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p–CONVEXITY WITH APPLICATIONS TO MATRIX INEQUALITIES
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Abstract. Convexity, log-convexity, and p -convexity are fundamental tools in analysis and ma-
trix theory, serving as powerful techniques for deriving functional and operator inequalities. In
this paper, we establish several new refinements and generalizations of classical convex inequal-
ities, extending earlier results of Sababheh, Alzer, Heinz, and Young-type. Our approach is
based on convexity-inspired factorizations and power-type extensions, which allow us to derive
sharper inequalities for p -convex, convex and log-convex functions. Applications are provided
to a wide range of mathematical means, including arithmetic, geometric, harmonic, power, and
Heinz means, where we obtain improved bounds and new inequalities valid for arbitrary integer
powers. Furthermore, we apply these results to matrix analysis, yielding refinements of deter-
minant inequalities, inequalities for unitarily invariant norms, and Hölder-type inequalities. Ad-
ditional applications are given to generalized numerical radius inequalities for operators. These
improvements not only unify and extend several known results but also provide new insights into
the interplay between convexity, p -convexity, matrix inequalities, and operator theory.

1. Introduction

Convexity is a fundamental concept in mathematics, with significant applications
in analysis, optimization, and functional inequalities. A function is convex if its value
at any point on a line segment does not exceed the linear interpolation of its values at
the endpoints. This property allows the derivation of inequalities that describe the be-
havior of functions under linear combinations. Convex functions have been extensively
studied both for their intrinsic mathematical interest and for applications in fields such
as economics, probability, and numerical analysis.

In recent decades, convexity has been extended from scalar functions to operators
and matrices, giving rise to operator convex functions and various forms of matrix
convexity. These generalizations facilitate the formulation of inequalities involving
matrices, determinants, and norms, which are essential tools in matrix analysis and
linear algebra. Such inequalities provide insight into spectral properties, the behavior
of matrix functions, and relationships between different matrix means.

Formally, a function f : I ⊆ R → R is convex on an interval I if, for all a,b ∈ I
and  ∈ [0,1] ,

f
(
(1−)a+b

)
� (1−) f (a)+ f (b). (1.1)
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This condition implies that the graph of a convex function lies below the straight line
connecting any two points on it. Convex functions enjoy several important properties,
including monotonicity of derivatives (when differentiable) and the validity of Jensen-
type inequalities, making them particularly useful in analysis, optimization, and matrix
theory.

A function f : I ⊆ R → (0,) is called log -convex if its logarithm is convex; that
is, log f is convex on I . Equivalently, f is log-convex if, for all a,b∈ I and  ∈ [0,1] ,

f
(
(1−)a+b

)
�
(
f (a)

)1−(
f (b)

)
. (1.2)

Log-convexity is a stronger condition than ordinary convexity, and it provides multipli-
cative-type bounds. This property is especially useful in the study of positive functions,
determinants, and operator means in matrix analysis.

Both convexity and log-convexity serve as fundamental tools for deriving inequal-
ities, and their interplay allows for generalizations of classical results to matrix and
operator settings.

The inequality (1.1) has been explored and refined in several ways in the literature,
including reversals. One of the most notable improvements is presented in the following
theorem [21].

THEOREM 1.1. Let f : [0,1] → [0,) be convex. Then(



)
� ((1−) f (0)+ f (1)) − f  ()

((1− ) f (0)+ f (1)) − f  ( )
�
(

1−
1−

)
(1.3)

for  � 1 and 0 <  �  < 1 .

By choosing the function f (t) = a1−tbt in Theorem 1.1, we arrive at a remarkable
inequality established by Alzer and collaborators (see [2]). This result can be viewed
as a refinement and extension of the classical Young’s inequality. In particular, it high-
lights how the convexity approach provides sharper bounds than the traditional form,
thus offering a significant improvement over the classical statement.

For recent works that refine Theorem 1.1 by adding positive terms, readers are
encouraged to refer to [9, 10, 11, 13]. For some interesting publications in this direc-
tion, and for applications to obtaining operator and matrix inequalities, the reader is
encouraged to consult the following papers. [17, 20, 22, 23, 24, 25, 26].

