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SOME NEW IMPROVEMENTS FOR MULTIPLE-TERM VERSIONS
OF ALZER-FONSECA-KOVACEC’S TYPE INEQUALITIES
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(Communicated by M. Sababheh)

Abstract. In this paper, we build on the recent advancements in the theory of weakly submajori-
zations established by D. Q. Huy et al. [Linear Algebra Appl., doi.org/10.1016/j.1aa.2025.10.004]
to present innovative real power-type and multiple-term refinements of Alzer-Fonseca-Kovacec-
type inequalities. These refinements are accompanied by notable applications, including their
extensions to operator versions, unitarily invariant norms, and matrix determinants.

1. Introduction

The classical Young inequality is a simple inequality that has garnered significant
attention by many mathematicians. This inequality is stated as follows: for positive real
numbers @ and b, and v € [0,1]:

aVyb:= (1—-Vv)a+vb>a'""b" :=atyb, (1)

equality with if and only if a = b. This inequality is also known as the weighted
arithmetic-geometric mean inequality. Based on the Young inequality (1), one can es-
tablish versions of the inequality for the arithmetic and geometric means of positive
definite complex matrices A and B of size n X n in the form:

\4
AVB:=(1-v)A+vB>A'/? (A*l/zBA*W) AY? .= At,B 2)

or inequalities involving the trace, unitary invariant norm inequalities, and determinant
inequalities on the space of n x n complex matrices, respectively given by:

tr(AVyB) > tr (|AfyB]),

(L=v)[lAX [ +v[IXBl| = [|A"vXB"]], 3)
det (AVyB) > det(|AtyB|),

where the absolute value of a matrix A is defined as |A| := (A*A)"/?. These results re-
main valid when A and B are positive invertible operators. The practice of transforming
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known inequalities from the scalar setting to their corresponding operator versions is an
effective research direction. This approach serves as the motivation for us to propose
refinements and reverses for Young’s inequality. In the following discussion, we will
present some initial and significant results obtained from this direction.

One of the earliest and pioneering achievements in the development of Young’s
inequality can be attributed to the following results in 2010 and 2011 ([15], [16]):

atvb + ro(v)(va— vb)? <aVyb < afvb+ Ro(v)(va— vb)?, 4)

where ro(v) = min{v,1— v}, Ry(v) = max{v,1 — v}. The authors proposed refined
and reverse versions of Young’s inequality by adding certain non-negative terms to
its right-hand side. In this approach, the quantities ro(v) and Ro(v) play a crucial
role. If their general properties can be determined, the resulting findings would be
transformative and highly impactful. This was further refined by the group of authors
M. Sababheh and D. Choi in the year 2016 as follows ([3], [22]):

THEOREM 1.1. ([3,22]) Let a,b >0, 0 < v <1 and N be a positive integer.
Then, we have

N-1 on
aVyb > aﬁvb—l- Z r,,(v) Z fn7k(a7b)x(u L)(V)» 5
n=0 k=1 2
and
aVyb < afyb+ Ro(v)(vVa—Vb)?
N—1 n
= 2 (V) X far(b@)x it 1y(V), (©)
n=1 k=1 2
where
2
fnx(a,b) = <\/aﬁ(k—1)/2nb - \/aﬁk/znb> ) (7)

X is the characteristic function of the interval I, which is equal to 1 if v € I and 0
otherwise and

ro(v) =min{v,1 —v}, Ry(v)=max{v,1—v},
rp(v) =min{2r,_(v),1-2r,_1(v)}, n=1,2,3... (8)

An important observation is that multiplying the term afyb in (5) by a factor no
less than 1 leads to improved results. The most notable factors explored in this direction
include the Kantorovich constant, the Specht ratio, and logarithmic coefficients. The
key results in this line of research are summarized as follows.

THEOREM 1.2. ([3]) Let a,b >0, 0< v <1 and N be a positive integer. Then,
we have

)

N
n=0 2

b (V) N-1 2"
aVyb > K( \/;72> afyb + Z (V) an,k(a»b)X(ﬂ L)(V)» )
= k=1
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and

—rn(v)
avVyb <K ( 2“{/?2) avb +Ro(v)(va—Vb)?

N-1
= v ank () 4V, (0)
n=1

12

where X is the characteristic function of the interval 1; f,x(a,b) is defined as in (7);
ro(v), Ro(v), rn(v), n=1,2,... are in (8) and K(h,2) is the Kantorovich constant
given by

(14 h)?
4h

In 2021, M. A. Ighachane and M. Akkouchi ([9]) proved that:

K(h,2) = (1)

THEOREM 1.3. ([9]) Assuming the hypotheses are as given in Theorem 1.2, we
have:

N 2"
aVyb > <1+L<222N)12( ))aﬁb+2rn ) S sl D)2 sgr g (¥) (12

n=0

and

-1
aVvb < (1 + wlnz (Z)) atvb + Ro(v)(v/a— v/b)?

