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NOTE ON NORM ESTIMATE OF A LINEAR OPERATOR

FROM THE CLASSICAL WEIGHTED BERGMAN

SPACE TO THE mTH WEIGHTED–TYPE SPACE

STEVO STEVIĆ

(Communicated by M. Krnić)

Abstract. We give an upper and a lower bound for the norm of a linear operator of a polyno-
mial differentiation composition type from the classical weighted Bergman space to the m th
weighted-type space and the little m th weighted-type space on the open unit disk in the com-
plex plane, which were introduced by us about twenty years ago. We also give some sufficient
conditions and some necessary conditions for the boundedness of the operator.

1. Introduction

Throughout the paper by N we denote the set of positive integers, by N0 the set of
nonnegative integers, that is, the set N∪{0} , and by C the set of complex numbers. If s
and t are two elements of N0 , s � t , then j = s,t is an abbreviation for the expression:
s � j � t , j ∈ N0.

Instead of using the notation(
n
k

)
:=

n(n−1) · · ·(n− k+1)
k!

,

where 0 � k � n , for the binomial coefficients, here we use the notation Cn
k , which

we regard as less robust and more elegant (a part of the literature use the notation Ck
n ,

which, in our opinion, is less suggestive than Cn
k ).

By D we denote the open unit disk in C , that is, the set {z∈ C : |z|< 1} , whereas
by dm(z) we denote the Lebesgue area measure on D (for some basic information on
the Lebesgue measure and measure theory consult, for instance, [24]).

Let
dm(z) := c(1−|z|2)dm(z),

with  >−1, be the normalized weighted Lebesgue measure such that the constant c
satisfies the relation

m(D) =
∫

D

c(1−|z|2)dm(z) = 1
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(the value of c , that is, (
∫
D
(1−|z|2)dm(z))−1 , can be easily calculated, but its value

is not relevant in the paper, because of which we do not give the value).
If  ⊆ C is a domain, that is, an open and connected set in C , then by H()

we denote the family of all holomorphic functions on  . Some basics on holomorphic
functions of one variable can be found, for instance, in the standard textbooks [1] and
[24]. By S(D) we denote the family of all holomorphic self-maps of D . The family of
all positive and continuous functions on D we denote by W (D) , and their elements we
call weights or weight functions. If X is a normed space, then by BX we denote the
unit ball in space.

The (classical) weighted Bergman space on the disk D

A1
(D) = A(D) = A ,

where  > −1, consists of all f ∈ H(D) satisfying the following condition

‖ f‖A =
∫

D

| f (z)|dm (z) < +.

It is easy to see that the quantity ‖ ·‖A is a norm on the weighted Bergman space. Be-
sides, with the norm ‖ ·‖A , it is a Banach space. Since the domain of definition of the
functions considered in the paper is only the open unit disk, from now on, we will only
use the notation A for the space instead of using any of the other two notations given
above. Let us also mention that the space is a special case of the weighted Bergman
space Ap

(D), where p > 0 and  > −1, which has been investigated a lot. For some
information on the space see [54].

The space consisting of f ∈ H(D) such that

sup
z∈D

(z)| f (m)(z)| < +,

for some fixed m∈N0 and  ∈W (D), is called the m th weighted-type space on D and

was introduced by us in [33]. We denote the space by W
(m)
 (D) , or simply by W

(m)
 .

The space consisting of f ∈ H(D) such that

lim
|z|→1

(z)| f (m)(z)| = 0,

for some fixed m ∈ N0 and  ∈W (D), is called the little m th weighted-type space on

D and was also introduced by us in [33]. We denote the space by W
(m)
,0 (D) , or simply

by W
(m)
,0 .

The quantity

‖ f‖
W

(m)


:=
m−1


k=0

| f (k)(0)|+ sup
z∈D

(z)| f (m)(z)|,

is a norm on the m th weighted-type space, as well as on the little m th weighted-type
space. Besides, with the norm they both are Banach spaces.
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Beside paper [33], the spaces and operators from or to them are investigated in
several other papers such as [13,35,52,53]. Note that for m = 0 the m th weighted-type
space reduces to the weighted-type space, for m = 1 to the Bloch-type space, whereas
for m = 2 it reduces to the Zygmund-type space. For these values of the parameter
m the little m th weighted-type space reduces to the corresponding little weighted-type
space, little Bloch-type space and little Zygmund-type space. For some previous studies
of these and related spaces and operators on them see, for example, [3, 4, 21, 23] and
the related references therein. These facts, among other ones, show the importance of
these two spaces.