The concept of convexity has been extensively extended in the literature to encom-
pass a wide variety of convexity types. One of the most significant generalizations is
the notion of p -convexity, which unifies and generalizes many classical forms of con-
vexity. Recall that a function f : I ⊆ [0,) → R is said to be p -convex on the p -set I
(see [27]) if for all a,b ∈ I and  ∈ [0,1] , the following inequality holds:

f

((
(1−)ap +bp) 1

p

)
� (1−) f (a)+ f (b),

where p ∈ R\ {0} . This framework provides a rich setting that recovers various well-
known convexity classes such as standard convexity, harmonic-convexity, geometric-
convexity by choosing suitable values of p .
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Recently, Theorem 1.1 has been extended to the framework of p -convexity by
Ighachane [12], as follows:

THEOREM 1.2. ([12]) Let f : [a,b] → R be a positive p-convex function, let
 � 1 , p ∈ R\ {0} , and 0 �  �  � 1 . Then,

(



)
�

(
(1−) f (a)+ f (b)

) − f 
((

(1−)ap +bp
)1/p

)
(
(1− ) f (a)+ f (b)

) − f 
((

(1− )ap +bp
)1/p

) �
(

1−
1−

)
.

Taking p = 0 and f (t) = t in Theorem 1.2, we get the following results:

THEOREM 1.3. ([2]) Let a,b > 0 . Then for all  � 1 and 0 <  �  < 1 , we
have (




)
�

((1−)a+b) − (a1−b
)

((1− )a+b) − (a1−b
) �

(
1−
1−

)
(1.4)

For some recent refinements of Alzer-type inequalities, the reader is referred to the
following papers [19, 28, 29] and for an analogue of Alzer-type inequalities between
the arithmetic-harmonic, or arithmetic-power means, as well as similar inequalities be-
tween other means, the reader is referred to [15, 18].

Another interesting class of Heinz-type inequalities, established by Huy et al. [5],
is presented as follows:

THEOREM 1.4. ([5]) Let f : [0,1] → I ⊂ [0,) be a twice differentiable convex
functions, and suppose 0 <  �  < 1 .

1. If 0 <  <  � 1
2 , then

f (0)− f ()
f (0)− f ( )

� (1−)
 (1− )

.

2. If 1
2 �  <  < 1 , then

f (0)− f ()
f (0)− f ( )

� (1−)
 (1− )

.

The Heinz mean of two positive numbers a,b > 0 with parameter  ∈ [0,1] is
defined by

H(a,b) =
a1−b +ab1−

2
.

which is convex in  under appropriate conditions. By applying Theorem 1.4 to this
function, we obtain the following improvement of the difference between the Heinz
mean and the arithmetic mean, established by Kittaneh in [17]. Here, the arithmetic
mean is denoted by ab = a+b

2 .
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THEOREM 1.5. ([17]) Let a,b > 0 and 0 <  <  � 1
2 . Then

ab−H(a,b)
ab−H(a,b)

� (1−)
 (1− )

.

The inequality is reversed if 1
2 �  <  < 1 .

An alternative quadratic version of the preceding theorem was established by Kit-
taneh et al., in [17]. This result provides a refined formulation of the inequality, which
can be stated as follows.

THEOREM 1.6. ([17]) Let a,b > 0 and 0 <  <  � 1
2 . Then

(ab)2−H2
(a,b)

(ab)2 −H2
 (a,b)

� (1−)
 (1− )

.

The inequality is reversed if 1
2 �  <  < 1 .

A natural question that arises is whether Theorem 1.2 can be further improved by

replacing the bounds
(



)
and

(
1−
1−

)
with sharper, refined estimates?

Another interesting question is whether Theorems 1.5 and 1.6 can be extended to
the case of a positive integer m , thus providing more general results in the context of
Heinz-type inequalities?

The structure of the paper is as follows. In Section 2, we provide a response to
the above questions under certain hypotheses on the function f . Section 3 is devoted
to the derivation of new means inequalities, while Section 4 focuses on applications,
including bounds for determinants and matrix inequalities for unitarily invariant norms
and numerical radii.

2. New power-type for p -convex inequalities

In this section, we prove our main results, starting with an improvement of The-
orem 1.2 under certain hypotheses on the function f , as detailed in Remark 2.1. We
further extend these results to obtain sharper bounds and refinements for related in-
equalities, illustrating the effectiveness of our approach.

THEOREM 2.1. Let f : [a,b]⊆ [0,)→R be a p-convex function, and let m ∈N

with m � 1 . Suppose 0 <  �  < 1 .