N-1 2"
= 2 (V) X falba)x (s 1) (V), (13)
n=1 k=1

I

)

where the function L is the 1-periodic function given by

2v
L(v):"_2<1;v) for ve(0,1) and L(0)=L(1)=0. (14)

Note that, L is symmetric about 1, namely, L(v) =L(1—v) forall v € [0,1]. The

quantity 1+ ( ) In? ( ) is provisionally called the logarithmic coefficient. In a 2017
study ([17]), P Korus demonstrated that the Kantorovich constant and the logarithmic
coefficient are not comparable. Consequently, results derived from these coefficients
retain their individual significance and diverge from each other.

A novel approach that provided stronger estimates for Young’s inequality was in-
troduced in 2015 by Y. Manasrah and F. Kittaneh ([19]). This work was further refined
by D. Choi in 2018 ([5]), where they presented power-type estimates with positive in-
teger powers m for the term aV,b:
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(@t + o) [ (52) - (V)] < @viy

< (@b + o))" | (452) - var). as

where a,b >0, v € [0,1], ro(v) = min{v,1 — v} and Ry(v) = max{v,1 —v}. For
further related results, the reader is also referred to ([12], [13], [14], [24], [25]).

A natural question that arises is whether these results, having been established for
positive integer powers m, can be extended to arbitrary real exponents. To this end, in
2023, D. Q. Huy et al. ([6]) leveraged the theory of weak submajorization to introduce
the following remarkable results.

THEOREM 1.4. ([6]) If a,b> 0 and v € [0,1], then for all real number p > 1,
we have

(afiyb)? + (2ro(v))? So+ (2r1(v))? (\/EpX(O7%) (v)+ \/EPX(%J) (V)) S1 < (aVyb)?
< (afvh)” + (2Ro (V)" So — (21 (V)P <\/EPX(O7%)(V) + \/EPX(%J)) (V)> S1, (16)

where ro(v) =min{v,1—v}, Ro(v) =max{v,1—v}, ri(v) =min{2ro(v),1-2r(v)},
So:= (452)" — (Vab)? and 81 = (Y55X2)" — (Yab).

The key point in this work is that the authors utilized the following theory: For two
vectors x = (x1,...,x%,) and y= (yq,...,y,) in R" x is said to be weakly sub-majorized
by y, written x <,, y, if

k k
Y < Y 17
i=1 i=1
forall k=1,...,n, where x* = (x],...,x];) the vector obtained from the vector x =
(x1,...,x,) € R" by rearranging the components in non-increasing order. Theoreti-

cally, this method enables the extension of results to any vectors in R". However, this
approach faces substantial challenges in practice when relying solely on the fundamen-
tal definition of weak submajorization because of the number of sub-inequalities that
need to be calculated is too large ([7]). To address this critical limitation, Huy et al. re-
cently introduced, in 2025, new properties within the theory of weak submajorization,
providing a novel perspective on the subject. This advancement has paved the way for
the following promising results ([7]).

THEOREM 1.5. ([7]) Let a,b >0, 0< v <1 and N be a positive integer. Then,
for every positive real number p > 1, we have

N-1

(aVub)” > (atvb) + 3, (2ra(v) ZAnkabmx(k_L)(v) (18)

n=0 =1 o
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and

(@) < (@b + R [(452) - (V|

2

N-1 2"
= 2 () Y Abap)g (V) (19

n=1 k=1

where A, y(a,b; p) are defined as follows

aﬁ _ nb"—aﬁ nb P p
An,k(mb;p):( (k-1)/2 k/2 ) _<aﬁ(2k_l)/2n+1b> . (20)

2

In 2015, H. Alzer, C. Fonseca and A. Kovacec ([1]) were the pioneers in intro-
ducing the two-weight refinement of Young’s inequality. Their result can be expressed
as.

THEOREM 1.6. ([1]) If A,o,B are real numbers satisfying A > 1 and 0 < o <
B < 1 then for all positive real numbers a,b we have

A A
Vb 11—
(g) < (aVg ) (aﬁab) < < OC) ' @21
B (aVgb)* — (atph)* 1-B
A remarkable aspect of the Alzer-Fonseca-Kovacec inequality is that the authors

successfully proved it for the case of powers A > 1. In Theorem 1.6, by choosing A = 1
we immediately obtain the following refinement of Young’s inequality.

aVgh — aﬁﬁb)<avab atiab< aVgb — aﬁﬁb)

B ( B (
These results were later extended by M. Sababheh ([23]), Y. Ren ([20]), Y. Ren and
P. Li ([21]), J. Zhao ([27]), M. A. Ighachane ([10]), C. Yang and Z. Wang ([26]), M.
A. Ighachane, M. Akkouchi and E. H. Benabdi ([8]) to various other contexts. For the
power A = 1, very recently, the Ighachane group of authors came up with a multiterm
version as follows.

