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Abstract. We characterize bounded and compact differences of differentiation composition op-
erators from the Besov space B1 to Bloch-type spaces utilizing the difference of the values of
derivatives of the conformal automorphisms of the unit disk at the respective symbols of the
these operators. We also derive asymptotic estimates for the operator norms, providing signif-
icant insights into their behavior. In addition we characterize boundedness and compactness of
CDn −CDn from the minimal Möbius invariant space B1 to little Bloch-type spaces. Our
characterization relies on the analysis of the derivatives of conformal automorphisms of D , re-
vealing intricate relationships between conformal automorphisms of D and differentiation com-
position operators between these spaces.

1. Introduction

Let N0 denote the set of non-negative integers, and let D be the open unit disk
in the complex plane C . The space H(D) comprises all analytic functions in D , and
S(D) is the subset of self-maps of D .

The study of composition operators on analytic function spaces has long been a
central theme in functional analysis. For  ∈ S(D) and an integer n ∈ N0 , the differen-
tiation composition operator, CDn , is defined for f ∈ H(D) as:

CDn f = f (n) ◦ .

In the base case where n = 0, this simplifies to the standard composition operator,
C f = f ◦ . The operator is a special case of the weighted differentiation composition
operator (or generalized weighted composition operator), defined as follows

Dk
,u( f )(z) = u(z) f (k)((z))

which, along with its n -dimensional counterparts, has been studied a lot (see, e.g.,
[18, 19, 33, 35, 36,38, 44,45] and the related references therein).
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A significant area of investigation has been the study of the difference between two
such operators, C −C , which provides deep insights into the topological structure of
the space of composition operators. A pivotal moment in this field was the work of
MacCluer, Ohno, and Zhao, who first characterized the compact difference of composi-
tion operators on the space H . Their characterization was fundamentally linked to the
pseudo-hyperbolic distance between the symbols  and  . This distance is defined
by (z, ) = | (z)| , where  is the conformal automorphism of D that interchanges
the points 0 and  :

 (z) =
 − z

1− z
, z ∈ D. (1)

Inspired by this connection, numerous authors (see [1, 6, 8, 9, 16, 17, 21, 23–32, 34, 37,
39, 42, 43], and the related references therein) have investigated the properties of oper-
ator differences on various analytic function spaces. Notably, Moorhouse [23] and [24]
provided a thorough characterization for the compact difference within the Bergman
space, and Choe et al. [8] contributed to this field by characterizing the compact dif-
ference of composition operators specifically in the Hardy space. More recently, the
third author and S. Ueki estimated the essential norm of C −C from analytic Besov
spaces Bp ( p > 1) to Bloch-type spaces. Motivated by these results, this paper extends
the analysis to the difference of differentiation composition operators, CDn −CDn ,
at the critical case of p = 1. We investigate these operators acting from the minimal
Möbius invariant space, B1 , to weighted Bloch-type spaces, B . Our work reveals a
compelling interplay between the operator norm, the derivatives of conformal automor-
phisms, and the pseudo-hyperbolic distance, highlighting the deep connections between
operator theory and the underlying complex geometry of the disk.

We begin by defining the function spaces central to our analysis. A weight  is
a positive, continuous, and radial function on D that monotonically decreases to 0 as
|z| → 1.

• The weighted Bloch-type space, B , consists of functions f ∈ H(D) for which
the norm ‖ f‖B = | f (0)|+ supz∈D(z)| f ′(z)| is finite.

• The little weighted Bloch-type space, B,0 , is the closed subspace of B where
lim|z|→1 (z)| f ′(z)| = 0.

When the weight is given by (z) = (1− |z|2) with  > 0, we denote B simply
by B . Similarly, the space A 

 , consists of functions f ∈ H(D) for which the norm
‖ f‖A 

 = supz∈D (z)| f (z)| is finite.
The domain space is the analytic Besov space B1 , which consists of functions

f ∈ H(D) that can be represented as an absolutely convergent series of conformal au-
tomorphisms:

f (z) =



n=0

ann(z), for {an} ∈ �1 and {n} ⊂ D.

The norm is defined as ‖ f‖B1 = inf{
n=0 |an|} over all such representations. The

space B1 is the minimal Möbius invariant space and admits an equivalent norm based
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on the function’s second derivative: ‖ f‖B1 	 | f (0)|+ | f ′(0)|+ ∫
D
| f ′′(z)|dA(z) . A key

property established by Blasco [4] is that for any f ∈ B1 with f (0) = f ′(0) = 0, there
exists a complex Borel measure of bounded variation 0 on D such that:

f (z) =
∫

D

 (z)d0( ) and ‖0‖ � ‖ f‖B1 .

This integral representation will be used frequently in our analysis. For further ex-
ploration of these function spaces, including their structures and properties, we refer
to [2]–[5], [7], [12]–[15], [40], [41], [46] and [47].

Our primary goal is to characterize the boundedness and compactness of the oper-
ators CDn and CDn−CDn from B1 to both B and B,0 . These characterizations
reveal how the geometric properties of the symbols  and  govern the analytic prop-
erties of the operators.

