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INTEGRAL OPERATORS AND THEIR COMMUTATORS IN VARIABLE
EXPONENT GENERALIZED WEIGHTED MORREY-GULIYEV SPACES

AYSENUR AYDOGDU*, CANAY AYKOL AND JAVANSHIR J. HASANOV

(Communicated by M. Krni¢)

Abstract. In this paper we consider the variable exponent generalized weighted Morrey-Guliyev
spaces GMP()-90).0():9 (Q) with variable exponents p(x), 8(r) and a general function ®(x,r)
defining the Morrey-type norm. In case of unbounded sets  C R” we prove the boundedness
of Hardy-Littlewood maximal operator, generalized fractional integral operators and Calderén-
Zygmund singular integral operators in weighted Morrey-Guliyev spaces. Furthermore, we in-
vestigate the boundedness of the commutators of abovementioned integral operators in weighted
Morrey-Guliyev spaces.

1. Introduction

Morrey spaces .4/ """ (Q) are basic instruments in the analysis of local properties
of solutions of partial differential equations. Morrey [40] introduced given these spaces
in 1938 by the norm

_A ~
Hf”///pﬂ(gg) = Ssupr r ||fHLp(§(x7r))7 B(x,r) = B(x,r) NQ,

x, r>0

where 0 <A <n, 1< p<eo, QCR"isanopensetand B(x,r) ={yeR": |x—y| <r}.

Morrey spaces have been expanded over the years for studying some solutions of
PDEs and so-called Morrey-type spaces have been formed. Since studying of variable
exponent spaces and operators have become very popular in last two decades, variable
exponent Morrey-type spaces have come to the literature, interested readers can refer
to the sources [3, 22, 28, 32, 39].

Various Morrey spaces are given in this study. Guliyev, Mizuhara and Nakai ([19,
38, 41]) established generalized Morrey spaces MP?(R") (see, also [20, 21, 43, 45]).
Recently, Komori and Shirai [33] defined the weighted Morrey spaces Liy" (R") and
investigated the boundedness of some classical operators such as the Hardy-Littlewood
maximal operator, the Calderén-Zygmund operator on these spaces. Moreover, Guliyev
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in [23] first presented the generalized weighted Morrey spaces M4 (R") and investi-
gated the boundedness of the some integral operators and their commutators in these
variable exponent spaces.

Later some researchers investigated Morrey spaces from a different viewpoint.
These examinations lead to the concept of local and global counterpart.

The local Morrey-type space LM?%®()(R") is defined by Guliyev [[19], pp. 75—
76], (see also [[20], pp. 123]) as the norm

11l pagraoty = Hw(V)HXB(o,r)fHUHm(ﬂh) <o,

where o is a positive measurable function defined on (0,e0). Also, Guliyev in [19]
(see also [20]) obtained the sufficient conditions for the boundedness of the singular
and potential operators in LMP%-©(") (R™). Laterly, Burenkov and H.V. Guliyev [[4], pp.
157] defined the global Morrey-type space GMP%®()(R") as the finite quasi-norm

1/ 1l agro.ot) = sup 1f et )l ppgro.ot) = sup (P f 2B 1221120 0,00)
xeR" xeR"

for all the Lebesgue measurable functions f on R".

The spaces GMP4*()(R") and LMP4*()(R") may be also refered to (for the no-
tation see [5, 6, 24]) Morrey-Guliyev and local Morrey-Guliyev spaces, respectively, by
Rafeiro and Samko [42] depending on the progress of these spaces.

The local Morrey type space LMP%*(R") = Lmpar (R") is defined by Adams
in [[1], p. 44] and also called local Morrey-Adams spaces, see, for example, [42, 44].

As is known that the commutator is an basic integral operator and has an important
role in harmonic analysis. Maximal commutator is a main tool in the study of commu-
tators of singular integral operators with BMO symbols (see, for example [18], [36]).
The commutator of Calderén-Zygmund operators is very important in investigating the
regularity of solutions of elliptic partial differential equations of second order (see, for
example, [7, 8, 10, 11, 12, 17,27, 37]).Therefore, one of the proposes of this paper is to
establish the boundedness of the commutators of maximal operator, fractional integral
operators and Calderén-Zygmund operators in the spaces GM?()-0().©().0(Q)

This paper is devoted into 5 sections. In Section 3 we acquire the boundedness of
the maximal operator and its commutator in GMP()-0():()-9(Q) spaces and obtain an
embedding between these spaces. In Section 4 it is acquired boundedness of generalized
fractional integral operators and their commutators in the spaces GM?():0().0().9(Q)
Finally, in Section 5 we establish the boundedness of singular integral operators and
their commutators in the spaces GMI’(')’B(')’“’(')"P(Q). Our main results are introduced
in Theorems 4, 5,9, 10, 11, 12, 13, 14, 16, and 18. During the paper, the various positive
constants are expressed by c,cy,cp,C etc. We mean by an open set Q is unbounded,
XE(x) is the characteristic function of a set E C R”, p(-) is a measurable function on

p(x)
plx)-1°

Q with values in (1,0) and p'(-) = X € Q, is the conjugate exponent.
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2. Background and basic notations