Let  ∈ S(). Then by

C f (z) = ( f ◦)(z),

where f ∈ H() and z ∈ , is defined a composition operator (the composition oper-
ator with symbol  ).

Let  ∈ H() . Then by

M f (z) = (z) f (z),

where f ∈ H() and z ∈  , is defined a multiplication operator (the multiplication
operator with symbol  ).

By
Df (z) = f ′(z)

where f ∈ H() and z ∈  , is defined the standard differentiation operator. The iter-
ated differentiation operator Dn , where n ∈ N , is defined as follows

Dn f (z) = f (n)(z),

where f ∈ H() and z ∈ .
We can also allow that n = 0 and for this value of the parameter n we obtain the

identity operator, that is,
D0 f (z) := f (z),

where f ∈ H() and z ∈ .
All these operators are linear, as well as many integral-type operators (see, for

example, the ones in [15–17, 31] and the related references therein). Their products
are also linear, and many of them have been investigated on spaces of holomorphic
functions a lot. One can consult, for instance, [5, 8, 10, 13, 19, 27–29, 35, 36, 42, 43, 52]
and the related references therein.

The operators

D◦C and C ◦D (1.1)

are among the basic product-type ones containing the differentiation operator. For some
results on the operators in (1.1) on some spaces of holomorphic functions on D see, for
instance, [8, 19, 35, 46] and the related references therein.
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Motivated by some of the investigations of the operators in (1.1), some authors
started investigating the following product-type operator on spaces of holomorphic
functions

Dn
, f = ( f (n) ◦), (1.2)

the, so-called, weighted differentiation composition operator or generalized weighted
composition operators, where n ∈ N0 ,  ∈ S(D) and  ∈ H(D) (see, for instance,
[11, 18, 47, 49–51] and the related references therein). An n -dimensional analog of the
operator was introduced in [37] and studied later in a series of papers.

The first sum of the operators in (1.2) investigated in the literature, was the follow-
ing

T,1,2 f (z) = 1(z) f ((z))+2(z) f ′((z)), (1.3)

where 1,2 ∈ H(D) ,  ∈ S(D) and z ∈ D (see [42]). The operator (1.3) was later
investigated between some spaces of holomorphic functions on some other domains
in the complex plane. For example, in [41] it was studied between some spaces of
holomorphic functions defined in the upper half-plane.

Operator (1.3) motivated us to investigate the other sums of the operators in (1.2).
For example, the following natural generalization of the operator in (1.3)

Tn
,1,2

f (z) = 1(z) f (n)((z))+2(z) f (n+1)((z)), (1.4)

where n ∈ N0 , 1,2 ∈ H(D) ,  ∈ S(D) and z ∈ D , was later investigated in [43].
For some other investigations of the operators in (1.3) and (1.4), as well as their

extensions and close relatives see, for instance, [2, 7, 9, 12, 38, 40, 48].
Having published [43] we realized that a big part of the results in the literature can

be relatively easily extended for the case of the following sum type operator

Tn
,−→ f (z) =

n


j=0

 j(z) f ( j)((z)), z ∈ D, (1.5)

where n ∈ N0 ,  j ∈ H(D) , j = 0,n , and  ∈ S(D) . Hence, the author suggested to
some colleagues working in the research area to investigate the operator in (1.5).

In [38,40] can be found some of the n -dimensional relatives of the operator, where
the differentiation operator is replaced by the radial differentiation operator

R f (z) =
n


j=1

z jD j f (z),

where z = (z1, . . . ,zn) ∈ Cn and

Dj f (z) =
 f
 z j

(z), j = 1,n,

(see, e.g., [25]).
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A more challenging problem is investigation of the following sum-type operator

Tn−→ ,
−→ f (z) =

n


j=0

 j(z) f ( j)( j(z)), z ∈ D, (1.6)

where n ∈ N0 ,  j ∈ H(D) , j = 0,n , and  j ∈ S(D) , j = 0,n . The sum-type operator
defined in (1.6) we call the general polynomial differentiation composition.

One of the main obstacles in investigating operator (1.6) is appearance of different
self-maps  j ∈ S(D) , j = 0,n , therein, since the appearance produces many technical
obstacles.