The compactness of a closed subset L of B,0 can be established through specific
criteria that involve the properties of the weight function and functions in L . By a
slight modification of the arguments presented by Madigan and Matheson [22], we can
establish the subsequent lemma.

LEMMA 1. Let L be a closed subset of B,0. Then L is compact if and only if the
following two conditions hold:

1. L is bounded.

2. L obeys the condition

lim
|z|→1

sup
f∈L

(z) | f ′(z) | = 0.

2. Bounded difference of differentiation composition operators

In this section, we provide a comprehensive characterization of bounded difference
of differentiation composition operators that map the analytic Besov space B1 into
Bloch-type spaces. To establish the main results of this paper, the forthcoming lemmas
will be crucial to our analysis, see [11]. We shall omit the immediate proof of Lemma
2 for brevity.

LEMMA 2. If f ∈ B1 and z ∈ D , then | f (z)| � ‖ f‖ � ‖ f‖B1 .

By Lemma 2 and the Cauchy integral formula, there is a constant C such that

| f (n)(z) | � C
‖ f ‖B1

(1− | z |2)n (2)

for every z ∈ D and f ∈ B1 .
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LEMMA 3. Let f ∈ B1 . Then there is a constant C > 0 such that

|(1−| |2)n+1 f (n+1)( )− (1−|z|2)n+1 f (n+1)(z)| � C ‖ f ‖B1 ( ,z)

for all  ,z ∈ D.

Proof. Let f ∈ B1 be arbitrary and let  ∈ D . By (2),

(1−| |2)n+1| f (n+1)( )| � C‖ f‖B1 .

Thus

‖ f (n)‖Bn+1 � C‖ f‖B1 . (3)

For  > 0,  ,z ∈ D and n ∈ N0, let

F( f ,n, , ,z) = (1−| |2) f (n+1)( )− (1−|z|2) f (n+1)(z).

Then by Lemma 2.3 in [25], we have

|F( f ,0, , ,z)| � C ‖ f‖B ( ,z)

for all  > 0, f ∈ B and for all  ,z ∈ D. Thus by replacing  by n+1 and f by

f (n) in the above inequality, we have

| F( f ,n,n+1, ,z) | � C ‖ f (n) ‖Bn+1 ( ,z)

Hence by (3) for all f ∈ B1, we have

| F( f ,n,n+1, ,z) | � C ‖ f ‖B1 ( ,z).

Thus the proof is accomplished. �

The proof of the following lemma can be established through a standard argument
involving the normal family, as illustrated in Proposition 3.11 of [12]. In the lemma,
we use T to denote either of the operators CDn or CDn−CDn .

LEMMA 4. Let n ∈ N0 . Let  , ∈ S(D) and let  be a weight function. Assume
that T : B1 → B is bounded. Then T is compact if and only if for every bounded
sequence { fk}k∈N in B1 , which converges uniformly to zero on compact subsets of D ,
the condition limk→ ‖T fk‖B = 0 holds.

The next two results characterize bounded and compact differentiation composi-
tion operators from B1 to Bloch-type spaces.
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THEOREM 1. Fix n ∈ N0, and let  ∈ S(D) . Then the following statements are
equivalent:

(i) CDn : B1 → B is bounded.

(ii) sup
z∈D

(z)| ′(z)|
(1−|(z)|2)n+1 < .

(iii) M := sup
z,∈D

(z)|(n+1)
( ) ((z)) ′(z)| <  and  ∈ B .

Proof. We first prove the equivalence of (i) and (ii). First suppose that (i) holds.
Thus

‖(CDn) f‖B � ‖ f‖B1 (4)

for all f ∈ B1 . In particular, since f (z) = zn+1/(n+1)!∈ B1 , it follows that  ∈ B .
Consider the function ( ) defined as in (1). Then ( ) ∈B1 and sup∈D ‖( )‖B1 �
1, see [46]. Moreover,

(n+1)
( ) (z) = −(n+1)!( )

n 1−|( )|2
(1−( )z)n+2

.

Thus by (4), we have

(n+1)!
( )|( )|n| ′( )|
(1−|( )|2)n+1 � ‖(CDn)( )‖B � ‖( )‖B1 � 1

for all  ∈ D . Therefore,

sup
|( )|>1/2

( )| ′( )|
(1−|( )|2)n+1 < . (5)

Since  ∈ B , we get

sup
|( )|�1/2

( )| ′( )|
(1−|( )|2)n+1 � (4/3)n+1 sup

∈D

( )| ′( )| < . (6)

Combining (5) and (6), we see that (ii) holds.
Conversely, suppose that (ii) holds. Then by (2), we have

‖(CDn) f‖B = | f (n)((0)) | +sup
z∈D

(z)| f (n+1)((z)) ′(z)|

� C ‖ f ‖B1

(
1+ sup

z∈D

(z)| ′(z)|
(1−|(z)|2)n+1

)
.