Let
1 <p- <px) <py <ee (D
where p_ :=ess }an p(x), ps :=esssupp(x). The space of all measurable functions
Xe xeQ

f(x) on Q such that
Lo = [ 17 <o

will be denoted by L” Q) (Q), which is a Banach function space equipped with the norm

I = int{n > 0: 1y (£) <1},

We refer to the sources [13, 15, 29, 35, 46] for the basic properties of variable
exponent Lebesgue spaces and the boundedness of operators in these spaces:

e the set of bounded measurable functions p : Q — [1,e0) is denoted by Z(Q);

e the set of exponents p € Z(Q) satisfying the local log-condition

() —p()] < —

1
X" . 5 Y € 97 (2)
—Inlx—y

=y <
=yl< 5
where A = A(p) > 0 does not depend on x,y is denoted by 2/°¢(Q);

e the set of bounded exponents p : Q — R" satisfying the condition (2) is denoted
by JZ{l()g(gz);

o the set of exponents p € 22°2(Q) with 1 < p_ < p. < oo is denoted by P/2(Q);

o the subsets of the above sets of exponents satisfying the decay condition (when
€ is unbounded)

A°° n
|P(x)_P(°°)|<m7 xeR", 3)

where p.. = lim p(x) > 1 are denoted by Z..(Q), 22%8(Q), Plo8(Q), o7/°%(Q).
X—00

We will also use the calculation provided by the following lemma (see [15], Corol-
lary 4.5.9).

250 o) SCrPE7, - xeQ, pe PLA(Q), )
h m; r g la
where 1, (x,r) = ﬁ,r}l

A positive, locally integrable function with domain € will be denoted by ¢. The

weighted Lebesgue space Lg(') (Q) is defined as the set of all measurable functions for
which

171,56y = 170l
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Now we define the class Ap(,)(R") (see [14], [34]) consisting those weights ¢
with
[QD}A,,(_) = S‘;P ‘B‘_l H‘P||LI)(-)(B(”))H§0_1 HLp’(-)(B(x,r)) < eo.

A weight function ¢ belongs to the class A, 4)(R") if
[@la, 00 = Sgp”n”(x’r)_nq(x’r)_nH(P”Lq(-)(g(”)) H(P_IHLP’(-)(B(”)) < e

The following two theorems state the boundedness of maximal operator M and
singular integral operator T in the spaces L’q’,(')(Q).

THEOREM 1. ([29, Theorem 1. 1]) Let Q C R" be an open unbounded set and
p € Pl%(Q). Then M:Lg(')(Q) —>Lp (Q) if and only if @ € Ap()(Q).

THEOREM 2. ([13, Theorem 4.8]) Let Q C R" be an open unbounded set and
p € P%(Q). Then the singular integral operator T is bounded in LP")(Q).

DEFINITION 1. Let 1 < p(x) < o, x € Q. The variable exponent generalized
Morrey space MP()-©() (Q) and variable exponent generalized weighted Morrey space

Mf,(')’w(') (Q) are defined as the set of integrable functions f on Q with the finite norms

1
£ lygpro0) = sup LA I

2eQ.r>0 O (x, r) (s

1
IA1p000) = sup
M xeQ.r>0 O(x,7)[|@ HLP(')(g(xﬂ'))

||fHL$() (g(x,r))7
respectively.

DEFINITION 2. Let @(x,r) : Q x (0,00) — [0,00) and 6(r) : (0,00) — [1,0] be
measurable functions. We define the variable exponent generalized weighted Morrey-
Guliyev spaces GMP():0():0().9(Q) as the set of functions which have the finite norm

w(x
£l Gaarr.00).00).0 () = Sup _ebor)
o HLI’ (B(x,r))

xeQ

19140 ey

L90)(0,)

1
Note that if for all r € (0,0), 8(r) = oo, then GMP():00).©().0(Q) = Z( e (Q).

According to this definition, we recover the space L) )(Q) under the choice

Ax)
O(r) =, 0(x,r) = P50 ,p=1:

LPOAO Q) = GuPH)00)00).0(q)

~

(x

8(r) == 0 r)=r""*"”

3|
&)
S
=
=
K
I
MR
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Everywhere in this paper we assume that w(x,r) satisfies the condition
sup || (x, ')HL‘?(-)(()_OO) <ee &)
xeQ ’

under which the space GMP():0():2()(Q) contains bounded functions.
The sharp maximal function M* is defined by

MEF() = sup B 1700~ il

r>0
where . (x) = [BGe.0)[ ! [, £y

DEFINITION 3. BMO(Q) space is defined as the set of all locally integrable func-
tions f with finite norm

IF1l =supdif(o) = sup [BGr) " [ 1F0) = fild
xeQ x,r)

x€Q, >0 B(x,

DEFINITION 4. BMO,,) ,(Q) space is defined as the set of all locally integrable
functions f with finite norm

I(f()— fg(x,,)))cg(xﬁ,) ”Lg(')(ﬁ)

11y = sUP
*p(-).9 x€Q, 150 “%g(x,r) HL{:,(')(Q)

THEOREM 3. [30, Theorem 4.4] Let Q C R" be an open unbounded set and
p € Pl%%(Q) and ¢ be a Lebesgue measurable function. If ¢ € Ap)(Q), then the

norms || - ||*p(,),¢ and || - ||« are mutually equivalent.