1. If p ∈ R\ {0} , then

(1). If f is increasing, then

(
(1−) f (a)+ f (b)

)m − f m
((

(1−)ap +bp
)1/p

)
(
(1− ) f (a)+ f (b)

)m − f m
((

(1− )ap +bp
)1/p

) � 1−
1−

.
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(2). If f is decreasing, then




�

(
(1−) f (a)+ f (b)

)m − f m
((

(1−)ap +bp
)1/p

)
(
(1− ) f (a)+ f (b)

)m − f m
((

(1− )ap +bp
)1/p

) .

2. If p = 0 , then

(1). If f is increasing, then(
(1−) f (a)+ f (b)

)m − f m
(
a1−b

)
(
(1− ) f (a)+ f (b)

)m − f m
(
a1−b

) � 1−
1−

.

(2). If f is decreasing, then




�
(
(1−) f (a)+ f (b)

)m − f m
(
a1−b

)
(
(1− ) f (a)+ f (b)

)m − f m
(
a1−b

) .

Proof. For v ∈ (0,1) , factor the powers as(
(1− v) f (a)+ v f (b)

)m − ( f ((1− v)ap + vbp)1/p)m = (v)S(v),

where
(v) := (1− v) f (a)+ v f (b)− f

((
(1− v)ap + vbp)1/p

)
� 0,

and

S(v) :=
m−1


i=0

((1− v) f (a)+ v f (b))m−1−i
(

f
(
((1− v)ap + vbp)1/p

))i
.

Case 1 : f is increasing.
Since f (a) � f (b) , the linear combination

(1− v) f (a)+ v f (b)

is an increasing function of v for 0 � v � 1. Consequently, each term in the sum

S(v) :=
m−1


i=0

(
(1− v) f (a)+ v f (b)

)m−1−i(
f ((1− v)ap + vbp)1/p)i

is also increasing in v , because it is a product of increasing functions. Therefore, we
have

S() � S( ) and hence
S()
S( )

� 1.

On the other hand, applying Theorem 1.2 with  = 1 yields

()
( )

� 1−
1−

.
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Combining the two estimates, we obtain(
(1−) f (a)+ f (b)

)m − f m
(
((1−)ap +bp)1/p

)
(
(1− ) f (a)+ f (b)

)m − f m
(
((1− )ap +bp)1/p

) =
()
( )

· S()
S( )

� 1−
1−

,

which gives the desired inequality.

Case 2 : f is decreasing.
If f is p -convex and decreasing on the interval [a,b] , then the function

g(x) := f
(
(ap +bp− xp)1/p)

is also p -convex on the same interval and increasing.
Notice that if 0 <  �  < 1, then

0 < 1− � 1− < 1.

Hence, by replacing , and f with 1− ,1− and g , respectively, in the first case,
we obtain the desired inequality.

Other inequalities follow by a similar argument. This completes the proof. �

REMARK 2.1. The fact that Theorem 2.1 provides a significant improvement and
extension of Theorem 1.2 follows from noting that when 0 <  �  < 1 and m � 1,
one has (




)m

� 


and
1−
1−

�
(

1−
1−

)m

.

Notice that this refinement is proved only for integer values of m .

By setting p = 1 in the previous theorem, we immediately obtain a refinement of
Theorem 1.1. This special case not only recovers the classical result but also provides
sharper bounds and improved estimates, illustrating the broader applicability of the
general p -convex framework.

THEOREM 2.2. Let f : [0,1] → I ⊂ [0,) be convex, and let m ∈ N with m � 1 .
Suppose 0 <  �  < 1 .

1. If f is increasing, then(
(1−) f (0)+ f (1)

)m − ( f ()
)m(

(1− ) f (0)+ f (1)
)m − ( f ( )

)m � 1−
1−

.

2. If f is decreasing, then




�
(
(1−) f (0)+ f (1)

)m − ( f ()
)m(

(1− ) f (0)+ f (1)
)m − ( f ( )

)m .

By replacing f with log f in the previous theorem, we obtain the following result:
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THEOREM 2.3. Let f : [0,1] → (0,) be log -convex, and let m ∈ N , m � 1 .
Suppose 0 <  �  < 1 .

1. If f is increasing, then(
log( f (0)1− f (1) )

)m − (log f ())m(
log( f (0)1− f (1) )

)m − (log f ( ))m
� 1−

1−
.

2. If f is decreasing, then




�
(
log( f (0)1− f (1))

)m − (log f ())m(
log( f (0)1− f (1) )

)m − (log f ( ))m
.