Therefore, (i) holds.
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To complete the proof, we need to prove that (ii) and (iii) are equivalent. First
assume (ii). Note that it follows easily from (ii) that  ∈ B . Moreover,

(z) | (n+1)
( ) ((z)) ′(z) | � (z)(1− | ( ) |2) |  ′(z) |

| (1−( )(z))n+2 |

� (z)
1− | ( ) |2

| 1−( )(z) |
|  ′(z) |

| 1−( )(z) |n+1

� C
(z) |  ′(z) |

(1− | (z) |2)n+1

and thus we obtain (iii).
Finally, assuming (iii), the substitution  = z gives

sup
z∈D

(z) | (z) |n|  ′(z) |
(1− | (z) |2)n+1 < .

Therefore,

sup
|(z)|>

(z) |  ′(z) |
(1−(z) |2)n+1 < 

for any  ∈ (0,1). Since  ∈ B , we have obtained (ii). The proof is complete. �

THEOREM 2. Let n ∈ N0 and  ∈ S(D) . Assume CDn : B1 → B is bounded.
Then the following statements are equivalent:

(i) CDn : B1 → B is compact.

(ii) lim
|(z)|→1

(z)| ′(z)|
(1−|(z)|2)n+1 = 0.

(iii) lim
|(z)|→1

sup
∈D

(z) | (n+1)
( ) ((z)) ′(z) | = 0 .

Proof. (i) ⇔ (ii) . Assume that (i) holds. Let (z j) be a sequence in D such that
|(z j)| → 1 as j →  . We remark that if no such sequence exists, then (ii) holds
vacuously and the proof is complete. Let  > 0 be given. Consider the family of
functions

f j(z) =
1− | (z j) |2
1−(z j)z

.

Then ‖ f j ‖B1� 1 and f j → 0 uniformly on compact subsets of D . By Lemma 4, there
exists N > 0 such that ‖ (CDn) f j ‖B<  for all j > N . Therefore

sup
z∈D

(z) | f (n+1)
j ((z))  ′(z) | < 
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for all j > N . After a calculation,

(z j) | (z j) |n+1|  ′(z j) |
(1− | (z j) |2)n+1 < 

for j > N . Since | (z j) |→ 1 as j →  , this yields (ii) .
Next assume (ii) and let fm be a sequence in B1 with ‖ fm ‖B1� 1 and fm → 0

uniformly on compact subsets as m →  . To prove (1) it is enough to prove that

‖ (CDn) fm ‖B = | f (n)
m ((0)) | +sup

z∈D

(z) | f (n+1)
m ((z)) ′(z) | → 0

as m →  . Since f (n)
m → 0 on compact sets, the first term in the sum above tends to 0

as m →  . Let  > 0 be given. There exists r0 , 0 < r0 < 1, with

(z) |  ′(z) |
(1− | (z) |2)n+1 < 

for all z with | (z) | > r0 . The above inequality gives

(z) | f (n+1)
m ((z)) ′(z) | � (z) |  ′(z) |

(1− | (z) |2)n+1 < 

for all z with | (z) | > r0 and for all m .
Since fm → 0 on the set {w :| w | � r0} and since  ∈ B , there exists N1 > 0

such that
(z) | f (n+1)

m ((z)) |  ′(z) | < 

for all z with |(z) |� r0 and for all m > N1 . The argument shows that ‖ (CDn) fm ‖B

→ 0 and Lemma 4 completes the proof of (i) .
The proof that (ii) ⇔ (iii) is similar to the argument in Theorem 1. �
In the next result, we will characterize boundedness of the difference of compo-

sition operators from B1 to Bloch-type spaces. We adopt the following notation to
minimize redundancy and to focus on the essential components of the proofs of the
following results. Let

Jz( f ,n, ,) = f (n+1)((z)) ′(z)− f (n+1)((z)) ′(z)

and

Tz( ,) =
(z) ′(z)

(1− | (z) |2)n+1 −
(z) ′(z)

(1− | (z) |2)n+1 .

THEOREM 3. Let n ∈ N0, let  be a weight and assume  �=  ∈ S(D) . Then
CDn −CDn : B1 → B is bounded if and only if  − ∈ B and the family of
functions

{((n+1)
 ◦) ′ − ((n+1)

 ◦) ′,  ∈ D}
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is bounded in A 
 , that is

Mn := sup
∈D

‖((n+1)
 ◦) ′ − ((n+1)

 ◦) ′‖A 
 < . (7)

Moreover, if CDn −CDn : B1 → B is bounded, then

‖ − ‖B +Mn � ‖CDn −CDn‖B1→B

�‖ − ‖B +
1

(1−|(0)|2)n +
1

(1−|(0)|2)n +Mn. (8)

Proof. First suppose that CDn −CDn : B1 → B is bounded. Since f (z) =
zn+1/(n+1)!∈ B1 , it is clear that − ∈ B and

‖ − ‖B� ‖CDn−CDn ‖B1→B .