THEOREM 1.7. ([11]) Let a,b>0,0<a < <1 and N € N*. Then

L(2V%
B atgb o
aVgb > | 1+ <22N >1n2< 5 ) aﬁab—kﬁ(avﬁb—aﬁﬁb)

5052 S w4 () @

and
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(N1
- afab 1—
avVgb>= | 1+ <22N a>ln2< ﬁ; ) aﬁ5b+l_§(avab—aﬁab)

- Z T <I_—ﬁ> ank (b,atab) (it (%)» (23)

27!
where fn7k(a,b) and L are defined as in (7) and (14), respectively.

However, further development of the Alzer-Fonseca-Kovacec inequality for real
powers A > 1 in the case of multiple terms remains an open question for mathemati-
cians intrigued by this inequality. Motivated by the refinement of Young’s inequality
for real powers A > 1 with an arbitrary number of terms, as presented in ([7]), which
introduced new properties of the submajorization theory, we are optimistic about ad-
vancing the Alzer-Fonseca-Kova&ec inequality for real powers A > 1 in the multi-term
case. Following that, based on these numerical results, we will introduce new corre-
sponding achievements in operator theory, matrix determinants, and unitarily invariant
norms. With this objective in mind, we will structure the article as follows: Section
1 introduces the motivation and objectives of the paper, Section 2 presents the scalar
results, Section 3 discusses applications to operators, Section 4 addresses applications
to unitarily invariant norms, and the final section presents applications to matrix deter-
minants.

2. Some multiple-term refinements and reverses with real powers of
Alzer-Fonseca-Kovacec inequality for convex functions and scalar versions

We begin this section with a key and important result for Alzer-Fonseca-Kovacec-
type inequalities with logarithmic constants for convex functions.

THEOREM 2.1. Let a,b >0, 0 <o < f <1, N e N* and ® be a convex, in-
creasing function defined on [0,°°). Then

D(aVeb) =@ [ 1+ L a>12 ﬁﬁ ateb +q><%avﬁb)—¢<%aﬁﬁb)

22N
T N ) -
n=0k=1 ‘ G (52) \ B

and

L(2V4 _
DaVgh) > ® [ | 1+ ( 1°‘>1n2“ﬁ°‘b atgh +c1><1 gavab>

1— N—1 2" ﬁ l—ﬁ
-0 <1 aﬁab> ;E)kzlq)nk <b aﬁab )x(kz_nlazin) <m> ;
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where
®,4(a,b; 0, p) = (;»n (a) <aﬁk£_nlb+aﬁ2%b>> ) <2rn (a)aﬁ%b> . @6)

To prove Theorem 2.1, we need to use the following crucial lemma, which de-
scribes the relationship between the theory of weakly submajorization and the class of
convex, increasing functions. This result is introduced by Huy et al. ([7]) in 2025.

LEMMA 2.2.([7]) Let a=(ay,...,a,) and b= (by,...,b,) be two vectors in R"
satisfying the conditions

n

bl—a1> (ai—b,-)>aj—bj20, j=27...,n (27)
i=2

=

and ¢ is an increasing convex function defined on the interval I containing components
of the vectors a and b. If by > a; for every j=2,...,n and forevery k=2,...,n—1,
the following condition

k K+l
2 b > 2 a; (28)
=1 i

is satisfied, then the following inequality holds:

Y0 (a) < Y o (bi). (29)
i=1 i=1

We also consider the following important lemma.

LEMMA 2.3. Let the vectors a = (aj,ay,...,any1) and b = (by,by,...,by11)
as two vectors in RNTL with their components respectively determined as follows:

(1 n ( ) In? (M)> abab, b1 =aVab, ay= %avVh, by = %atyb and

—zzn =) (atguab+aty s b) O‘
an+3—k:17’n B aBkl ClBk (AT"sz") ﬁ s
a
bpyz = ern aﬁggﬁbl(%l =\ B
where a,b€ R, a,b>0,0<a<fB <1landn=0,...,N—2, N € N* we have:
N+1
G) by—a = Y (ai—bi)>a,-—b,-7foralli=2,...,N—|—1;
i=2

(i) by > aj, foralli=2,...,.N+1;
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(iii) 2 b; > 2 a;i forall k=2,...,N.