The weighted Hardy operator is defined by

) =) [ g(Eu()dE, 1>0.
Now we give the following lemma which was proved in [16].

LEMMA 1. Let 0(t) and r(t) be measurable functions on (0,0). Suppose that
there exists O positive number a such that 6(t) = 6 = const, r(t) = r = const for

x>68,and 1 <0_<0(t) <r(t) <ry <ooforaa xe (0,0). If
(&)

t oo~ 7
sup (@ ® ([Tu O ryar) * ag <
t

0<t<e0/0

where 6(E) = 1(I§1f )9(5), then the operator H,, is bounded from L%¢)(0,0) to
sE(G,°

L')(0,00).

Notice that Lemma 1 contains no assumption on the continuity of the exponents
0(-) and r(-).
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3. Maximal commutators in GMP()-0().0().0(Q)

In this section, we consider the Hardy-Littlewood maximal operator

M) =sup B [ |f(3)ldy
>0 B(x,r)
and its commutator. First we give the boundedness of M in the spaces GMP()-0().©().¢ (Q).
The following theorem was proved in [25].

THEOREM 4. Let Q C R" be an open unbounded set and p € PX%8(Q) and ¢ €

° ds
-1
||MfHL$() (E(x,t)) g CH (p ||L”(')(§(X,t)) ~/t Hf”Lg()(E(xs)) || (p HLP(‘) (g(x,s)) ?

forevery f € LI(;(')(Q), where C does not depend on f,x € Q and t.

In the following theorem we extend the result obtained in [3] to the spaces

THEOREM 5. Let Q C R" be an open unbounded set and p € P'°8(Q) satisfy
assumption (1), ¢ € Ap()(Q) and 0(t) and 0;(t) be measurable functions on (0,e°).
Suppose that there exists § positive number a such that 0 (t) = 0y = const, 0,(t) =
0, = const for x> 6§, and 1 < 0 < 0,(1) < 65(t) < 0," <o for a.a. x € (0,00). If
the condition

6(6)
‘ o d By &)
swp [ on(e O [ [ L) dE < @)
x€Q,1>0 /0 t [roy(x, )]0
holds, where 6, () = i(nf )61 (s), then the operator M is bounded from
SE(G,o°

GMPL)O0-0100.0(Q) 10 GMPL)02():220).9(Q) .

Proof. Let f € GMPL)-00)@()9(Q) . Hence, by choosing v(r) = w(x,r),

g(r)=w(x,r) H(p||zl}(_)(§(x . X u(r) = @y (x,7)~'r~! in Lemma 1, and us-
ing Theorem 4 we obtain

Lg(')(l;(x r

a(x,r)
||MfHGMP()92()w2()‘0zsup H || ||MfHLP ( ))
x| 1910 3oy 192000,
o (x, 1) ds
< Csupll o B ol | 1910 g 19t 5
XEQ H(p”LI’ X)) o % L’ B(x) Lt § L920)(0,00)
w1 (x,7)
< Csup W\\fﬂy ) = C||fll gyrr00 001000 B
xe@ || 191120 @) 190 (032)
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COROLLARY 1. Under the assumptions of Theorem 5, the embedding
GMP)010),01(),0 (Q) — GMP(')ﬂez(')va(')a(p(Q)

holds.
Proof. Tt is an immediate consequence of the inequality f(x) < M f(x). Thatis
£l grrr020.00000 S ANME | Gpgo1.000.00000 < CIFll Gppreren 010000 O

The commutator generated by M and a suitable function b is formally defined by
[M,b]f =M(bf) —bM(F).

Given a measurable function b the maximal commutator is defined by

My(1)(x) 1= suplBe )| [ 1p0) b )]y

r>0

forall x e R".
The following statement was proved by Pu Zhang and Jianglong Wu in [48].

THEOREM 6. [48, Theorem 3.1] Let b € L'°(R") and p € P%%(R"), then the
operator My is bounded from LP")(R") to itself if and only if b € BMO(R").

THEOREM 7. Let b € BMO(R"). Then, there exists a positive constant C such
that

M (M, f) (x) < Clbllawo (M (MF)")* () + M(MIF) (x)]

for almost every x € R" and for all f € Ll*°(R").

Proof. Let x € R", B, = B(0,7). The maximal commutator is defined by

M) = sup B [ 1b(e) )17y

>0
~ sup[BON| " [ 1b) = blz=y)lIfz—)ldy
t>0 0,
we get
—1 o o _
BOAI [ (&) =)y
—1 o o _
<IBON [ 1) byl =)y

HBOO [ 1b(e) by 11z =)y
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<cmon ([ we-y-mls) ([ irera)

B0, |b(2) bg,\/ Flz—y)ldy <

1
s

< Clbllmo (MIf)> (2) + Ib(Z) — b, [Mf(2).