Consider the family of functions:  (z),  ∈ D . By ( [46], p. 53),  ∈ B1 and
sup∈D ‖‖B1 � 1. Since CDn −CDn : B1 → B is bounded,

‖(CDn−CDn) ‖B � ‖CDn −CDn‖B1→B

for every  ∈D. Thus the family of functions {((n+1)
 ◦) ′−((n+1)

 ◦) ′, ∈D}
is bounded in A 

 and

Mn = sup
∈D

‖((n+1)
 ◦) ′ − ((n+1)

 ◦) ′‖A 
 � sup

∈D

‖(n)
 ◦−(n)

 ◦‖B

� ‖CDn−CDn‖B1→B

Therefore,

‖ − ‖B +Mn � ‖CDn−CDn‖B1→B . (9)

Conversely, suppose that − ∈ B and (7) holds. Let f ∈ B1. We must show that

| f (n)((0))− f (n)((0)) | + sup
z∈D

(z) | Jz( f ,n, ,) |� C ‖ f ‖B1 (10)

for a constant C independent of f . By (2),

| f (n)((0))− f (n)((0)) | �‖ f ‖B1

(
1

( 1− | (0) |2)n +
1

(1− | (0) |2)n

)
. (11)

By Blasco’s result stated in the introduction, there is a measure  with ‖  ‖�‖
f ‖B1 and such that

f (z)− f (0)− f ′(0)z =
∫

D

 (z) d( ). (12)
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If n � 1, then it follows that

f (n+1)(z) =
∫

D

(n+1)
 (z) d( ).

Therefore

(z) | Jz( f ,n, ,) | = (z) |
∫

D

Jz( ,n, ,)d( ) |

�
∫

D

| (z)Jz( ,n, ,) | d |  | ( )

� sup
∈D

(z) | Jz( ,n, ,) | ‖  ‖ . (13)

It now follows that

sup
z∈D

(z) | Jz( f ,n, ,) |� Mn ‖ f ‖B1 .

We conclude

‖(CDn −CDn) f‖B �
{

1
(1−|(0)|2)n +

1
(1−|(0)|2)n +Mn

}
‖ f‖B1 . (14)

For convenience in the argument for n = 0, we define g(z) = f (z)− f (0)− f ′(0)z .
It follows that f ′(z) = g′(z)+ f ′(0) and

(z) | Jz( f ,0, ,) | = (z) | (g′((z))+ f ′(0))  ′(z)− (g′((z))+ f ′(0))  ′(z) |
� (z) | Jz(g,0, ,) | + (z) | f ′(0) | |  ′(z)− ′(z) | .

An argument as in the case for n � 1 yields

sup
z∈D

(z) | ((C −C) f )′(z) | � ( ‖ − ‖B + M0 ) ‖ f ‖B1 . (15)

An application of (11), (14) and (15), we have that CDn−CDn : B1 →B is bounded
and

‖CDn−CDn‖B1→B �‖ − ‖B +
{

1
(1−|(0)|2)n +

1
(1−|(0)|2)n +Mn

}
.

(16)

Combining (9) and (16), we conclude (8) and the theorem is established. �

3. Compact difference of differentiation composition operators

Next we characterize the compactness of the difference of differentiation compo-
sition operators from the space B1 to Bloch-type spaces.

Before stating Theorem 4, we note that if CDn −CDn : B1 → B is compact
and  ∈ B , then  ∈ B . Our proof below will rely on  , ∈ B . We remark that
there are other equivalent ways to state this hypothesis.
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THEOREM 4. Let n ∈ N0, �=  ∈ S(D) and let  be a weight. Assume that
CDn −CDn : B1 → B is compact and  ∈ B . Then

(i) lim
|(z)|→1

(z) |  ′(z) |
(1− | (z) |2)n+1 ((z),(z)) = 0

(ii) lim
|(z)|→1

(z) |  ′(z) |
(1− | (z) |2)n+1 ((z),(z)) = 0 and

(iii) lim
min{|(z)|,|(z)|}→1

| Tz( ,) | = 0.

Proof. We assume that CDn−CDn : B1 → B is compact. As in [32], we may
assume that ‖  ‖= 1 and ‖  ‖= 1. By way of contradiction, suppose that (i) does
not hold. Therefore there exists  > 0 and a sequence z j ∈ D with | (z j) |→ 1 as
j →  such that

(z j) |  ′(z j) |
(1− | (z j) |2)n+1 ((z j),(z j)) �  (17)

for j = 1,2, . . . . Note that we may assume that | (z j) | > 1/2 for all j . Let

g j(z) =
(1− | (z j) |2)

(n+1)! (z j)
n+1

1

(1−(z j)z)
.

Then ‖ g j ‖B1� C and g j → 0 uniformly on compact subsets of D as j →  . By a
calculation,

g(n+1)
j (z) =

1− | (z j) |2
(1−(z j)z)n+2

.