First, as usual, it should be investigated the boundedness of the operator and tried
to estimate or, if possible, calculate the norm of the operator acting between two spaces
of holomorphic functions on D . For some classical results on calculating and estimat-
ing norms of linear operators see, for example, [6, 22, 24, 26, 44, 45] and the related
references therein. For some recent results on concrete linear operators on spaces of
holomorphic functions see, for instance, [14, 20, 30, 32, 34, 39] and the related refer-
ences therein.

Here we investigate the operators

Tn−→ ,
−→ : A → W

(m)
 (or W

(m)
,0 ). (1.7)

The purpose of the paper is to present some sufficient conditions for the boundedness of
the operators and to give some upper and lower bounds for the norm of this operators.

By C we denote some constants, which may be different from one appearance to
another. If we write a � b (resp. a � b ), then a � Cb (resp. a � Cb ) for some C > 0.
We write a 	 b , if a � b and a � b .

2. Main results

Our main results are stated and proved in this section.

2.1. An auxiliary result

First, we quote the following lemma which is very useful in dealing with the m th
weighted-type spaces and the little m th weighted-type spaces (see, for example, [35]).

LEMMA 1. Let  be a domain in C , n ∈ N0 ,  , f ∈ H() and  ∈ S() . Then

(( f ◦))(n)(z) =
n


k=0

f (k)((z))
n


l=k

Cn
l 

(n−l)(z)Bl,k( ′(z), . . . ,(l−k+1)(z)),

for z ∈ , where

Bl,k( ′(z), ′′(z), . . . ,(l−k+1)(z)) = 
k1,k2,...,kl

l!
k1!k2! · · ·kl!

l


j=1

(
( j)(z)

j!

)k j

,
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and the sum is taken over all nonnegative integers k1,k2, . . . ,kl such that k = k1 + k2 +
· · ·+ kl and k1 +2k2 + · · ·+ lkl = l.

Let
B̂l,k((z)) := Bl,k( ′(z), ′′(z), . . . ,(l−k+1)(z)),

where 0 � k � l � n and  ∈ H(D).

2.2. Bounds for the operator norm

Our first result gives some sufficient conditions and some necessary conditions for

the boundedness of the operator Tn−→ ,−→ : A → W
(m)
 and gives an upper and a lower

bound for its operator norm.

THEOREM 1. Suppose that m,n∈N0 ,  >−1 ,  j ∈H(D) ,  j ∈ S(D) , j = 0,n,
and  ∈W (D). Let

F(w) :=
m−1


k=0

∣∣∣∣ n


j=0

k


i=0

(w)i+ ji+ j−1
l=0 ( + l +2)

(1−w j(0))+i+ j+2

k


l=i

Ck
l 

(k−l)
j (0)B̂l,i( j(0))

∣∣∣∣, (2.1)

G(z,w) :=

∣∣∣∣∣
n


j=0

m


k=0

(z)(w) j+k j+k−1
i=0 ( + i+2)

(1−w j(z))+ j+k+2

m


l=k

Cm
l 

(m−l)
j (z)B̂l,k( j(z))

∣∣∣∣∣ , (2.2)

F̃(w) :=
m−1


k=0

∣∣∣∣ n


j=0

k


i=0

(w)i+ ji+ j−1
s=0 (2+4+s)

(1−w j(0))2+i+ j+4

k


l=i

Ck
l 

(k−l)
j (0)B̂l,i( j(0))

∣∣∣∣(1−|w|2)+2,

(2.3)

G̃(z,w) :=
∣∣∣∣ n


j=0

m


k=0

(z) j+k−1
i=0 (2+4+ i)(w) j+k

(1−w j(z))2+ j+k+4

m


l=k

Cm
l 

(m−l)
j (z)B̂l,k( j(z))

∣∣∣∣
×(1−|w|2)+2, (2.4)

M := sup
w∈D

sup
z∈D

(
F(w)+G(z,w)

)
, (2.5)

and

M̃ := sup
w∈D

sup
z∈D

(
F̃(w)+ G̃(z,w)

)
. (2.6)

Then, the following statements are true.