By the Holder inequality we have

1
s

BOA [ (Clpllao (MUT)* (x=2) + ble—2) by M (x—2)) d

Bl

< ClpllaolBO.01 [ (1) (32

9

+HBO0 [ o P 2) b M52z

ol

< ClplloM (MIF)F (0 +BONI [| - 1b(s—2) — by My )z

1
s

< ClbllsuoM (M|fT)* (x)

1B, ( /B G —bB,S’dz> ( /B o (Mf(x—z))sdz) '

< Cllbllawo [(M(MF)")* (x)+M (MIfF)* (v)] . O

The following theorem is valid.

THEOREM 8. Let Q C R" be an open unbounded set and p € P%(Q), b €
BMO(Q) and w € Ap,(.y(Q), then the operator My, is bounded in Ly.) ,(L).

Proof. Itis an immediate consequence of the inequality f(x) < Mf(x). Using the
Theorem 7 and Theorem 1, we get

Mo fllL, 0@ < IM(Mpf)llL, .
1
< Cllpllawo | (v (M) + b1 (|7

Lpo(Q)

1
s

< Cllbllswo (H(M (M1));

< ClblamollflL, @) - O

1
s

Lpw (9>)

R L

D,

Before proving the main theorems, we need the following lemma.
LEMMA 2. [31] Let b € BMO(RQ). Then there is a constant C > 0 such that

t
—b <Clb|l«In=- for 0<2r<t,
r

bg(x,r) g(x,t)

where C is independent of b, x, r, and t.
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The following weighted local estimates are valid.

THEOREM 9. Let Q C R" be an open unbounded set and p € P%8(Q), ¢ €
Ap()(Q) and b € BMO(Q). Then

11,
K Ly ) ds
<Ol [ (1410 >Ww "

)

||beHqu’)(')(§(x

forevery f € Lg(')(Q), where C does not depend on f,x € Q and t.

Proof. The proof of inequality (7) can be done by representing f as
f=hAa+f, fl)= f(y)Xg(x,zt) ), fLO)= f(y)XQ\g(xﬁgt)(y% t>0. (8)

and have

HbeHLI(;,()( Xt = ||be1||LI’ + Hbeanl’ xt))'
By Theorem 8 we obtain
19150 g ) < M1 gy < CIBI ANy = CIBI 150ty )

where C does not depend on f. From (9) we obtain

1l 20
s Ly 5)) ds
<INl ginsy [ (14103 )m? (10)

(Bx,1)

1My fill oo

easily obtained from the fact that ||f]| is non-decreasing in ¢, so that

L” B(x,21))
I/ ||L,,. ) Bleary) O0 the right-hand side of (9) is dominated by the right-hand side of
(0 %

(10). For z € E(x,t), choosing § > 0 it is easily seen that

be2(2)=sup|B(Z,r)|71/N b(z) = b(y)||L2(y)ldy
>0 B(z,r)

<Csup | \y 2| "|b(z) = ()| f(y)|dy
r>2¢ JCB(x,20)NB(zr
< Csup lx = y[7"[b(z) = b()||f(v)|dy

=2t (x 2I)OB(z r

5 [ 10 =000 ([ 575 s )y
B(x,2r) [x=y|
<efTm(f @) =By ) ds
t {yeQ:2t<|x—y|<s}
<c /[ s / b(y) — by, dy)d
75 (s POV =i 10 ) s
+C/ s (/ [b(2) _bE(x.s)|f(y)|dy) ds=1I+bh.
t {yeQ:2t<|x—y|<s} ’
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From Holder’s inequality and Theorem 3 we obtain

I:/oo —n—1 / b — by d>d
" ’ ( {yER”:2t<|x—y\<S}‘ 0) B(X’S)Hf(yﬂ )
- —n—1 -1
<clbl. / S 19 0

To estimate I, by Lemma 2 we get

I:/ms’"’lbz—b~ / d)ds
o= [ 00 g ([ IO
- g -1 -
<CMbXB(x7,) (Z)/t s Hf”Lg(-)(g(X’S))H(P ||Lp’(-)(3(x,5))ds
a1y S -1 -
Bl [ 50 A p0 19 o e 5
Then from Theorem 8 we obtain

M g~ <A s I _
H hfz“Lg()(B(x,t)) H 1HL$()(B(XJ))+|| 2HL$()(B(XJ))

o 11,00 5
s LY (B(x,s)) ds
<C||b||*H(PHLP(-)(EW))/t (H‘IH;) ol 5 (1n
Therefore from (10) and (11) we get (7). U

THEOREM 10. Let Q C R" be an open unbounded set and p € Z'¢(Q) satisfy
assumption (1), ¢ € Ap()(Q) and 0(t) and 0;(t) be measurable functions on (0,°).
Suppose that there exists a positive number & such that 0(t) = 0, = const, 0,(t) =
6, = const for x>0, and 1 < 0, < 6,(1) < 6,(t) < 0, <o for a.a. x € (0,00). If
the condition

92(5)
. ’w( £)02(8) /""( i >[1(£>1 dr o1 d§< .
u X, - _ oo
XEQ.E)>O 0 ? t [rwl (x7 r)} [6:(8))

holds, where 0y () = irélf )91 (s), then the operator My, is bounded from

sE(g,0°

GMP(')vel(')vwl ()(P(Q) to GMP(')vBZ(')ﬂwZ(')vqo (Q) .