The assumption of compactness yields J1 > 0 such that

(z j)|Jz j (g j,n, ,)|

=
∣∣∣∣ (z j) ′(z j)
(1− | (z j) |2)n+1 −

(z j)(1− | (z j) |2) ′(z j)

(1−(z j)(z j))n+2

∣∣∣∣< /2

for all j > J1 . We obtain∣∣∣∣ (z j) ′(z j)
(1− | (z j) |2)n+1

∣∣∣∣−
∣∣∣∣(z j)(1− | (z j) |2) ′(z j)

(1−(z j)(z j))n+2

∣∣∣∣ < /2 (18)

for j > J1 . Now let

f j(z) =
(−1)n+1

(z j)
n+2

{
− (1− | (z j) |2)2

(n+2)!(1−(z j)z)2
+

(1− | (z j) |2
(n+1)!(1−(z j)z)

}

where, as before, we assume | (z j) | > 1/2. Then ‖ f j ‖B1�C and f j → 0 uniformly
on compact subsets. Thus there exists J2 > 0 with

(z j) | Jz j ( f j,n, ,) | < /2 (19)
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for j > J2 . After a calculation,

f (n+1)
j (z) =

(1− | (z j) |2)(−1)n+2(z−(z j))

(1−(z j)z)n+3
.

In particular f (n+1)
j ((z j)) = 0 and (19) yields

(z j) |  ′(z j) | (1− | (z j) |2)
| 1−(z j)(z j) |n+2

((z j),(z j)) < /2 (20)

for j > J2 . Equation (18) now yields(
(z j) |  ′(z j) |

(1− | (z j) |2)n+1 −
(z j)(1− | (z j) |2) |  ′(z j) |

| 1−(z j)(z j) |n+2

)
((z j),(z j)) < /2

(21)
for j > J1 . Addition of equations (20) and (21) yields

(z j) |  ′(z j) |
(1− | (z j) |2)n+1 ((z j),(z j)) < 

for all large j . We have obtained a contradiction to (17) and thus compactness of
CDn −CDn implies condition (i). A similar argument shows that compactness im-
plies condition (ii).

Finally, we recall that CDn −CDn : B1 → B is compact and we assume that
(iii) is false. Thus there exists  > 0 and z j ∈ D with min{| (z j) |, | (z j) |} → 1 as
j →  and

(z j)

∣∣∣∣∣  ′(z j)
(1− | (z j) |2)n+1 −

 ′(z j)
(1− | (z j) |2)n+1

∣∣∣∣∣ >  (22)

for j = 1,2, . . . .
We first note that

‖ (CDn−CDn)g j ‖B �
∣∣∣∣∣ (z j) ′(z j)
(1− | (z j) |2)n+1 −

(z j) ′(z j)(1− | (z j) |2)
(1−(z j)(z j))n+2

∣∣∣∣∣.
After subtracting and adding the term (z j) ′(z j)/(1− | (z j) |2)n+1 we have

‖ (CDn −CDn)g j ‖B �
∣∣∣∣∣ (z j) ′(z j)
(1− | (z j) |2)n+1 −

(z j) ′(z j)
(1− | (z j) |2)n+1

∣∣∣∣∣
− (z j) |  ′(z j) |

(1− | (z j) |2)n+1

∣∣∣∣∣1− (1− | (z j) |2)(1− | (z j) |2)n+1

(1−(z j)(z j))n+2

∣∣∣∣∣. (23)

After calculation and an application of Lemma 3,∣∣∣∣1− (1− | (z j) |2)(1− | (z j) |2)n+1

(1−(z j)(z j))n+2

∣∣∣∣
= | F(g j,n,n+1,(z j),(z j)) |
� C ‖ g j ‖B1 ((z j),(z j)).
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Substitution into (23) yields

‖ (CDn−CDn)g j ‖B +C
(z j) |  ′(z j) |

(1− | (z j) |2)n+1 ‖ g j ‖B1 ((z j),(z j))

�
∣∣∣∣∣ (z j) ′(z j)
(1− | (z j) |2)n+1 −

(z j) ′(z j)
(1− | (z j) |2)n+1

∣∣∣∣∣= |Tzj ( ,)|.

Recalling that the operator is compact and using (ii) , which has already been proven,
we obtain a contradiction to (22). Thus, compactness implies condition (iii) . There-
fore, the proof is complete. �

Next we establish a relationship between the difference of derivatives of the con-
formal automorphisms and compact differences of the differentiation composition op-
erators from the Besov space B1 to Bloch-type spaces.

THEOREM 5. Let n ∈ N0 ,  be a weight and let  �=  ∈ S(D) . Assume that
CDn −CDn : B1 → B is bounded and  ∈ B . Then CDn −CDn : B1 → B
is compact if and only if the conditions (i) and (ii) in the hypothesis of Theorem 4 are
satisfied, along with the following condition:

lim
min{|(z)|,|(z)|}→1

sup
∈D

(z) | (n+1)
 ((z)) ′(z)−(n+1)

 ((z)) ′(z) | = 0.

Proof. We prove the result for n � 1. A brief argument will be given for the case
n = 0.

We first prove that the three conditions imply compactness of the operator CDn−
CDn : B1 → B . Let { fk} denote a sequence in B1 that fulfills the necessary condi-
tions for the application of Lemma 4. Our argument will show that

‖ (CDn−CDn) fk ‖B → 0 as k → .

