We consider an arbitrary function g € B that satisfies the inequality (21)
for all > 0. Now we define a function e : [0,0) — F by

e(t) =" (1) +aig" V() + ...+ an-18'(1) + ang(t) = m(1)
forall # > 0. Then |e(z)| < o(¢)e holds for all 7 > 0. It is not difficult to check that

D(s,u)+ 3775 (£)" " gM(0) +...a,12g(0)
(4. +an1i+ay) '

n—k

R{g(t)} = Bi(s,u) = (32)

If we set f(1) = e (@tFan1ta) o () 4 (m(r) % e~ (@FFan1t@)) then f e B. Fur-
ther, we apply the formable transform on both sides to get

e ()" 90+ a1 2(0)
(St Aata)

R(f (1)) = Ba(s,u) (33)

On the other hand, we have

R{F() +arf" V() + ...+ an1f' (1) +anf (1)}
n n—1 n—k

=S—B s, u) — 3 ® (0 ay— EB S, U 3 0 apBa(s,u).
B2 = X () OO0+ ans (G850 = 2£(0) o)

The relation (33) implies that
R{FI @) +arf" V() + .. +anrf (t) +anf(t)} = Rlm(t)] = N(s,u)

and thus
FPO+arf" V@) + A an f )+ anf () = m(2).
That is, f(z) is a solution of the differential equation (17). By (32) and (33), we obtain

R{g(1)} = R{f ()} = Bi(s,u) — Ba(s,u)

= R[e(t) #1(1)],
where
S
R{l(t)} =C(s,u) = - - .
() (s,2) u(;—n—l—...—i—an,l%—kan)
This gives

Z(t):Rl{ . u }
(wf—,l—i—...—kan_l%—kanu)

_ e—(a1+...+a,,,1+an)t.
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Therefore, we have

R{g(t) = f()} = Rfe(r) x (1)},

which gives
gt) — f(t) = et) *1(0).
Similar to the proof of Theorem 3, we have

[8(1) = f(0)] = le(r) x 1(2)]

<ko(t)e

forall + > 0, where k = R 1

I CESET— This completes the proof. [

Now, we prove the Mittag-Leffler-Hypers-Ulam stability of the non-homogeneous
linear differential equation (17) by using the formable transform method.

THEOREM 8. Assume that m : [0,00) — (0,00) is a continuous function of expo-
nential order and ay + ...+ a,—1 + a, and B are constants with R(a; + ...+ a,—1 +
a,) > 0. Then the non-homogeneous linear differential equation (17) has the Mittag-
Leffler-Hyers-Ulam stability for the class B.

Proof. Suppose that g € B satisfies the inequality (23) for all # > 0. Consider a
function e : [0,00) — F defined by
e(t) =" (O)+ag" V(0) + ...+ an 18 (1) + ang(t) —m(1)
forall > 0. It follows from (23) that |e(z)| < Eg(t)e holds for all > 0. The formable
transform of e(z) gives
R{e(t)} = D(s,u) = R{g"™(t) + arg" V(1) + ...+ an_18'(t) + ang(t) — m(t)}.

That is,

D(s.) + 3375 (3)" " 9(0) + . an-132(0).

(Z+. 4 ap1i+a)

un

R{g(t)} = Bi(s,u) = (34)

If we set f(t) = e~ (@tttn1tan) o(p) 4 (m(r) s e~ (@F-+an1+a)t) then f(0) = g(0)
and f € B. Applying the formable transform on both sides of the last equality, we get

Sio (2)" W)+ a1 2£(0)
(4. 4an1i+an)

n—k

R(f(t)) = Ba(s,u) = . (35)

On the other hand, we have

RUMO +arf V) + ... 4 anrf (1) + anf (1)}
n n—1 s

=S B(su)- Y <;>n_kf(k) (0) +an_1 <£B2(s7u) - 5f(0)> + auB(s,u).

u k=0
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By (35), we have

R{f(”) (1) +a1f(”71)(t) oot an1f'(t) +anf(t)} = Rm(t)] = N(s,u)

and thus
PO +arfP @)+ apo1 f (1) + anf (1) = m(t).

Hence f(t) is a solution of the differential equation (17).
In addition, by applying (34) and (35), we can obtain

R{g(1)} = R{f ()} = Bi(s,u) — Ba(s,u)

= Rle(t) *1(1)],
where
R0} =Clw) =T +...+Z,H§ +an)
This gives

1(7) :R—l{ . u }
<M,f,l +.otap1y +anu)

— e—(a1+...+a,,,1+an)t.

Therefore, we have
Rig(t) = f(1)} = R{e(t) ¥ (1)},
which yields g(¢) — f(¢) = e(t) x(¢) for all ¢ > 0. Furthermore,
[8(6) = (1) = e(e) x e~ on- i

/I e(s)e_(al+'~'+an—1+an)(t_s)ds
0

t
é/ |e(s)|‘e_(lll+...+an,1+an)(t—s)‘ds
0

1
< Eﬁ (t)ge*R(“l+~-~+’1n—l+“n)l/ e*R(alJFn-JF“n—lJran)Sds
0

Eﬁ(l‘)g
S Rla+...+a, 1 +ay,
<kEﬁ(t)8

) (1 — e_R(“1+'~'+an71+a,,)t>

forall + > 0, where k = R 1

I TEET— This completes the proof. [J

Similar to the case of Theorem 8, the Mittag-Leffler-Hyers-Ulam o -stability for
the linear differential equation (17) can be proved.
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THEOREM 9. Assume that m : [0,00) — (0,00) is a continuous function of expo-
nential order and o : [0,o0) — (0,00) is an increasing function and a; + ...+ a1 +ay
and B are constants with R(a; + ...+ ay—1 +a,) > 0. Then the non-homogeneous
linear differential equation (17) has the Mittag-Leffler-Hyers-Ulam © -stability for the
class B.

Proof. Assume that g € B satisfies the inequality (25) for all # > 0. It is easy to
prove that there exist a constant k > 0 (independent of €) and a solution f: [0,00) — F
of the differential equation (17) such that f € B and

() = f(1)| < ko (r) € Eg(1)

forall # > 0. If we define a function e : [0,00) — F by
e(t) = g" (1) + arg" V() + ...+ @18 (1) + ang(t) — mi7)

for all > 0, then we have |e(t)| < o(t)Eg(t)e for all > 0. By applying a similar
method as in the proof of Theorem 8, we can easily prove that there exists a solution
f:[0,00) — F of (17) satisfying f € B and

|g(t> _f(t)‘ = |€(l) *e_(a1+"'+an—l+an)t‘
< kO'(t)EB (t)g

forall + > 0, where k = R 1

I CTESET— This completes the proof. [

Conclusion

In this paper, we proved the Hyers-Ulam stability, Hyers-Ulam o -stability, Mittag-
Leffler-Hyers-Ulam stability and Mittag-Leffler-Hyers-Ulam o -stability of the linear
differential equation of nth order with constant coefficients by using the formable (inte-
gral) transform method. In other words, we established sufficient criteria for the Hyers-
Ulam stability of nth order linear differential equations with constant coefficients by
using the formable (integral) transform method. Moreover, this paper provided a new
method to investigate the Hyers-Ulam stability of differential equations.
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