Proof. Let f € GMP():01():@1().2(Q) . By using Theorem 9 we obtain

w(x,7)
HbeHGMP(')~,92(')~,‘”2(')~,(P = Sup || H HbeHLI’ ( ))
xeQ LPO(B(x)) £920)(0,e0)
o) - 191 e s
<Clpllssp | = Sl | (1407) o o=
' 101 o6 Bes) LO@e) J, ( t> 10100 (Bers))

L%20)(0,0)
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By choosing v(r) = wy(x,r), g(r) = wi(x, r)”(szpl(‘)(E(x,r))||fHLI(;,(')(§(x7r)) and

u(r)=(1+In%) o (x,r)"'r! in Lemma 1, we get

i (x, )

101l 10 B )
= o[l f | gagrr01 0000 O

Myl Gpgo) 050105000 < CI|D]| - sup

x€Q

||fHLI’ ))

610) (0,00)

4. Commutators of generalized fractional integral operators in
GMP)00).00).0(Q)

In this section we consider the operators M), , I, and their commutators.
For a measurable function p : (0,e0) — (0,e0) the generalized fractional maximal
operator M), and the generalized fractional integral operator I, are defined by

. p) p(x—yl) y\
Vst =sup B2 [ imlas. apr) = [ EESR ey

9

for any suitable function f on R". If p(r) =%, then M* = M« is the fractional
maximal operator and /% = L« is the Riesz potential.

‘We assume that .
t
/ plr)dr (13)
1

tn

therefore generalized fractional integral operator I, is well defined, at least for charac-
teristic functions 1/|x|*" of complementary balls:

XR"\B(OJ)(X)
X)) = ———
1) ==
Furthermore, we also assume that p satisfies the growth condition: there exist
constants C > 0 and 0 < 2k; < k» < oo such that

k2r
sup @gq &ﬂ7r>0. (14)

1" Mmoot
<
r/2<1<3r/2 .

p() .

mo

This condition is weaker than the usual doubling condition for the function £
there exists a constant C > 0 such that

1p0) _pl) _ 0l
Cp 1" " "

r>0. (15)

whenever r and ¢ satisfy r,z > 0 and %t < r < 2t. In the sequel for the generalized
fractional integral operator I, we always assume that p satisfies the condition (14).
Following theorem was proved in [26].
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THEOREM 11. Let Q C R" be an open unbounded set and p € P%%(Q), 1 <
p(x) < q(x) <o, @ €Ap() 4\ (L), the function p satisfy the conditions (13)—~(15). If
the condition

p(r) < Crlirben =) (16)

is satisfied, then
< ° 1 ds |
||Ipf||sz()(§(x7t)) = CH(P”Lq()(ﬁ(xJ)) /t Hf”Lz()(E(x,s))H(p”Lq()(g(xs))?’ ( 7)
where C does not depend on f, x and t.

Proof. We represent f as in (8) and have
Ipf(x) = Ip fi(x) + Ip f2(x).

First we estimate |, fi(x)|. By using Holder’s inequality we have

o ()] = / e r)lay

—1
p(2t O
_Z (27t)n Hf”L” (x,27+10)\B(x,2/1)) o ”L” (B(x,27H11)\B(x,271))

—=—o0

—1 (2 t) ( )= n
<cy Tllﬂ\g ez

j=—e

“1
X ||Lp" )(B(x,2/+11)\B(x,271))

1
<c 3l l1z0 @ pisonseion 1PN a0 @ 2ivton iy

j_—OO
~1
Then
I, P <C Vs
H pleLé()(B(x,t)) ||fHL$()(B(xt))
where the constant C is independent of f. Taking into account that, we get

° ds
—1
”Ipfl HLZ,()(g(xt)) < C”(p HLq()(E(x,t)) /t ||fHLg()(§(xs)) ||(p HLq()(E(x,s)) ? (19)

When |x—z| <1, [z—y| > 2, we have 3|z—y| < |x—y| < 3|z—y|, and therefore we
get

wrei< [ PE ey cc [ REEID

Q\B(x21) |z—y|" Q\B(x2r) |x—y|
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p(x=y)
[x—y["

p(x—yl) / (/“’ p(s) )
ds)d
/Q e ey <e [ rml( [ Grds)a
> (s ds
<c[TPY ( / 0)lay) £
s {yeR":2t < |x—y|<s} s
< C/ _1||L / R" ||fHLI’ B(X,S))?