Since | f (n)
k ((0))− f (n)

k ((0)) | → 0 as k →  , it is enough to prove that
supz∈D (z) | Jz( fk,n, ,) | → 0. For each k , Blasco’s result provides a measure
k with ‖ k ‖�‖ fk ‖B1 � C and

fk(z) = fk(0)+ f ′k(0)z+
∫

D

 (z) dk( ).

Therefore
(z) | Jz( fk,n, ,) |� C sup

∈D

(z) | Jz( ,n, ,) | .

Now let  > 0. The hypothesis yields r,r ∈ (0,1) , such that

sup
∈D

(z) | Jz( ,n, ,) | < /C

if min{| (z) |, | (z) |} > r . We conclude

sup
min{|(z)|,|(z)|}>r

(z) | Jz( fk,n, ,) |< .
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We next consider
sup

max{|(z)|,|(z)|}�r
(z) | Jz( fk,n, ,) |

� (‖  ‖B + ‖  ‖B ))max
|w|�r

| f (n+1)
k (w) | → 0 as k → .

As a final case we consider z ∈ D with | (z) |� r <| (z) | . The parallel case
| (z) |� r <| (z) | will be omitted. Again

(z) | Jz( fk,n, ,) |=∣∣∣∣∣
(

Tz( ,)+
(z) ′(z)

(1− | (z) |2)n+1

)
(1− |(z) |2)n+1 f (n+1)

k ((z))− f (n+1)
k ((z)) ′(z)

∣∣∣∣∣
� | Tz( ,) | | f (n+1)

k ((z)) | +
(z) |  ′(z) |

(1− | (z) |2)n+1 | F( fk,n,n+1,(z),(z)) | .

We now refer the reader to the proof of Theorem 4. After minor adjustments, that proof
establishes that if CDn−CDn : B1 → B is bounded, then N := supz∈D | Tz( ,) |
< . We use Lemma 3 with this fact to conclude that

sup
|(z)| �r<|(z)|

(z) | Jz( fk,n, ,) |

� N max
|w|�r

| f (n+1)
k (w) | +

(z) |  ′(z) |
(1− | (z) |2)n+1 ‖ fk ‖B1 ((z),(z)).

Since f (n+1)
k → 0 uniformly on {w :|w |� r} and using (ii) of Theorem 4, we conclude

that
sup

|(z)|�r<|(z)|
(z) | Jz( fk,n, ,) |→ 0

as k →  . Therefore the operator is compact.
We now assume that the operator is compact. Conditions (i) and (ii) have been

established in Theorem 4. It remains to prove the third condition in the theorem. As
in [32], we may assume that ‖  ‖= 1 and ‖  ‖= 1. Calculations similar to those
with fk above yield

(z) | Jz( ,n, ,) | � | Tz( ,) | (1− | (z) |2)n+1 | (n+1)
 ((z)) |

+
(z) |  ′(z) |

(1− | (z) |2)n+1 | F( ,n,n+1,(z),(z)) | .

We now apply (2) and Lemma 3 together with the fact that ‖ ‖B1� 1. We obtain

(z) | Jz( ,n, ,) |

� | Tz( ,) | C ‖  ‖B1 +
(z) |  ′(z) |

(1− | (z) |2)n+1C ‖  ‖B1 ((z),(z))

� | Tz( ,) | +
(z) |  ′(z) |

(1− | (z) |2)n+1((z),(z)).
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Finally we invoke conditions (ii) and (iii) in Theorem 4. Given  > 0, there exists
r , 0 < r < 1, such that

(z) |  ′(z) |
(1− | (z) |2)n+1 ((z),(z)) <


2

and
| Tz( ,) | < 

2

for z with min{| (z) |, | (z) |} > r . We conclude that

sup
∈D

(z) | Jz( ,n, ,) | < 

for all z ∈ D with min{| (z) |, | (z) |} > r . The proof for n � 1 is complete.
We present an outline of the proof for n = 0. First we assume the three conditions.

By Blasco’s result,

f ′k(z) = f ′k(0)+
∫

D

 ′
 (z) dk( )

and thus

(z) | J( fk,0,(z),(z)) |
� | f ′k(0) | (z) (|  ′(z)− ′(z) |)+(z) |

∫
D

Jz( ,0, ,)dk( ) |
� | f ′k(0) | (‖  ‖B + ‖  ‖B )+ ‖ k ‖ (z) sup

∈D

| Jz( ,0, ,) | (24)

Because  , ∈ B and because f ′k → 0 uniformly on compact subsets, the first sum-
mand in (24) tends to 0 as k →  . The proof that the second summand tends to 0
uses an argument similar to the argument for n � 1. We conclude that the operator is
compact. The proof is complete. �

4. Bounded and compact operators from B1 to B,0

In this section, we characterize the boundedness and compactness of CDn and
CDn−CDn from the minimal Möbius invariant space B1 to little Bloch-type spaces.

THEOREM 6. Let  be a weight, let n ∈ N0 and let  ∈ S(D) .