Proof of Lemma 2.3.
(i) According to (22), we have

N+1
by >ay+ay—by+ 2 (a,-—b,-),
i=3

which directly leads us to the issue that needs to be proven.

(i) We consider the following two cases.

e In the case where j = 2, what we need to prove is specifically that b; > a,.
Simplifying further, we obtain a(1 — %) > 0, which is always true. Therefore, we
conclude that the inequality we set out to prove is satisfied.

e With j > 2, we need to prove

on

aVab>kzlrn (%) <aﬁﬁk 1b+at1Bk b) Xkt ko (%);

where n =0,...,N —2. We have
k=1 k=1 k=1
on (1_ 2n)0+ﬁ on 1
By =(1=Bx)0+ByI

therefore, due to the inequality (1), we obtain

—1

o B B < (I—B S )a—i—Bkznlb

k.

T < (1-B&)a+Bb

Q
-
|
=
=
o
=
2|

it follows that

aVgb— (k—Z"g> BB (1 —k+2"g al B pBar
B B
o k—1 k—1
v (o) (1Yo

- (1 —k+2"%) [(1 —B%)Hﬁzﬁnb]

=0.

This leads to for all % € (k’1 %), n=0,...,N -2, we have

aVb > <k Z”ﬁ) - B (1_k+znﬁ>alﬁzinbﬁ%n

- (k—z 3) afgiib+ (1—k+2 E) aty 3 b
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(04 (04
> mi _an” g n% . ,
/mln{k 2 ﬁ7l k+2 ﬁ}(aﬁﬁkznlb—’_aﬁﬁzknb)

=r, (%) (aﬁﬁ%b—i—aﬁﬁ%b) ;

this means that by > a;, forall j=3,..., N+1.
(iii) Following the proof of ([4], Lemma 2), we have

n+3

bi— Y (ai—b;)

i=2
n+3

=by—(ay—by)— Y (ai—by)

i=3

= (l - %) a-+ %aﬁﬁb

n+3 2" a
_ Z Zr,, (—) (aﬁﬁk 1b+aﬁﬁ «b— 2aﬁB§§+1b) %(kTsz") (E)

i=3 k=
_(p_m& n%
—(k 2 ﬁ)aﬁﬁg_nlb+<2 B k+1>aﬁﬁ2;¢7b
n_ }’1__
mm{k 2 B ,2 B k+1}<aﬁﬁk2_nlb+aﬁﬁzinb>

=1 (5 ) (b oty )

= dnp43,

forall n=0,...,N —2. At this point, we deduce that

n+3
by — Y (ai—bi) = anys.
i=2
or
n+2 n+3
2 bi+bpz > 2 ai+an+3
i=1 i=2
This is equivalent to
n+2 n+3

Nbiz a,
i=1 i=2

the reason we arrive at the final inequality because a;+3 > b, 3, forall n=0,...,N —
2. O

Proof of Theorem 2.1. Choosing a and b to be vectors in Lemma 2.3. At that
time, vectors a and b satisfy the conditions of the Lemma 2.2, therefore, according to

this lemma, we have:
N+1 N+1

; @ (a;) < Zl @ (b;)
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where @ be a convex, increasing function defined on [0,c). This inequality is equiva-
lent to (24). Therefore, we have what needs to be proven.

In inequality (24), by replacing a,b, o, 3 with b,a,1 — B,1 — o respectively, we
obtain inequality (25). Thus, we complete the proof of Theorem 2.1. [

THEOREM 2.4. Let a,b >0, 0<a<f <1, ve|0,1], Ne N* and ® be a
convex, increasing function defined on [0,°0), we have

. w(§)
D(aVyb) > ® K(%/aﬁfbg) " b
+ @ (%avﬁb) —® (%aﬁﬁb)

+N2122n,q> tgb; = 9) (30)
s \@atpb gor ) 2.4 (3 )

n=0k=

and

i \ )
®(aVph) > @ [ K ( 2 aﬁ;b@) ajgb

+¢<i_ﬁavab)—¢<i:§aﬁab)

N—1 2" _
+) Zq)nk<b aab; _ﬁ»l?>%(k2_ &) (%) (31)

n=0 k

where @, ;(a,b;-,p) are defined as in (26) and K(-,2) is the Kantorovich constant.
Proof. The proof of Theorem 2.4 follows a similar approach to that of Theorem

N [algh rN(%)

2.1. However, the term a; is replaced by K —,2 afig b, which necessi-

tates revisiting (i). This point is clarified in Lemma 2.5 presented below. [

LEMMA 2.5. Let a,b >0, 0 < a < B <1 and N € N*, we have

. ()
aVeb > K ( &Y. aﬁf,z) atob+ % (aVgb—atgh)
+ Zl’n< ) ank(a aﬁﬁb) (kz_ ZL") (%), 32)

where f, (a,b) is defined as in (7) and K(-,2) is the Kantorovich constant.
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Proof of Lemma 2.5. According to (9), we have
Vb — % (aV b —atgh)

N—1 o\ 2 )
% () Z s i) a1 (5)

From this, we obtain (32). [l

In Theorems 2.1 and 2.4, choosing ®(r) =t, p > 1, t € (0,), we have the
following important theorems for scalar Alzer-Fonseca-Kovacec version.