P( ) ~1 ds
< _— ~ —.
=~ C~/t s”l’( nq xr ||fHLI’ v))H(p”Lq(')(B(x,S)) s

By estimating the integral fQ\E(x %) |f(y)|dy we have

ds

Hence we get

“ “1
||Ipf2HLz)(-)(§(xJ)) < C”(PHU(-)(E(XJ))/t ||fHLg(-)(§(x7s))H(P||Lq(.)(§(x7s))?-

Finally we obtain

° ds
~ —1 oo
”IPfHL%()(g(xJ)) < CH('D”L‘I()(B(XJ))/[ Hf”Lg()(E(x,S))H(p”Lq()(E(xS)) P ) (20)

which together with (19) yields (17). U

THEOREM 12. Let Q C R" be an open unbounded set and p € PY%%(Q), 1 <
px) <q(x) <o, @ €Ay g((Q), the function p satisfy the conditions (13)~(15). Let
the condition (16) be fulfilled and 0,(t) and 0,(t) be measurable functions on (0,0).
Suppose that there exists 8 positive number a such that 0(t) = 0y = const, 0,(t) =
0, = const for x> 6§, and 1 < 0] < 0,(t) < 6:(t) < 0," < oo for a.a. x € (0,). If
the condition

6(6)

!

1 o [Py [6:1(8)] [0,
sup W (x, &)%) / L2 (Ber) dr d& <eo
0 ro\ren ()

XeQ,1>0 x,r)H<P||Lq(->(§x,

N Q1)
holds, where 0 (&) = 1(Igf )61 (s), then the operator 1, is bounded from
sE(g,o°

GMP(')vel(')vwl ()(P(Q) to GM‘I()BZ()ﬁﬂ’z()(P(Q) .

Proof. Let f € GMPL)-00)@()9(Q) . Hence, by choosing v(r) = w(x,r),

o (x, r)HfHL,; ) i) 191l00) ey

) = Tolomey ) S 900 gy

in Lemma 1, and using Theorem
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11 we obtain

wy(x,r)
"Ipf”GMq(‘)ﬁz(‘)wz(‘W = sup o] _ ”IprL"(')(ﬁ(x.r))
xeQ ¢ L‘I(')(B(x.t)) ? / LBZ(')(O,W)
o) anL,, ) ds
< Csup WHQ’”U(-)(E(,{,;))/ 0] s
Q|| 1Pl Lat) (Bxa)) LOBE) || 1050 (0,00)
o (x, )
< Csup ||fHLp ) = C| fll gprtr00001 010 O
XEQ ”(pHLp L61(-)(0_oo)

COROLLARY 2. Let Q C R" be an open unbounded set and p € PI%%(Q), 1 <
p(x) <qx) <oo, @ €AL) 41 (Q), the function p satisfy the conditions (13)~(15). Let
the condition (16) be fulfilled and 0,(t) and 0(t) be measurable functions on (0,0).
Suppose that there exists § positive number a such that 0 (t) = 0, = const, 0,(t) =
0, = const for x> 6§, and 1 < 0 < 0,(1) < 6,(t) < < 0, <eo foraa. x€(0,0). If
the condition (21) holds, then the operator M, is bounded from GMP¢):1(): 1( )2(Q)
10 GM40)-020).@().0(Q).

From the inequality M, f(x) < C(I,)|f|(x), we get the following corollary.

COROLLARY 3. Let Q C R" be an open unbounded set and p € Pl%(Q), 1 <
p(x) < qx) <o, @ €Ap() () (L), the function p satisfy the conditions (13)—~(15). If
the condition (16) is fulfilled, then the operators M, and 1,, are bounded from LI(;(') (Q)
to LIV (Q).

Now we consider commutators of the generalized fractional integral operator de-
fined by
p(x—yl) yl b(x) —

ib,1,]
ol =y yl”

b(y)) f(v)dy.

Given a measurable function b the operator |b,I,| is defined by

1ol = [ P2 ) )15 0.

THEOREM 13. Let Q C R" be an open unbounded set and p € PI%(Q), 1 <
p(x) <g(x) <o, @ €Ap)(Q), @ EAp() 4(.)(Q), the function p satisfy the conditions
(13)—(15). If the condition (16) is fulfilled, b € BMO(Q), then

18,1 10 g1y < B0 0 ey

ds
—1 “
X/t (1+m] )”f”ﬁ’ @l ggy 57 @2

where C does not depend on f, x and t.



INTEGRAL OPERATORS AND THEIR COMMUTATORS 195

Proof. We represent f as (8) and have
b, 1| (x) < |b, Ip | f1(x) + 1B, Ip| f2(x).

First we estimate |b,1,|fi (x). By using Holder’s inequality we have

p(x—yl) yl b(y) -
=y yl”

pxyl
< [blx) - x,|/ )yl

b, 1p| f1(x) b(x)[1f (v)ldy

N / o Ix y| b(y) = by [FO)|dy = Fi(x) + Fa(x).