1. Let n � 1 . Then CDn : B1 → B,0 is bounded if and only if CDn : B1 → B

is bounded and (n)
 ◦ ∈ B,0 for every  ∈ D.

2. Let n = 0 . Then C : B1 → B,0 is bounded if and only if  ∈ B,0 , C : B1 →
B is bounded, and  ◦ ∈ B,0 for every  ∈ D.
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Proof. We first consider the case n � 1.
Assume that CDn : B1 →B,0 is bounded. It is immediate that CDn : B1 →B

is bounded. By considering functions  ∈ B1,  ∈ D we obtain (n)
 ◦ ∈ B,0 for

every  ∈ D.
For the converse, it is enough to prove (CDn)( f ) ∈ B,0 for every f ∈ B1 . By

Blasco’s result there is a complex Borel measure of bounded variation such that

f (z) = f (0)+ f ′(0)z+
∫

D

 (z) d( ).

Therefore, we have

(z) | (CDn f )′(z) | �
∫

D

(z) | (n+1)
 ((z)) ′(z) | d |  | ( ).

By hypothesis the integrand above tends to 0 as | z |→ 1 for every  ∈ D . Furthermore
the integrand is bounded by M , where M is as defined in Theorem 1. The Dominated
Convergence Theorem now implies

lim
|z|→1

(z) | (CDn f )′(z) | = 0

and the proof for n � 1 is complete.
We briefly outline the case n = 0. First, assume C : B1 → B,0 is bounded

and let f (z) = z . Since f ∈ B1 we obtain  ∈ B,0 . The remainder of the argument
proceeds just as in the case for n � 1. For the opposite direction, it is enough to prove
that C ( f ) ∈ B,0 for f ∈ B1 . An argument using Blasco’s result yields

(z) | (C f )′(z) | � (z) |  ′(z) | +
∫

D

(z) |  ′
 ((z)) ′(z) | d |  | ( )

and the hypotheses now yield

lim
|z|→1

(z) | (C f )′(z) |= 0. �

THEOREM 7. Let  be a weight, n ∈ N0 and  ∈ S(D) . Assume that CDn :
B1 → B,0 is bounded. Then CDn : B1 → B,0 is compact if and only if

lim
|z|→1

sup
∈D

(z) | (n+1)
 ((z)) ′(z) | = 0. (25)

Proof. Assume that CDn : B1 →B,0 is compact. We use the test functions  .
Note that sup ‖  ‖B1 <  . Lemma 1 now implies (25).

For the opposite implication, let f be in the closed unit ball of B1 . As already
noted, there is a measure  with ‖  ‖�‖ f ‖B1 and

f (z) = f (0)+ f ′(0)z+
∫

D

 (z)d( ).
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We consider the case n � 1. We obtain

(z) | (CDn f )′(z) | � |
∫

D

(z)(n+1)
 ((z)) ′(z)d( ) |

� ‖  ‖ sup
∈D

(z) | (n+1)
 ((z)) ′(z) |

� ‖ f ‖B1 sup
∈D

(z) | (n+1)
 ((z)) ′(z) |

and therefore

sup
‖ f‖B1�1

(z) | f (n+1)((z)) ′(z) | � sup
∈D

(z) | (n+1)
 ((z)) ′(z) | .

The hypothesis now implies

lim
|z|→1

sup
‖ f‖B1�1

(z) | (CDn f )′(z) | = 0

and an application of Lemma 1 completes the proof for n � 1.
The proof for n = 0 is omitted. �

THEOREM 8. Let  be a weight, n ∈ N0 and  �=  ∈ S(D) . Then CDn −
CDn : B1 → B,0 is bounded if and only if CDn −CDn : B1 → B is bounded,

− ∈ B,0 and (n)
 ◦−(n)

 ◦ ∈ B,0 for every  ∈ D .

Proof. Suppose that CDn−CDn : B1 →B,0 is bounded. It is clear that CDn−
CDn : B1 →B is bounded. After considering the function f (z) = zn+1/(n+1)! and
the family of test functions  (z) ,  ∈ D in B1 , we have that  − ∈ B,0 and

(CDn −CDn) ∈ B,0 = (n)
 ◦−(n)

 ◦ ∈ B,0 for every  ∈ D.

For the converse, let f ∈ B1 and define  as in Theorem 3. If n � 1, then by an
argument as in the proof of Theorem 3,

(z) | Jz( f ,n, ,) |�
∫

D

(z) | Jz( ,n, ,) | d |  | ( ).

Also if n = 0, then

(z) | Jz( ,0, ,) |
�
∫

D

(z) | Jz( ,0, ,) | d |  | ( )+ (z) |  ′(z)− ′(z) | | f ′(0) | .

The integrand in the above equations tends to zero as | z |→ 1 for every  ∈ D .
Furthermore, the integrand is bounded by Mn , where Mn is as in Theorem 3.

The Lebesgue Dominated Convergence Theorem now implies

lim
|z|→1

(z)|(CDn−CDn) f )′(z)| = 0.