(a) If the quantity M is finite. Then, the operator T n−→ ,
−→ : A → W

(m)
 is bounded and

‖Tn−→ ,
−→ ‖A→W

(m)


� M. (2.7)
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(b) If the operator T n−→ ,−→ : A → W
(m)
 is bounded, then the quantity M̃ is finite and

M̃ � ‖Tn−→ ,
−→ ‖A→W

(m)


. (2.8)

Proof. (a) First note that for any function f ∈ A the following integral represen-
tation

f (z) =
∫

D

f (w)dm (w)
(1−wz)+2 , (2.9)

holds for every z ∈ D (the representation is well known, see, e.g., [54]).
By using the differentiation under the integral sign, we easily obtain the formula

f ( j)(z) =
j−1


i=0

( + i+2)
∫

D

(w) j f (w)dm (w)
(1−wz)+ j+2 , (2.10)

for any z ∈ D and j ∈ N0 .
Let

Hm(z) := (z)|(T n−→ ,−→ f )(m)(z)|,
for z ∈ D.

Employing the formula presented in Lemma 1, we have that the relation holds

Hm(z) = (z)
∣∣∣∣ n


j=0

( j(z) f ( j)( j(z)))(m)
∣∣∣∣

= (z)
∣∣∣∣ n


j=0

m


k=0

f ( j+k)( j(z))
m


l=k

Cm
l 

(m−l)
j (z)B̂l,k( j(z))

∣∣∣∣, (2.11)

for z ∈ D.
If in (2.11) we use the positivity of the weight function  and the relation obtained

from (2.10) when the variable z is replaced by the self-map  j(z) it follows that

Hm(z) = (z)
∣∣∣∣ n


j=0

m


k=0

f ( j+k)( j(z))
m


l=k

Cm
l 

(m−l)
j (z)B̂l,k( j(z))

∣∣∣∣
=

∣∣∣∣ n


j=0

m


k=0

∫
D

(z) j+k−1
i=0 ( + i+2)(w) j+k f (w)dm (w)

(1−w j(z))+ j+k+2

m


l=k

Cm
l 

(m−l)
j (z)B̂l,k( j(z))

∣∣∣∣
(2.12)

for z ∈ D.
From (2.12), a well-known inequality for integrals and the definition of the quan-

tity G(z,w) , it follows that

Hm(z)

�
∫

D

∣∣∣∣ n


j=0

m


k=0

(z)(w) j+k j+k−1
i=0 ( + i+2)

(1−w j(z))+ j+k+2

m


l=k

Cm
l 

(m−l)
j (z)B̂l,k( j(z))

∣∣∣∣| f (w)|dm (w)

=
∫

D

G(z,w)| f (w)|dm (w) �
∫

D

sup
z∈D

G(z,w)| f (w)|dm (w). (2.13)
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for z ∈ D.
Further, employing some similar arguments which have lead to obtaining the in-

equality in (2.13), as well as the definition of the quantity in (2.1), we have

m−1


k=0

∣∣∣(Tn
,−→ f )(k)(0)

∣∣∣ =
m−1


k=0

∣∣∣∣ n


j=0

( j(z) f ( j)( j(z)))(k)
∣∣∣∣
z=0

=
m−1


k=0

∣∣∣∣ n


j=0

k


i=0

f (i+ j)( j(0))
k


l=i

Ck
l 

(k−l)
j (0)B̂l,i( j(0))

∣∣∣∣
=

m−1


k=0

∣∣∣∣ n


j=0

k


i=0

∫
D

(w)i+ ji+ j−1
s=0 ( + s+2) f (w)dm(w)
(1−w j(0))+i+ j+2

k


l=i

Ck
l 

(k−l)
j (0)B̂l,i( j(0))

∣∣∣∣
�

∫
D

m−1


k=0

∣∣∣∣ n


j=0

k


i=0

(w)i+ ji+ j−1
s=0 ( + s+2)

(1−w j(0))+i+ j+2

k


l=i

Ck
l 

(k−l)
j (0)B̂l,i( j(0))

∣∣∣∣| f (w)|dm (w)

=
∫

D

F(w)| f (w)|dm (w). (2.14)

Now by combining the inequalities (2.13), (2.14) and using the finiteness of M , it
follows that

‖Tn−→ ,
−→ f‖

W
(m)


�
∫

D

(
F(w)+ sup

z∈D

G(z,w)
)| f (w)|dm (w) � M‖ f‖A , (2.15)

for every f ∈ A .
If we take the supremum in inequality (2.15) over the unit ball BA , we obtain the

boundedness of the operator Tn−→ ,
−→ : A → W

(m)
 . Moreover, we obtain the following

estimate
sup

f∈BA

‖Tn−→ ,−→ f‖
A→W

(m)


� M,

which is, in fact, inequality (2.7).