By taking p = −1, we obtain the following theorem, which presents a new im-
provement of power-type inequalities for harmonic convex functions.

THEOREM 2.4. Let f : [a,b] ⊆ (0,) → R be a harmonic convex function, and
let m ∈ N with m � 1 . Suppose 0 <  �  < 1 .

1. If f is increasing, then

(
(1−) f (a)+ f (b)

)m − f m

((
(1−)a−1 +b−1

)−1
)

(
(1− ) f (a)+ f (b)

)m − f m

((
(1− )a−1 +b−1

)−1
) � 1−

1−
.

2. If f is decreasing, then




�

(
(1−) f (a)+ f (b)

)m − f m

((
(1−)a−1 +b−1

)−1
)

(
(1− ) f (a)+ f (b)

)m − f m

((
(1− )a−1 +b−1

)−1
) .

In the next theorem, we present a generalization of Theorem 1.4 to an arbitrary
power m , where m is a positive integer. This extension allows us to obtain refined
inequalities for higher powers, providing a broader framework that encompasses the
original result as a special case.

THEOREM 2.5. Let f : [0,1] → I ⊂ [0,) be convex, and let m ∈ N with m � 1 .
Suppose 0 <  �  < 1 .

1. If 0 <  <  � 1
2 , and f is decreasing, then

f m(0)− f m()
f m(0)− f m( )

� (1−)
 (1− )

.
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2. If 1
2 �  <  < 1 , and f is increasing, then

f m(0)− f m()
f m(0)− f m( )

� (1−)
 (1− )

.

Proof. Set
A := f (0), B := f (), C := f ( ).

Since f is convex and nonnegative, we can use the factorization

Am − tm = (A− t)
m−1


k=0

Am−1−ktk, t � 0.

Thus,

Am−Bm

Am−Cm =
A−B
A−C

·

m−1


k=0

Am−1−kBk

m−1


k=0

Am−1−kCk

=
A−B
A−C

· S()
S( )

,

where S(t) := m−1
k=0 Am−1−k( f (t))k .

Case 1 : 0 <  <  � 1
2 , and f decreasing.

Here 0 � C � B � A . Note that each term in the sum S(t) is decreasing in f (t)
since Am−1−k � 0 and ( f (t))k � 0. Therefore, S(t) is decreasing in t , and we have

S() � S( ) ⇒ S()
S( )

� 1.

Moreover, by Theorem 1.4 the standard estimate

A−B
A−C

� (1−)
 (1− )

holds. Combining these gives

Am −Bm

Am −Cm =
A−B
A−C

· S()
S( )

� (1−)
 (1− )

,

which proves the first inequality.

Case 2 : 1
2 �  <  < 1 , and f increasing.

Here 0 � A � B � C . Note that each term in the sum S(t) is increasing in f (t)
since Am−1−k � 0 and ( f (t))k � 0. Therefore, S(t) is increasing in t , and we have

S() � S( ) ⇒ S()
S( )

� 1.
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Moreover, by Theorem 1.4 the standard estimate

A−B
A−C

� (1−)
 (1− )

holds. Combining these gives

Am −Bm

Am −Cm =
A−B
A−C

· S()
S( )

� (1−)
 (1− )

,

which complete the proof. �

3. Application to means

The concept of means plays a central role in mathematical analysis and its appli-
cations. Given two positive real numbers a,b > 0, a mean M(a,b) is a quantity that
lies between them, i.e.,

min{a,b}� M(a,b) � max{a,b}.
Several classical means are of particular importance:

(1). Arithmetic weighted mean

The arithmetic weighted mean (AM) of two positive numbers x and y with weight
 ∈ [0,1] is defined as:

xy := (1−)x+y.

This is the most familiar mean and is linear in both variables. It represents a straight
interpolation between x and y .

(2). Geometric mean

The geometric weighted mean (GM) captures multiplicative relationships and is
defined (for x,y > 0) by:

x�x := x1−y .

This mean lies between the harmonic and arithmetic means and is particularly useful in
proportional growth and information theory.

(3). Harmonic mean

The harmonicweighted mean is defined as the reciprocal of the arithmetic weighted
mean of the reciprocals:

x!y :=
(
(1−)x−1 +y−1)−1

, x,y > 0.