Therefore, for every f ∈ B1 , we have that (CDn −CDn) f ∈ B,0, from which the
boundedness of CDn−CDn : B1 → B,0 follows. The proof is complete. �
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THEOREM 9. Let  be a weight, n∈N0 and  �= ∈ S(D) . Assume that CDn−
CDn : B1 →B,0 is bounded. Then CDn−CDn : B1 →B,0 is compact if and only
if

lim
|z|→1

sup
∈D

(z)
∣∣(n+1)

 ((z)) ′(z)−(n+1)
 ((z)) ′(z)

∣∣= 0. (26)

Proof. By Lemma 1, the set {(CDn−CDn) f : f ∈ B1,‖ f ‖B1� 1} has compact
closure if and only of

lim
|z|→1

sup
‖ f‖B1�1

(z) | ((CDn−CDn) f )′(z) | = 0. (27)

First suppose that (26) holds. Assume that n � 1 and ‖ f ‖B1� 1. Then there exists a
complex Borel measure  of bounded variation on D such that ‖‖ � ‖ f‖B1 and

f (z) = f (0)+ z f ′(0)+
∫

T

 (z)d( ).

It follows easily that

(z)|((CDn−CDn) f )′(z)| � (z)
∫

D

∣∣Jz( ,n, ,)
∣∣d| |( )

� ‖‖ sup
∈D

(z)
∣∣Jz( ,n, ,)

∣∣
� sup

∈D

(z)
∣∣Jz( ,n, ,)

∣∣.
Using (26), we see that (27) holds. We conclude that the operator is compact in the case
n � 1. The proof for n = 0 is similar and is omitted.

Conversely, suppose that CDn −CDn : B1 → B,0 is compact. Taking the test
functions  ,  ∈ D in (27), we can easily obtain that (26) follows from 27. This
completes the proof. �
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[6] J. BONET, M. LINDSTRÖM AND E. WOLF, Differences of composition operators between weighted

Banach spaces of holomorphic functions, J. Austral. Math. Soc. 84 (1) (2008), 9–20.



244 R. A. HIBSCHWEILER, M. SHARMA AND A. K. SHARMA

[7] S. M. BUCKLEY AND D. VUKOTIC, Univalent interpolation in Besov spaces and superposition into
Bergman spaces, Potential Analysis 29 (2008), 1–16.

[8] B. R. CHOE, K. CHOI, H. KOO AND I. PARK, Compact difference of composition operators on the
Hardy spaces, Trans. Amer. Math. Soc. Series B 9 (2022), 733–756.

[9] B. R. CHOE, H. KOO AND I. PARK, Compact differences of composition operators on the Bergman
spaces over the ball, Pot. Anal. 40 (2014), 81–102.

[10] F. COLONNA AND S. LI, Weighted composition operators from the Besov spaces into the Bloch spaces,
Bull. Malays. Math. Sci. Soc. (2), 36 (2013), 1027–1039.

[11] F. COLONNA AND S. LI, Weighted composition operators from Minimal Möbius invariant space into
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[35] S. STEVIĆ, Weighted iterated radial composition operators between some spaces of holomorphic
functions on the unit ball, Abstr. Appl. Anal. Vol. 2010, Article ID 801264, (2010), 14 pp.

[36] S. STEVIĆ, Essential norm of some extensions of the generalized composition operators between k th
weighted-type spaces, J. Inequal. Appl. Vol. 2017, Article No. 220, (2017), 13 pp.
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[41] D. VUKOTIĆ, A sharp estimate for Ap
 functions in Cn , Proc. Amer. Math. Soc. 117 (3) (1993),

753–756.
[42] E. WOLF, Compact differences of composition operators, J. Austral. Math. Soc. 77 (2008), 161–165.
[43] X. D. YANG AND L. H. KHOI, Compact differences of composition operators on Bergman spaces in

the ball, J. Austral. Math. Soc. 89 (2010), 407–418.
[44] X. ZHU, Generalized weighted composition operators on weighted Bergman spaces, Numer. Func.

Anal. Opt. 30 (7–8) (2009), 881–893.
[45] X. ZHU, Generalized weighted composition operators from H to the logarithmic Bloch spaces,

Filomat 30 (14) (2016), 3867–3874.
[46] K. ZHU, Operator Theory in Function Spaces, Marcel Dekker 139, New York, 1990.
[47] K. ZHU, Analytic Besov spaces, J. Math. Anal. Appl. 157 (1991), 318–336.

(Received September 11, 2025) Rita A. Hibschweiler
Department of Mathematics and Statistics

University of New Hampshire
Durham, N. H. 03824, USA

e-mail: Rita.Hibschweiler@unh.edu

Mehak Sharma
Department of Mathematics

Central University of Jammu
(Bagla) Raya-Suchani, Samba-181143, J& K, India

e-mail: smehak14@gmail.com

Ajay K. Sharma
Department of Mathematics

Central University of Jammu
(Bagla) Raya-Suchani, Samba-181143, J& K, India

e-mail: aksju 76@yahoo.com

Journal of Mathematical Inequalities
www.ele-math.com
jmi@ele-math.com