(b) Since the operator Tn−→ ,−→ : A → W
(m)
 is bounded, we have

‖Tn−→ ,−→ f‖
W

(m)


� ‖Tn−→ ,−→ ‖A→W
(m)


‖ f‖A (2.16)

for every f ∈ A .
Let w ∈ D and

fw(z) =
(1−|w|2)+2

(1−wz)2+4 , z ∈ D. (2.17)

It is well known that

‖ fw‖A = 1, (2.18)

for each w ∈ D .
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We also have

f ( j)
w (z) =

j−1


i=0

(2 +4+ i)
wj(1−|w|2)+2

(1−wz)2+4+ j , z ∈ D, (2.19)

for j ∈ N0.
Let

Lm,w(z) := (z)|(T n−→ ,−→ fw)(m)(z)|,
for z,w ∈ D

Employing the formula presented in Lemma 1, we have that the relation holds

Lm,w(z) =(z)
∣∣∣∣ n


j=0

m


k=0

f ( j+k)
w ( j(z))

m


l=k

Cm
l 

(m−l)
j (z)B̂l,k( j(z))

∣∣∣∣, (2.20)

for z,w ∈ D.
If in (2.20) we use the positivity of the weight function  and (2.19) when the

variable z is replaced by the self-map  j(z) , it follows that

Lm,w(z) = (z)
∣∣∣∣ n


j=0

m


k=0

f ( j+k)
w ( j(z))

m


l=k

Cm
l 

(m−l)
j (z)B̂l,k( j(z))

∣∣∣∣
=

∣∣∣∣ n


j=0

m


k=0

(z) j+k−1
i=0 (2 +4+ i)(w) j+k

(1−w j(z))2+ j+k+4

m


l=k

Cm
l 

(m−l)
j (z)B̂l,k( j(z))

∣∣∣∣(1−|w|2)+2

=G̃(z,w), (2.21)

for z,w ∈ D.
Further, by using (2.19), as well as the definition of the quantity in (2.3), we have

m−1


k=0

∣∣∣(Tn
,−→ fw)(k)(0)

∣∣∣ =
m−1


k=0

∣∣∣∣ n


j=0

( j(z) f ( j)
w ( j(z)))(k)

∣∣∣∣
z=0

=
m−1


k=0

∣∣∣∣ n


j=0

k


i=0

f (i+ j)
w ( j(0))

k


l=i

Ck
l 

(k−l)
j (0)B̂l,i( j(0))

∣∣∣∣
=

m−1


k=0

∣∣∣∣ n


j=0

k


i=0

(w)i+ ji+ j−1
s=0 (2+4+ s)

(1−w j(0))2+i+ j+4

k


l=i

Ck
l 

(k−l)
j (0)B̂l,i( j(0))

∣∣∣∣(1−|w|2)+2

=F̃(w). (2.22)

Now using the relations (2.21), (2.22), (2.16), the definition of the m th weighted-
type space, and the relation (2.18), it follows that

F̃(w)+ sup
z∈D

G̃(z,w) � ‖Tn−→ ,−→ ‖A→W
(m)


‖ fw‖A = ‖Tn−→ ,−→ ‖A→W
(m)


, (2.23)

for every w ∈ D .
If we take the supremum in inequality (2.23) over the disk D and note that

F̃(w)+ sup
z∈D

G̃(z,w) = sup
z∈D

(F̃(w)+ G̃(z,w)),

the relation (2.8) immediately follows. �
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2.3. Some remarks related to the boundedness of the operator

Since unlike the case in [32, 34, 39], Theorem 1 does not give a formula for the

norm of the operator Tn−→ ,−→ : A →W
(m)
 , but only gives an upper and a lower bound for

the norm, it is of some interest to conduct an analysis concerning the problem, which
we present in this subsection.