THEOREM 2.6. Let a,b>0, ve[0,1], 0<a<f <1, NeN*, p>1, wehave

a P
(@Vab)? > | 14 - <222Az]vﬁ> in* (aﬁcf b) (aflab)” + (%)” [(aVgb) — (apb)"]

N—1p o 2 3

i—1 21 22

an
p

d
L(2N1=E
(aVgh)P > (1 n ( 22]1\/04) In2 (aﬁ;cb) (atgb)”
N (ﬂ ’

) [(aVab)? — (atab)’]

1—o

3o

N—1 , 1— B 2" 1— B
+ }Zarn (m) kg,lfmk (b,aﬁab;P)X(kz—_nl ) (m) ; (34)
where

P P
fux(a,b;p) = (aﬁubJraﬁLb) - <2aﬁ2k1b) : (35)
il on 1

on+
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THEOREM 2.7. Let a,b>0, ve [0,1], 0<a<f <1, NeN*, p>1, we have

" PVN(Q>
(aVab)’ = K < 2\/ aﬁfb’2> ﬁ (afab)?

+ <%),, [(aVgb)? — (ath)’]
+Zr’”(ﬁ)2fnk(aaﬁﬁbp) (5 4) (%) (36)

and

—1 _
+2r5<i_a)2fnk (b,atabip) X(i1 k) (%)7 (37

2"
where f, i(a,b;p) is defined as in (35) and K(-,2) is the Kantorovich constant.

From Theorem 2.6 or 2.7, using the property that the logarithmic and Kantorovich
coefficients are always greater than or equal to 1, we directly derive the following im-
portant results.

THEOREM 2.8. Let a,b>0, ve[0,1],0<a<f <1, NeN*, p>1, we have
a\?
(@a)” > (atab)+ (5 ) (@550 ~ ()

+Zr’”<ﬁ)2fnk(aaﬁﬁbp) (5t 4) (%) (38)

and

P
(@Vgh)? > <aﬁﬁb>l’+(i 2) 1avab) (et

+Z ( B)ifnkbaﬁabp) (k“(i:ﬁ) (39)

on

where f, (a,b;p) is defined as in (35).
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3. Application for operator versions

Our main goal in this section is to use versions of multi-term two-weighted Young-
type inequalities with real power p > 1 to establish their operator forms.

Let Z(H) be an algebra of all bounded linear operators on a complex Hilbert
space H. We denote invertible positive operators by capital letters and the identity
operator by /. In addition, we also use the following notations

e A>0 (A>0) if A is a positive (invertible positive) operator;

e A> B (A > B) if A— B is a positive (invertible positive) operator.

For A,B>0 and v € (0, 1) the v-weighted arithmetic and geometric means of A
and B are defined respectively by

AVyB = (1—-Vv)A+ VB,

AgyB=A12 (a712pa"1) a2,

We also write AVB and AfB instead of AV 1 B and Af 1 B, respectively. We also use

the same symbol as geometric mean for v € R.
The main idea for showing operator inequalities corresponding to their scalar ver-
sions is to use the operator monotonicity of continuous functions in the following.

LEMMA 3.1. Let X € B(H) be an arbitrary self-adjoint operator. If f and g are
continuous real functions satisfying f(t) > g(t) for all t in the spectrum of X, we have

f(X) = g(X).

The results we obtain are presented in the theorems below.

THEOREM 3.2. Let 0 < ot < 3 < 1, N be a positive integer and A,B > 0 satis-
fying one of the following conditions:

(i) 0<ml<A<LyI<TI<B<MI,
(i) 0<ml <B<yl<TI<A<MI,

where 0 <m,M,y,[" < oo are scalars. Then, for every positive real number p > 1, we
have:

Afp(AVB)
L(2V¢ )"
> 1+%m2 (g) AflpB + (g)p[Aﬁp(AvﬁB)_AﬁﬁpB]

(04
Xt ) (E) » 0
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and

Aﬁp(AVBB)

M ST
pose that the operators A,B satisfy the condition (i). Utilizing the inequality (33)