It is often used in situations involving rates (e.g., average speed or electrical resistance
in parallel).
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(4). Power means

More generally, the power weighted mean (or Hölder mean) of order p ∈ R is
defined by:

x� ,py := ((1−)xp +yp)
1
p , p �= 0,

and for p = 0, it is taken as the geometric weighted mean:

x�y := x1−y .

Special cases include:

• p = 1: Arithmetic mean

• p = 0: Geometric mean

• p = −1: Harmonic mean

• Monotonicity in p : For fixed x,y, , if p � q , then x� ,py � x� ,qy .

• p →  , x� ,py → max{x,y} ; and p →− , x� ,py → min{x,y}.
It is well known that the function

f () = x� ,py := ((1−)xp +yp)
1
p for p � 1

is convex.
Other notable examples include the quadratic mean (or root mean square) and the

family of power means. Such notions provide powerful tools in establishing inequalities
and studying convexity properties in various mathematical settings.

By applying Theorem 2.2 to the function

f () = x� ,py := ((1−)xp +yp)
1
p , p � 1,

We obtain the following refinement of the difference between the power mean and the
arithmetic mean inequalities.

THEOREM 3.1. Let a,b > 0 , p � 1 , and m ∈ N with m � 1 . Then, for 0 <  �
 < 1 , we have:

1. If a � b, (
(1−)a+b

)m − (a� ,pb
)m(

(1− )a+b
)m − (a� ,pb

)m � 1−
1−

.

2. If a � b,



�
(
(1−)a+b

)m − (a� ,pb
)m(

(1− )a+b
)m − (a� ,pb

)m .
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Before presenting the harmonic mean version, we note that by taking p = −1 in
the weighted p -power mean, one obtains the weighted harmonic mean. The following
theorem provides a refinement of the classical arithmetic-harmonic mean inequalities
for any positive integer m .

THEOREM 3.2. Let a,b > 0 and m ∈ N with m � 1 . Then, for 0 <  �  < 1 ,
we have:

1. If a � b, (
(1−)a+b

)m − (a!b
)m(

(1− )a+b
)m − (a!b

)m � 1−
1−

.

2. If a � b,



�
(
(1−)a+b

)m − (a!b
)m(

(1− )a+b
)m − (a!b

)m .

Before presenting the main result, we note that by taking the limit p → 0 in the
weighted p -power mean, one obtains the weighted geometric mean. The following
theorem provides a refinement of the classical arithmetic-geometric mean inequalities
in terms of powers for any positive integer m .

THEOREM 3.3. Let a,b > 0 and m ∈ N with m � 1 . Then, for 0 <  �  < 1 ,
we have:

1. If a � b, (
(1−)a+b

)m − (a�b
)m(

(1− )a+b
)m − (a�b

)m � 1−
1−

.

2. If a � b,



�
(
(1−)a+b

)m − (a�b
)m(

(1− )a+b
)m − (a�b

)m .

The following theorem provides a refinement of the classical arithmetic-Heinz
mean inequalities for any positive integer m .

THEOREM 3.4. Let a,b > 0 and m ∈ N with m � 1 . Then, we have

1. If 0 <  <  � 1
2 and a � b, then

(ab)m −Hm
 (a,b)

(ab)m −Hm
 (a,b)

� (1−)
 (1− )

.

2. If 1
2 �  <  < 1 and a � b, then

(ab)m −Hm
 (a,b)

(ab)m −Hm
 (a,b)

� (1−)
 (1− )

.
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4. Application to refine some classical matrix inequalities

In this part of the paper, we select suitable convex and log-convex functions to
derive refinements of results related to matrices.

We begin by introducing some notations and briefly reviewing relevant concepts
related to matrices. Let Mn denote the algebra of all complex matrices of size n× n ,
with identity I . A matrix A ∈ Mn is called Hermitian if it satisfies A = A ∗ , where
A ∗ is the adjoint of A . We use the notation A � 0 (A > 0) to indicate that A is
positive semi-definite (positive definite). If A and B are Hermitian and A −B is
positive semi-definite, we write A � B .

The set of all positive semi-definite matrices is denoted by M+
n , and the set of

positive definite matrices within this class is denoted by M++
n . The singular values of

a matrix A ∈ Mn are defined as the eigenvalues of the positive semi-definite matrix
|A | := (A ∗A )1/2 , which we denote by s j(A ) for j = 1,2, . . . ,n , arranged in non-
increasing order.