Assume that Tn−→ ,−→ : A → W
(m)
 is bounded. Define a class of test functions as

follows

fw(z) =
1

(1−wz)+2 , z ∈ D, (2.24)

where w ∈ D.
If we take the function

f̂0(z) ≡ 1,

in the integral representation given in (2.9) we obtain the following relation∫
D

dm(w)
(1−wz)+2 = 1,

for z ∈ D, from which by taking the complex conjugation it follows that∫
D

dm(w)
(1−wz)+2 = 1.

Hence

‖ fw‖A �
∣∣∣∣
∫

D

dm(z)
(1−wz)+2

∣∣∣∣ =
∫

D

dm(w)
(1−wz)+2 = 1,

for any w ∈ D.
By some simple calculations we have

f ( j)
w (z) =

(w) j j−1
i=0 ( + i+2)

(1−wz)+ j+2 ,

for each j ∈ N0 , and every w,z ∈ D.

The boundedness of Tn−→ ,−→ : A → W
(m)
 implies

m−1


k=0

∣∣∣(Tn
,
−→ fw)(k)(0)

∣∣∣+ sup
z∈D

(z)|(T n−→ ,
−→ fw)(m)(z)|

=‖Tn−→ ,
−→ fw‖W

(m)


� ‖Tn−→ ,
−→ ‖A→W

(m)


‖ fw‖A , (2.25)

for every w ∈ D .
On the other hand, we have

m−1


k=0

∣∣∣(Tn
 ,
−→ fw)(k)(0)

∣∣∣
=

m−1


k=0

∣∣∣∣ n


j=0

k


i=0

(w)i+ ji+ j−1
s=0 ( + s+2)

(1−w j(0))+i+ j+2

k


l=i

Ck
l 

(k−l)
j (0)B̂l,i( j(0))

∣∣∣∣ (2.26)
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for each w ∈ D , and

|(Tn−→ ,−→ fw)(m)(z)|

=
∣∣∣∣ n


j=0

m


k=0

(w) j+k j+k−1
i=0 ( + i+2)

(1−w j(z))+ j+k+2

m


l=k

Cm
l 

(m−l)
j (z)B̂l,k( j(z))

∣∣∣∣, (2.27)

for all z,w ∈ D .
From the relations in (2.25)–(2.27), we have that for every z,w ∈ D , the following

inequality holds

F(w)+G(z,w) � ‖Tn−→ ,−→ ‖A→W
(m)


‖ fw‖A . (2.28)

By taking the supremmum in inequality (2.28) over z ∈ D , we obtain the estimate

sup
z∈D

(F(w)+G(z,w)) � ‖Tn−→ ,
−→ ‖A→W

(m)


‖ fw‖A , (2.29)

for every w ∈ D.
By Proposition 1.4.10 in [25], we have

‖ fw‖A 	 ln
e

1−|w|2 . (2.30)

Using (2.30) in (2.29) we get

sup
z∈D

(F(w)+G(z,w)) � ‖Tn−→ ,
−→ ‖A→W

(m)


ln
e

1−|w|2 , (2.31)

for every w ∈ D.
Since

lim
|w|→1

ln
e

1−|w|2 = +

taking the supremum in (2.31) over the set w ∈ D , does not produce a finite bound of
the quantity M defined in (2.5). So, (2.31) gives only an upper bound for the function

g(w) := sup
z∈D

(F(w)+G(z,w)),

for w ∈ D.

2.4. On the operator Tn
�,� : A→W

(m)
,0

In this subsection we give some sufficient conditions and some necessary condi-

tions for the boundedness of the operator Tn−→ ,
−→ : A → W

(m)
,0 .

THEOREM 2. Suppose that m,n∈N0 ,  >−1 ,  j ∈H(D) ,  j ∈ S(D) , j = 0,n,
 ∈W (D) . Then the following statements are true.
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(a) If the quantity M defined in (2.5) is finite and

lim
|z|→1

G(z,w) = 0, (2.32)

for almost all w ∈ D, where G(z,w) is defined in (2.2). Then, the operator Tn−→ ,−→ :

A → W
(m)
,0 is bounded.

(b) If the operator T n−→ ,−→ : A →W
(m)
,0 is bounded, then the quantity M̃ defined in (2.6)

is finite and

lim
|z|→1

G̃(z,w) = 0, (2.33)

for w ∈ D, where G̃(z,w) is defined in (2.4).

Proof. (a) First note that by Theorem1 the operator Tn−→ ,−→ : A →W
(m)
 is bounded.