By using inequality (18) we get

p(x— y
F(3) = [b(0)~ by, / P 709)lay < M ()1 9
< CMy g, ()IIfHLp 19l By (23)
With the help of Holder’s inequality we obtain
p(x—yl)
—1 i
p(2'1) B
< ;2700 Err B ORIl
! Blx27+11)\B(x,2r)
1
C”b”*j_z_w”fHLl’ x2/+lt)\B(x2/t ||(pH x2/+1t)\B(x21t))
< CIBILNAN g0 i, qull1 B’ (24)

Then from inequalities (23), (24) and Corollary 8 we get

15,30l 3l gy, < CIBIL A

(x,1)) B(x,2r))’

where the constant C is independent of f. Taking into account that, we get

H |b7lp|f.1 HL%“(B(X[)) < C ||b||BMO ||(pHL<I()(§(x,I))

x/m (1+lns> ”fHL”‘ ) & (25)
t HQDHLq x,5)) s
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When |x—z| <1, [z—y| > 2t, we have |z—y| < [x—y| < 3|z—y|. Therefore we get

i@ [ PEb6) -0l 0l

<c [ Ao a0

b=yl
We obtain
p(x—yl)
/Q\szz x—yp PO~ b@IIFG)ldy
= p(s) (/ ) s
sCL o b(y) — bz dv )&
% S {yeQ:2r<|x— y‘<5}| (y) B(x,t)|‘f(y)| y s

+CIb(E) ~ by |/

To estimate J; :

= p(s) / ) ds
J1=C b(y) — by, dy | —
=TI )b Il )

“p(s), _ ds
<l [ EL10™ oy 1 g a5
ds

(x.5)) s
“p(s), s,
Clbll [ BRI 10 o e 1 g 0y S

* s p(s) ds
< . 2) —— Vo —.
<l [ (1+102) B0l ) 10 e 26)
To estimate J;:

s)) s
ds
=l o, [ 25 [ Olay) <
{yeQ:2t<|x—y|<s} K

_ = p(s), _ ds
SC‘B(}C,IH lé(x7t) |b(Z)—b(y)|dy/ s—nH(p 1||L’),()(E(XS))”fHLg()(E(XS))?

© s o ds
<Mt @) [ (14102) B0l o 10 ) = D)

nqxr

ds
(/ |f(}’)|d>’> — =N+
{yeQ:2r<|x—y|<s} N

where C does not depend on x,7. Then by Corollary 8 and (16), (26), (27) we have
16: Tl f2ll 900 1

< Mll g0 e, +H12|| Bed)

< OBl Nt g0 | (1+1n§) 192ty 10 e 5

Mgl [ (1105 ) 10Ut ey 1 g a5

° s 1 ds
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Hence

| |bvlp‘f2||Lq‘w2(B(x,t)) < C[|D]|« H(PHLq(-)(E(X,;))

° s 1 ds
X /t (1 + 111 ;) ||(p HLq(')(E(x,S)) ||fHLg()(§(x,s)) ?7
which together with (25) yields (22). U

In the following theorem we prove the boundedness of commutators of the frac-
tional integral operator |b,I,| from the spaces GMP()-010)-@10).0(Q) to the spaces
GM4()020).020).0(Q)

THEOREM 14. Let Q C R" be an open unbounded set and p € PI%(Q), 1 <
p(x) <g(x) <o, @ €Ap)(Q), @ EAp() 4(.)(Q), the function p satisfy the conditions
(13)—(15). Let the condition (16) be fulfilled, b € BMO(R") and 6,(t) and 0,(t) be
measurable functions on (0,e0). Suppose that there exists a positive number O such
that 0,(t) = 0 = const, 6,(t) = 6, = const for x>0, and 1 < 0, < 0,(1) < 6:(1) <
0, < oo for a.a. x € (0,). If the condition

1

sup [ n(x, &)%)
xeQ,r>0 /0

163) e
- b 00 e 1 "
} / (1+1nr>[1(§)] 121l r0) Bxr)) dr dE < oo, (28)
\ 1 1 (%) 19140 30

holds, where 6, () = 1(Igf )61 (s), then the operator |b,I,| is bounded from
sE(g,0°

GMP(')vel(')vwl ()(P(Q) to GM‘I()BZ()ﬁwz()(P(Q) .

Proof. Let f e GMP()010).010).2(Q) . Hence, by choosing v(r) = w;(x,r),
)} (W)HfHLp( )

_ o (B(xr)) o r H(pHLP(‘)(E(”)) . .
g(r)= EC— u(r) = (1+In%) ool T wr— Lemma 1, and using

Theorem 13 we obtain

116, Zp | £ 1| Gppat1-65 (1p (1.0

(X, r
- #mb AT P,
xeQ ||(PHLq x1)) L920)(0,00)
wz(x7r) ||fHLI’ ds
< Clpllesup | 25 ol /7
wee || 10l a0@en D S M0l w0 G S

L%20)(0,0)

w1 (x,7)
< C||b]|.sup 7\\]‘”
xeQ ||(pHLP x1)) Lp xr))

= C||b||*||fHGMp<-)A,91<->,w1<->,<u~ O

Lgl(')(o.’oo)
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COROLLARY 4. Let Q C R" be an open unbounded set and p € Pl%(Q), 1 <
p(x) <g(x) <o, @ €Ap)(Q), @ EAp() 4(.)(Q), the function p satisfy the conditions
(13)—(15), the condition (16) be fulfilled, b € BUO(R"). Then the operator |b,I,| is

bounded from LI(;(')(Q) to L?o(.)(g)‘
5. Commutators of singular integral operators in GM?()-0().0().9(Q)