A unitarily invariant norm ‖·‖ on Mn is a matrix norm that satisfies the invariance
property:

‖U AV ‖ = ‖A ‖ for all A ∈ Mn and unitary matrices U ,V ∈ Mn.

One example of a unitarily invariant norm is the trace norm, given by:

‖A ‖1 := tr|A | =
n


j=1

s j(A ),

where tr denotes the trace operator. This norm is unitarily invariant. Another important
example is the Hilbert-Schmidt norm ‖ · ‖2 , which is defined as:

‖A ‖2 :=
√

tr(A A ∗) =

(

i, j

|ai, j|2
)1/2

, for A = (ai, j).

4.1. Application to some matrix means inequalities

Determinants and matrix means are fundamental concepts in linear algebra, serv-
ing as powerful tools for analyzing and comparing matrices. These inequalities provide
essential information about the spectral properties of matrices, such as their eigenval-
ues and norms. In particular, determinant inequalities describe the behavior of matrix
functions, while matrix mean inequalities allow comparisons among different types of
means, including arithmetic, geometric, and harmonic. Such results find applications
in areas like matrix analysis, optimization, and other mathematical fields.

In the following subsection, we present several noteworthy inequalities related to
determinants and matrix means.

When referring to the eigenvalues of a Hermitian matrix A , we denote by  j(A )
the j -th eigenvalue arranged in decreasing order.

For matrices A ,B ∈ M++
n , a parameter  ∈ [0,1] , and a nonzero real number

p ∈ R\ {0} , the following matrix means are defined:
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• The arithmetic mean:

A B := (1−)A +B,

• The geometric mean:

A �B := A 1/2
(
A −1/2BA −1/2

)
A 1/2,

• The harmonic mean:

A !B :=
(
(1−)A −1 +B−1)−1

,

• The power mean:

A �p,B := A 1/2
(
(1−)I +

(
A −1/2BA −1/2

)p)1/p
A 1/2, p ∈ R\ {0}.

As a result, the limit as p → 0 gives the geometric mean, while for p = 1 and
p = −1, we obtain the arithmetic and harmonic means, respectively.

To prove a particular determinant version of Theorem 3.1, we need the following
known Lemma.

LEMMA 4.1. ([4]) Let u = [ui] and v = [vi] , i = 1,2, . . . ,n, be positive real num-
bers. Then (

n


i=1

ui

) 1
n

+

(
n


i=1

vi

) 1
n

�
(

n


i=1

(ui + vi)

) 1
n

.

THEOREM 4.1. Let A ,B ∈ M++
n (C) , 0 <  �  < 1 , p � 1 , and m � 1 .

1. If B � A , then

det(A B)
m
n −det(A �p,B)

m
n � 


·det(A B−A �p,B)

m
n . (4.1)

2. If B � A , then

det(A B)m −det(A �p,B)m � 1−
1−

·det(A B−A �p,B)
m
n . (4.2)

Proof. Let A ,B ∈ M++
n (C) with A � B , and define T = A − 1

2 BA − 1
2 . The

determinant of a positive definite matrix is the product of its singular values.
By the second inequality of Theorem 3.1, for m � 1 and i = 1, · · ·,n , the singular

values of T satisfy

(1si(T ))m − (1�p,si(T ))m

(1 si(T ))m − (1�p, si(T ))m � 


, (4.3)
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since si(T ) � 1.
Using the inequalities for singular values and the determinant formula, we get

det(IT )
m
n =

(
n


i=1

1si(T )

)m
n

�
(

n


i=1

[



(
(1 si(T ))m − (1�p, si(T ))m

)
+(1�p,si(T ))m

]) 1
n

(by (4.3))

�
n


i=1

[



(
(1 si(T ))m − (1�p, si(T ))m

)] 1
n

+
n


i=1

(1�p,si(T ))
m
n (by Lemma 4.1)

� 


n


i=1

(1 si(T )−1�p, si(T ))
m
n +

n


i=1

(1�p,si(T ))
m
n

=



det(IT − I�p,T )
m
n +det(I�p,T )

m
n ,

where we used 1 si(T ) � 1�p, si(T ) and (a−b)m � am−bm for a � b and m � 1.

Multiplying both sides by det(A 1/2)
m
n completes the proof.