Let f ∈ A . Then, the integral representation in (2.9) holds.
Therefore, by an inequality in (2.13), we have

(z)|(Tn−→ ,−→ f )(m)(z)| �
∫

D

G(z,w)| f (w)|dm (w). (2.34)

for z ∈ D.
Note that condition (2.32), along with the integrability of the function f , implies

that

lim
|z|→1

G(z,w)| f (w)| = 0, (2.35)

for almost all w ∈ D .
We show that

lim
|z|→1

(z)|(Tn−→ ,−→ f )(m)(z)| = 0. (2.36)

Assume to the contrary that this is not true. Then, there would be a sequence (zn)n∈N

such that |zn| → 1 as n →  and

limsup
n→

(zn)|(Tn−→ ,
−→ f )(m)(zn)| = l > 0. (2.37)

Let
gn(w) := G(zn,w)| f (w)|

for w ∈ D and n ∈ N.
The functions gn are measurable and the function

h(w) := M| f (w)|
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is their Lebesgue integrable dominant (with respect to the weighted measure dm(z)).
Besides, (2.35) implies

lim
n→

gn(w) = 0, (2.38)

for almost all w ∈ D.
Hence, employing the Lebesgue dominated convergence theorem it follows that

lim
n→

∫
D

G(zn,w)| f (w)|dm (w) = 0. (2.39)

From (2.39) and (2.34) we would get

lim
n→

(zn)|(Tn−→ ,
−→ f )(m)(zn)| = 0,

which contradicts (2.37). Hence, relation (2.36) really holds.

Thus, Tn−→ ,
−→ f ∈ W

(m)
,0 , for any f ∈ A , which means that the following relation

Tn−→ ,−→ (A) ⊆ W
(m)
,0 , (2.40)

holds.
The boundedness of the operator Tn−→ ,

−→ : A → W
(m)
 , together with (2.40), im-

plies the boundedness of the operator Tn−→ ,
−→ : A → W

(m)
,0 , finishing the proof of the

statement.
(b) Since the operator Tn−→ ,

−→ : A → W
(m)
,0 is bounded, we have that the operator

Tn−→ ,
−→ : A → W

(m)
 is also bounded. Hence, by Theorem 1 we have that the quantity

M̃ defined in (2.6) is finite.
By using the test functions in (2.17), which belong to A , the relation (2.21), and

the fact that Tn−→ ,−→ ( fw) ∈ W
(m)
,0 , for each w ∈ D , the relation (2.33) follows for each

w ∈ D , finishing the proof of the theorem. �
Using Theorem 1 and Theorem 2 it is not difficult to see that the following corol-

lary holds.

COROLLARY 1. Assume that m,n ∈ N0 ,  > −1 ,  j ∈ H(D) ,  j ∈ S(D) , j =
0,n, and  ∈W (D) . Then the following statements are true.

(a) If the quantity M defined in (2.5) is finite, and (2.32) holds for almost all w ∈ D,
then the following inequality holds

‖Tn−→ ,−→ ‖A→W
(m)
,0

� M.

(b) If the operator T n−→ ,−→ : A →W
(m)
,0 is bounded, then the quantity M̃ defined in (2.6)

is finite, (2.33) holds for w ∈ D, and the following inequality holds

M̃ � ‖Tn−→ ,−→ ‖A→W
(m)
,0

.
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Conclusion

Here we present some sufficient conditions and some necessary conditions for the
boundedness of a linear sum-type operator, the, so-called, general polynomial differen-
tiation composition operator acting from the classical weighted Bergman space to the
m th weighted-type space and the little m th weighted-type space on the open unit disk
in the complex plane, which were introduced by us almost twenty years ago. We also
give an upper bound and a lower bound for the norm of these operators. The class of
operators should be of some interest to the experts interested in studying concrete op-
erators. The methods and ideas presented here can be applied in some related studies,
so should be also of some interest to the experts. The interested reader could try to
calculate the norm of the operators in this paper.
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[35] S. STEVIĆ, Composition followed by differentiation from H and the Bloch space to n th weighted-

type spaces on the unit disk, Appl. Math. Comput. 216 (2010), 3450–3458.
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[39] S. STEVIĆ, Norm of the general polynomial differentiation composition operator from the space of
Cauchy transforms to the mth weighted-type space on the unit disk, Math. Methods Appl. Sci. 47
(2024), 3893–3902.
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