LeYE) 5 g )
o In"(x”) ) on [1;+e0), we have, for all

Proof of Theorem 3.2. We notice that 2 < r <1< g < % Firstly, we sup-

and the increase of the function (1 +

xe L M) c [z,4]:

((1 = o) + ax)?
L(2Ve '
> {“L <22NB> In*(xP) (xa)p+% [((l—ﬁ)+BX) ( ﬁ)p}

o p
> min 1+M1n2(xﬁ) xap—i-%{((l—ﬁ)—kﬁx)p—xﬁp}

£<x§M 22N
VB (RN :
*%(”*1(3))%(( 3 ) <2>)%<%>(3>
L(2Ve 1"
= 1—|—%ln2 (5) xo‘p—i-%{((l—ﬁ)—kﬁx)p—xﬁp}

+N§01<2r<%>)p:zl ((@)p (#3) )x(__) ().

This, together with Lemma 3.1, implies that, for every positive operator X with its
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spectrum in F' A—”} :

Yy’ m|*

(1—a)+aX)?

L(ZN%>1 ek

— S 1n (5) xap+%[((1_ﬁ)1+3x)ﬂ_xﬁp}

B ) S () 0 )rn (5)

On the other hand, by the condition (i), the spectrum Sp <A%BA%‘> of the operator

> 1+

o~

[N

A7 BA7Y isin [? m} Thus replacing X in the above inequality with A 7 BA7 and

multiplying both sides of it by A2 , we get the inequality to be proved (40). Inequality
(41) is tested in a similar way, so we omit the details. [

Using Theorems 2.7 and 2.8, along with the method applied in Theorem 3.2, we
successively obtain the following operator versions of the inequalities.

THEOREM 3.3. Under the assumptions of Theorem 3.2, we have

pv(§)

N B p
At,(AVeB) > K | ° (E) 2 AbapB+ (%) [A%,(AVB) — At ,B]

Y
<2 (0 (5)) o (i) (18)
— At ppU=L \B X(kT 5 (%)’ (42)

on+l

Yb

v (15)

>k % (g)l_a,z Atlg,B + (%)p[Aﬁp(AVaB)—AﬁapB}
A CCET) I CA(CIR RCIR)

toi) (T8) @

._.

_Bﬁp(l—oc)Zk"A

on+1

where K(-,2) is Kantorovich constant.
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THEOREM 3.4. Under the assumptions of Theorem 3.2, we have

P
%) [Aﬁp(AVﬁB) _AﬁﬁpB]

()%

At,(AVyB) > AfqpB+ (

s (110 (4559))

A Bl A ) (%) (44)
and
Atp(AVgB)
1-B\”
> Afg,B+ <m) [A8,(AVyB) — AfqpB]

+],g <2r" <%)>P:Zl A3y (B2 -a250) ¥ (B2 1))

— B,

2k—1 A
on+l

4. Applications for unitarily invariant norms

Let M, be the algebra of all n x n complex matrices. A norm ||| - ||| on M, is said
to be unitarily invariant if [|[UAV||| = |||A]|| for all A € M), and for all unitary matrices
U,V eM,. Let si(A) > s2(A) > -+ > s,(A) be the singular values of A € M,,. The
Schatten p-norms, p € [1,0), written || - ||,, and defined by

" 1/p
1Al = (2#’@)) :
i=1

are typical examples of unitarily invariant norms. The trace norm of A € M,,, as usually
expressed as ||A]|; = tr|A|, is defined as the Schatten 1-norm of A.

It is known ([2]) that if X € M,, and A,B € M,, are positive semidefinite, the in-
equality |[|[A'"VXBY|| < |||(1 - v)AX + vXB]||| is not valid for v € [0,1]. However,
Kosaki ([18]) showed that

AT=vXBY[| < (1= v) [ AX || +v Il XB]|-

This inequality can be regarded as a unitarily invariant norm inequality form of
Young’s inequality (1) for matrices.

Before stating our results in this subsection, we need to recall the following lemma,
which is a Heinz-Kato type inequality for unitarily invariant norms (see ([19]) for de-
tails).
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LEMMA 4.1.([19]) Let A,B,X € M,, suchthat A and B are positive semidefinite.
If0< v <1, then
lAYXBY || < [lAX (I X B[ (46)

In particular, we have
tr|[A'VBY| <u(A)' "V (B). 47)

Now, we are ready to state the first main result of this subsection.