Notice that if 0 <  �  < 1, then 0 < 1− � 1− < 1. The other inequality
can then be obtained by interchanging A and B , as well as replacing  with 1−
and  with 1− . �

4.2. Matrix norm inequalities via log-convexity

For all X ,A ∈ Mn , any real number r > 0, and every unitarily invariant norm
‖·‖ , Horn and Mathias [7, 8] derived the following matrix Cauchy-Schwarz inequality:

‖ |X A ∗|r ‖2 � ‖(X ∗X )r‖ · ‖(A ∗A )r‖. (4.4)

Bhatia and Davis established a more general form of the Cauchy-Schwarz inequality
for A ,X ,X ∈ Mn , and r > 0,

‖ |X ∗XA |r ||| � ||| |X X ∗X |r ‖ · ‖ |XA A ∗|r ‖. (4.5)

When A ,X ∈ M+
n , (4.5) can be written as

‖ |X 1
2 XA

1
2 |r ‖2 � ‖ |X X |r ‖ · ‖ |XA |r ‖. (4.6)

For A ,B ∈ M+
n and  ∈ [0,1] , the following Hölder-type inequality holds [14]

|| |A 1−XB |r || � || |A X |r ||1− · || |XB|r || . (4.7)

For every A ,B ∈ M++
n and X ∈ Mn , the function f () = || |A X B |r || is

log-convex. Furthermore, if A and B are expansive, meaning that A ,B � I , then
the function is increasing. On the other hand, if A and B are contractive, meaning
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that A ,B � I , then f is decreasing. For further details, refer to [14, 16, 20] and [26,
Section 3]. An application of Theorem 2.2 is the following sequence of inequalities,
which refine the classical Hölder-type inequality for unitarily invariant norms.

THEOREM 4.2. Let A ,B ∈ M++
n , X ∈ Mn , and let 0 <  �  < 1 . For a

positive integer m, the following inequalities hold:

1. If A and B are expansive, then(
(1−) log‖ |X |r ‖+ log‖ |A X B|r ‖

)m − ( log‖ |A X B |r ‖)m(
(1− ) log‖ |X |r ‖+ log‖ |A X B|r ‖

)m − ( log‖ |A X B |r ‖)m � 1−
1−

.

2. If A and B are contractive, then




�

(
(1−) log‖ |X |r ‖+ log‖ |A X B|r ‖

)m − ( log‖ |A X B |r ‖)m(
(1− ) log‖ |X |r ‖+ log‖ |A X B|r ‖

)m − ( log‖ |A X B |r ‖)m .

For every A ,B ∈ M++
n and X ∈ Mn , the function f () = || |A X B1− |r ||

is log-convex. Moreover, if A is expansive and B is contractive, the function is
increasing, while if A is contractive and B is expansive, the function is decreasing.
By applying Theorem 2.2 once more, we obtain the following inequalities.

THEOREM 4.3. Let A ,B ∈ M++
n , X ∈ Mn , and let 0 <  �  < 1 . For a

positive integer m,

1. If A and B are expansive, then(
(1−) log‖ |X B|r ‖+ log‖ |A X |r ‖

)m − ( log‖ |A X B1− |r ‖)m(
(1− ) log‖ |X B|r ‖+ log‖ |A X |r ‖

)m − ( log‖ |A X B1− |r ‖)m � 1−
1−

.

2. If A and B are contractive, then




�

(
(1−) log‖ |X B|r ‖+ log‖ |A X |r ‖

)m − ( log‖ |A X B1− |r ‖)m(
(1− ) log‖ |X B|r ‖+ log‖ |A X |r ‖

)m − ( log‖ |A X B1− |r ‖)m .

In a similar manner, we have the following theorem.

THEOREM 4.4. Let A ,B ∈ M++
n , X ∈ Mn , and let 0 <  �  < 1 . For a

positive integer m,
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1. If A is contractive and B is expansive, then(
(1−) log‖A X ‖+ log‖X B‖

)m − ( log‖A 1−X B‖)m(
(1− ) log‖A X ‖+ log‖X B‖

)m − ( log‖A 1−X B‖)m � 1−
1−

.

2. If both A and B are contractive, then




�

(
(1−) log‖A X ‖+ log‖X B‖

)m − ( log‖A 1−X B‖)m(
(1− ) log‖A X ‖+ log‖X B‖

)m − ( log‖A 1−X B‖)m .

REMARK 4.1. Note that Theorems 4.2, 4.3, and 4.4 present another significant
refinement of the classical Hölder’s type inequality for unitarily invariant norms. These
refinements are both clear and similar to those obtained in [11, 13], offering further
insights into the topic.