In this section we prove the boundedness of singular integral operators and their
commutators in the spaces GMP():0().0().0(Q)
Calderén-Zygmund type singular operator is defined by

TFe) = || K)oy

where K(x,y) is a “standard singular kernel”, that is, a function continuous on {(x,y) €
Q x Q: x#y} and satisfying following properties:

[K(x,y)| < Clx—y[™" forall x#y,

y—2[° :
|K(x7y)_K(x7Z)|<CW7 G>Ov if |x—y|>2\y—z|7

k- g .
\K(x7y)—K(§7y)|<C|x_y|n+av 0 >0, if |yr—y[>2x—&]

Let
T.f(x) = sup|Te f(x)],

e>0

be the maximal singular operator, where 7T f(x) is the usual truncation
Tof@) = [ KOl
—y[>e

Let T be a Calder6n-Zygmund singular integral operator and b € BMO( R").
A well known result of Coifman, Rochberg and Weiss [9] states that the commutator
operator [b,T|f =T(bf)—bTf is bounded on L,(R") for 1 < p < co.

The following theorem was proved in [25].

THEOREM 15. Let Q C R" be an open unbounded set and p € P1%8(Q) and ¢ €
Ap()(Q) Then

T
/ L‘P (B( )) @ (29)

T . <C N
|| fHLI(;,()(B(x,t)) ||(pHLP()(B(x7[)) . ||(pHLp(-)(§(x’s)) s

forevery f € LI(:,(')(R”), where C does not depend on f,x and t.

The following theorem in the case of ¢ = 1, constant p(x) and 0(z) was proved
in [19] (see also [20]).
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THEOREM 16. Let Q C R" be an open unbounded set and p € 2'%(Q) satisfy
assumption (1), @ € A,1(RQ), 01(¢) and 6;(t) be measurable functions on (0,e°).
Suppose that there exists § positive number a such that 0)(t) = 0, = const, 0,(t) =
0, = const for x>0, and 1 < 0; < 0,(1) < 6:(1) < 0,7 < o for a.a. x € (0,0),
(w1 (x,7), w2 (x,r)) satisfy the condition (6).

Then the operators T and T, are bounded from GMP()01():01().0 (Q) 1o
GMPO)-00)@().0(Q).

Proof. Let f e GMP()010).010).0(Q) . Hence, by choosing v(r) = w;(x,r),

g(r) = (x,r) H‘P”;pl(.)(g(x 126 e u(r) = wy(x,r)"'r~! in Lemma 1, and us-
ing Theorem 15 we obtain

1T 1l G, pr0)00000500.0

wg(x r)
xeQ L) (xt)) L92(‘)(0,°<>)
w2(x7r) dS
< Csup 100 ey / 17156 P 0y o
el | ||Lp(-)(3( 1) S 111820 (0,00)
@1 (x,r)
< Csup WW”L’] o)
veQ LPO(B(x1) L910)(0,00)

= C[|fll g yr01000001 000 -

The boundedness of the operator 7, follows then from the known ([47], p. 34) point-
wise estimate

T.f(x) < c[M(Tf)(x) + Mf(x)],
and the corresponding theorems on the maximal operator. [J

The following theorem was proved in [25].

THEOREM 17. Let Q C R" be an open unbounded set and p € PI%8(Q), b €
BMO(R") and ¢ € Aj,(.(2). Then

170
s)) ds
15,7100 gy < Il ey [ (14+107) WT .

Lr0) B(x,s

forevery f € LI(:,(')(R”), where C does not depend on f,x and t.

THEOREM 18. Let Q C R" be an open unbounded set and p € P/%(Q), b €
BMO(R"), ¢ € A,1(Q), and 0(t) and 6,(t) be measurable functions on (0,°).
Suppose that there exists 8 positive number a such that 0(t) = 0y = const, 0,(t) =
6, = const for x>0, and 1 < 0 < 0,(1) < 62(1) < 0, < oo for a.a. x € (0,),
(o1 (x,7), 0 (x,r)) satisfy the condition (12). Then the operator [b,T] is bounded from
GMPO )01 ().0 (R o GMP()020).020).0 (R
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Proof. Let f € GMPL)-00)@()9(Q). Hence, by choosing v(r) = w(x,r),
w; (X»V)H§0||Z,,l(.)(3(“ 10 Br))” u(r)=(1+In%) o;(x,r)"'r~! in Lemma

1, and using Theorem 17 we obtain

116 T1f 1l gpgr().020005 0,0

W (x, 1)
= sup 7”[17 T]f” (B(x,r))
xeQ ||(pHLI’ x,t)) ' L£920)(0,00)
- 11l o) 5
s (x, Ky Ly ) ds
< C||b]|« sup ”#H(Pm ))/ <1+1n )W?
xeQ L0(B(xy) t PllrOBxs) 100 (0.)
o)
< C|b|l.sup #Ilﬂup )
xeQ ||(pHLP L910)(0,00)

= C||b||*||fHGMp<-)A,91<->,w1<->,¢~ O
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