THEOREM 4.2. Let A,B>0, 0 < a <f <1 and N be a positive integer. Then
for every positive real number p > 1, we have:

(AX (Vo [I1XBI[)?
P

L<2N&> B
B 2<|||XB|||> 1—oy pocf)\ P
>y In Jlat=ox |

22N [IAX || ( )

p
+(5) [AX 911 XBI1? - 1aX 135 11 X511

N—1 p 2" 1-B5H v pB L 1-B v pB A P
Z o Z A 7 XBP 72 +|[|A* P2 XBP2
n=0 B k=1

2

[N]

b a
- (X g 1B ) |20 59 (5 ) @9

and
(AX (I Vg Il XBIII)?
P
LVER) | (lax)y v
> (14 1n2< ) I|A=PxBA|
22N [1XB ( )
AN p p
t1=g ) [AX UV [IXBIN” = (IAX |l 2 [l X BII)?]
N—1 I_B p 2" I_B
+n§:‘,0 <2rn (ﬂ)) ];Nmk,n(AB)X(kz—_leLn) (ﬂ) ; (49)
where
All—a) 5t g pl—(1—a) izt i A=) gy gl—(1—a) g 1\ ¥
NW%BF(H I+l [

P
- (B X)) (50)
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Proof of Theorem 4.2. We prove (48); to prove (49), we proceed similarly. Taking
a=||AX]|||, b=||XB]|| in the inequality (33) and using Lemma 4.1, we get:

(AX (Vo (1 XBI[)?
P

L<2Nﬂ> B
B) o IIXB
> |1 1 AX XB|||)?
+ 22N n <||AX|| (|H ”Hjocm |H)

P
+(5) [AX 911 XBI) ~ QUAX 135 1 X311

Nl p 2 [ IAX [ g IIXB[+ 1AX [l 5 £ (I XBIN”
S (o (2)) [ (1
n=0 ﬁ k=1

2

P
- <||AX g2t |||XB|||)
on+1

p

L<2N&) B
B 2<||XB||> |ty pot [\ P
> |1+ In AT *xB%||

2N lllAX]] ( )

P
+ (g) [(llAX (1 Vg I1XBID? = (lAX [l 45 1l XBII)?]

B
<|||AIB"2"1XBB‘>"' I+ ||A1ﬁz""XBﬁz‘ﬁ||>"

+§ (2” (%))p:zl 2
(5 4) (%) -

Using Theorems 2.7 and 2.8, along with the method applied in Theorem 4.2, we
successively obtain the following unitary invariant norm versions of the inequalities.

P
- <||AX||| g2t |||XB|||)
on+1

THEOREM 4.3. Let A/B>0, 0 < a < f <1 and N be a positive integer. Then
for every positive real number p > 1, we have:

(AX | Ve [l X BI[)?

o

rn(§)

B
o[ 1XB] e
sx( () 2] (aexs

p
+ (g) [(AX [V 11 XBIN? = (HlAX [l £ 1 X B[)7]

B
<|||A1B%—"1XBB3—"‘ |+ 1A' P xBPH ||>”

+1:§‘;<2r" <%)>p:21 2

P o
- (X Nzpg 1X1) (25,5 (5 )+ D

)
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and

(Ax [ vg [l X8l

-« P’N(ig)
XB I4
sx (e (1at-exs))
[1AX ]|

_ p
+(%) (1A [ Ve [ XBI1? — (14X [ 26| XB]|)?)

+3, ((E8)) St (i25).

where K(-,2) is Kantorovich constant and Ny i ,(A,B) is as in Theorem 4.2.

THEOREM 4.4. Let A)B>0, 0 < a < f <1 and N be a positive integer. Then
for every positive real number p > 1, we have:

(AX | Ve [l X BII)?
> (lla"“xB%||)"

p
+ (g) [(lAX [ Vg I1XBID? = (lAX [l 46 1l XBII)7]

B
<|||A1 P XBPT ||+ || A ﬁz"XBﬁan)

50(5)' 2 ;

o

p
- (X Ngpay 1X81) (2. (5 )+ 9

and

(14X [V | XB]l)?
_ P
> (11a' x5

_ 14
+(%) (1A [ Ve[ XBI1? — (14X [ e[| XB]|)?)

+ 3 (5 (28)) Zwiamnen s (1) o0

where Ny (A, B) is as in Theorem 4.2.

By taking the unitarily norm ||| - ||| is the trace norm and using the inequality (47)
in Lemma 4.1 along with Theorem 4.2, 4.3 and 4.4, together with the remark that
tr(AV,B) = (trA)V, (trB), we get.
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COROLLARY 4.5. Let 0 < < 3 < 1, N be a positive integer. Let A,B € M,, be
a positive semidefinite. Then, for every real number p > 1, we have

L(2"%) | rem\P)
(I 1- P
tI’(AVaB)p 2 1+227Nln (tI‘A) (tr\A OtBO£|)