4.3. Operators inequalities for generalized numerical radius

Let N(·) be a norm on Mn . The generalized numerical radius, induced by N(·) ,
of a matrix A ∈ Mn , denoted as wN(A ) , is defined as the supremum of the norm over
the real parts of all rotations of A , that is:

wN(A ) = sup
∈R

N
(
Re
(
eiA

))
.

Here, X = Re(X ) + i Im(X ) is the Cartesian decomposition of X ∈ Mn , where
Re(X ) = X +X ∗

2 and Im(X ) = X −X ∗
2i , with X ∗ being the conjugate transpose of

X . A straightforward computation shows that when N represents the usual operator
norm (or the spectral norm), inherited from the inner product on Cn , wN(·) coincides
with the standard numerical radius norm w(·) , which is given by:

w(A ) = sup
‖x‖=1

|〈A x,x〉|.

On the other hand, it is known that if A ∈ M+
n and X ∈ Mn , then the function

f () = wN
(
A 1−X A  +A X A 1−) is convex on [0,1] , decreasing on [0, 1

2 ] ,
and increasing on [ 1

2 ,1] for any unitarily invariant norm N(·) on Mn , [1]. Conse-
quently, we can apply Theorem 2.2 using this function to derive the following Heinz-
type inequalities for the numerical radius. In the sequel, N(·) represents an arbitrary
unitarily invariant norm on Mn .

THEOREM 4.5. Let A ∈ M+
n and X ∈ Mn , 0 �  �  < 1 and m � 1 .

1. If  ∈ [ 1
2 ,1] , then

wm
N(A X +X A ))−wm

N(A 1−X A  +A X A 1−)
wm

N(A X +X A ))−wm
N(A 1−X A  +A X A 1− )

� 1−
1−

.
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2. If  ∈ [0, 1
2 ] , then




� wm
N(A X +X A ))−wm

N(A 1−X A  +A X A 1−)
wm

N(A X +X A ))−wm
N(A 1−X A  +A X A 1− )

.

REMARK 4.2. The above theorem presents an extended matrix version of the
scalar inequalities established in [2, 28, 29].

Alternatively, it is known that if A ∈ M+
n and X ∈ Mn , the function

f () = wN
(
A 1−X A  −A X A 1−)

is convex on [0,1] , decreasing on [0, 1
2 ] , and increasing on [ 1

2 ,1] for any unitarily in-
variant norm N(·) on Mn , [1]. Therefore, we can apply Theorem 2.2 with this function
to derive the following Heinz-type inequalities for the numerical radius.

THEOREM 4.6. Let A ∈ M+
n and X ∈ Mn , 0 �  �  < 1 and m � 1.

1. If  ∈ [ 1
2 ,1] , then

((1−)wN(A X −X A )+wN(X A −A X ))m−wm
N(A 1−X A −A X A 1−)

((1− )wN(A X −X A )+wN(X A −A X ))m−wm
N(A 1−X A −A X A 1− )

� 1−
1−

.

2. If  ∈ [0, 1
2 ] , then




� ((1−)wN(A X−X A )+wN(X A−A X ))m−wm
N(A 1−X A −A X A 1−)

((1− )wN(A X−X A )+wN(X A−A X ))m−wm
N(A 1−X A −A X A 1− )

.

Concluding remarks

In this paper, we have developed a unified framework for power-type inequali-
ties within the setting of p -convexity, extending and refining several classical results
associated with convex, log-convex, and harmonic convex functions. By employing
convexity-inspired factorizations and integer power techniques, we obtained sharper
bounds that improve and generalize earlier inequalities of Alzer, Heinz, Young, and
Sababheh type.

Our results provide systematic refinements of inequalities involving various math-
ematical means, including arithmetic, geometric, harmonic, power, and Heinz means,
valid for arbitrary positive integer powers. Furthermore, we derived meaningful appli-
cations in matrix analysis, leading to refined determinant inequalities, inequalities for
unitarily invariant norms, and new Heinz-type inequalities for generalized numerical
radii of operators.

These contributions unify and extend a wide range of known inequalities and of-
fer deeper insight into the interplay between p -convexity, power-type refinements, and
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operator inequalities. Future research directions may include extensions to non-integer
powers, investigations within other generalized convexity frameworks, and further ap-
plications to unbounded operators and functional calculus.
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