P
+(§) vy~ wa sy

N—1 p2n 1-BiL ppil 1-B5 B\ P
o tr|A*"P 2" BP 2 | 4 tr|AT P27 BP o7 |
+ (2"n (-)) > l(
n=0 ﬁ k=1 2
P
tI‘Aﬁ %u-1 trB X(k=1 &k * R
Byt (T \ B

(55)
and

p

trA
tr(AVB)? 1 2 (;B> (tr|A' P BB|)P

+ - ) [(tr(AVyB))? — (trA o trB)”]

+ Z <2rn G:B»piM‘“" (AB)X(1 &) (%) (56)

o 1
where L is defined as in (14) and

2

p
- (trB - trA) . (57)

COROLLARY 4.6. Let 0 < a0 < 3 < 1, N be a positive integer. Let A,B € M,, be
a positive semidefinite. Then, for every real number p > 1, we have

tr(AVyB)?

rlA0-0 5 gl-(1—a) 5t Tt Al—a) 35 gl—(1—a) 57 |\ P
Ma,k,n(A,B)=< | | +tr] |

(Z

I’rN /3 P
> K E/Ii ) (ir[a'B*))” +<%> [(tr(AVB))” — (trA £ trB)’]

p

+2@”%‘ i

SQ

(trAl B BB | tr|Al- BZ"BB2">

2
p
<trA ﬁ[} 2%—1 trB) X(kz_ L) (%) (58)
2n+ n
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and
1-o P"N(%)
tr(AVgB)” > K (2N (E—f) 2 (tr|A1-B BB )P
1—B\?
T (m) [(tr(AVB))? — (trA i trB)?]
N-

—1 1— B p 2" 1— B
+ Z 2ry T—a ZMockn (A B)X(kz_ O\ T-a ) (59)
where K(-,2) is Kantorovich constant and My ,(A,B) is defined as in (57).

COROLLARY 4.7. Let 0 < ot < B < 1, N be a positive integer. Let A,B € M, be
a positive semidefinite. Then, for every real number p > 1, we have:

tr(AV4B)?

> (tr|A'*B%|)

AP BB | 4 r|A] ﬁzlnBﬁz"
B o) B (e
=1

).

/\
= m|9

) [(tr(AVgB))? — (trA ig tr B)”|
2"

|~

n

[§]

14
<tl‘A ﬁﬁ;/;Jrl tI‘B) ‘|X(/\2nl
and
tr(AVgB)? > (tr|A'PBP|)P

n <;§)p [(tr(AVB))? — (trA tq tr B)"]
+]g <2rn (%))p iMakn A B)X(ATQ%) (%) (6D

where My i, (A,B) is as in (57).

5. Applications for determinants of matrices

Using the results obtained in Theorems 2.6, 2.7 and 2.8, in this section we will de-
rive multi-term inequalities for determinants of matrices. Besides, in the proof process
we also use the result stated in the following Lemma 5.1. This result is known as the
Minkovski inequality for the determinant of matrices.
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LEMMA 5.1. ([19]) Let A,B € My, be positive definite. Then
[det(A+ B)]'/" > (detA) /" + (detB)'/". (62)
The main results of this subsection is as follows.

THEOREM 5.2. Let 0 < oo < B < 1, N be a positive integer and A,B € M, be
positive definite satisfying one of the following conditions:

(1) O<ml <detA <yl <T'T<detB< MI,
(1) 0<ml <detB <yl <TI<detA < MI,

where 0 < m,M,y,I" < oo are scalars. Then, for every positive real number p > 1, we
have:

[det(AVB))?

> " [det(AtoB))P + (%)p{ [(detA)%vB(detB)ﬂ — [det(AtgB)]"

N—1 np 2" l*ﬁ7k7}1 B7k7r11 P B non
Z (04 Z detAn P n2" BPn2 —|—detAn n2 B e

< K <B>) l( 2 )
n=0 k=1

_<det(AﬁB%B)) Xkt &) (%)7 (63)
n

and

[det(AVB)])?

> o faelagg) + (125 )" {[(@ea)t Vitaen)? ] - ez

N—1 o np 2" .
+3 (o (%)) 2, Danl 8B 150 4 (1=8) v
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N1-p w(i=6)
L(MEL) e NN ~a
w=mind 1 S () k[ ()2 ,
22N Y Y

and K(-,2) and L are defined as in (11) and (14), respectively.

Proof of Theorem 5.2. Now, on the one hand, it follows from Lemma 5.1 that
(det(AV,B))” = {[det(1 - c)a+aB)]+ }
> {[det(1 - @)a))s + [de(aB)] }

- [(1 — o) (detA) 7 + Ot(detB)%rp.

On the other hand, by using the substitution of variable a = (detA)% and b =

(detB)% in the inequality (33) and (36), we obtain (63). By doing similarly, we can
prove (64). U
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