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Abstract. Convexity plays a central role in analysis and inequality theory, and several general-
izations such as h-convexity and (p,h) -convexity have been introduced to capture more flexible
functional behaviors. In this paper, we further extend these ideas by investigating the notion of
(g, ) -convexity, which unifies various known convexity classes through a mean transforma-
tion .Zy and a control function 4. We establish new refinements of Jensen-type inequalities
for positive /-convex functions, including both direct and reversed versions. These results pro-
vide sharper bounds than the classical &-convexity inequality and naturally extend recent work
of Ighachane et al. to a broader framework. In addition, we present new inequalities for 7-
measurable operators, extending the theory to the setting of operator algebras.

1. Introduction

Convexity is a fundamental concept in mathematical analysis, optimization, and
inequalities. Various generalizations of convex functions have been introduced to cap-
ture more flexible behaviors. One such generalization is /-convexity, which incorpo-
rates a weight function % to control the combination of function values.

Let I C R be an interval and f: I — R a real-valued function. For a continuous
function 4 : [0,1] — [0,0), f is called h-convex (see [19]) if, for all x,y € I and
n €[0,1],

S =mx+ny) <A1 =n)f(x) +h(M)f1).

This notion generalizes classical convexity, which corresponds to h(r) = ¢. The
flexibility in choosing /4 allows the study of more general functional behaviors, partic-
ularly in contexts where linear weighting is insufficient.

The concept of h-convexity has found applications in various areas, including
operator theory, numerical radius inequalities, integral inequalities, and optimization
problems. Its flexibility allows researchers to derive sharper bounds, generalize classi-
cal results, and explore new inequalities that are not accessible through standard con-
vexity.

In this paper, we employ h-convexity to derive new inequalities for functions
defined on intervals, with a focus on subdividing intervals using parameters such as
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n. These results extend classical convexity-based inequalities and provide a broader
framework for further investigation.

Let / C R be a nonempty subset and let W : / — J be a continuous and strictly
monotone function, where J = W(I). For x,y € I and n € [0,1], the .Zyp-mean is
defined by

My(M,2,y) =P ((1L=m)¥ ) +1E()).

The set I is called ¥ -convex if
My(n,x,y) €1 forall x,y € I and 17 € [0, 1].

For the remainder of this paper, we consider the interval I as an (.#p,h)-convex subset
of R. We also recall the notion of (.Zy,h)-convexity, which generalizes classical /-
convexity. A function f: I — R is said to be (.#y,h)-convex on I (see [20]) if

f(Ay(n,x.) <HL=n)f(x) +h(N)f(y),  Vxyel nel0,1],

where h:[0,1] — [0,00) is a given weighting function. This concept extends classical
convexity by allowing more flexible combinations of points through the transformation
¥ and the function /4, and it forms the foundation for deriving generalized convexity
inequalities.

Some important examples arise from specific choices of ‘¥':

REMARK 1.1. As a direct consequence of the previous definition, we obtain the
following special cases:

1. By setting P(¢) =, we recover the classical concept of &-convexity.

2. By setting W (r) =¢” with p € (0,+e), we recover the notion of (p,k)-convexity
introduced in [4].

3. By choosing W¥(t) = -1 for t >k and h(t) = ¢, we obtain the notion of k-
harmonically convexity as introduced in [17].

4. By taking W¥(¢) = log(t — k) for t > k and h(t) =1, we recover the concept of
k-geometric convexity as introduced in [1].

The classical classes of convex functions can be naturally extended to the setting
of operators. In particular, several notions of operator i -convexity and related classes
have been studied in recent years. For some recent papers on these operator convexity
classes, the reader is encouraged to consult the following works [7, 14, 15].

In the theory of inequalities, an interesting and widely studied question is how to
refine a given inequality by inserting intermediate terms between the left-hand side and
the right-hand side. In particular, this refinement often involves adding certain positive
quantities while keeping the inequality valid. Such an approach provides sharper esti-
mates and more precise bounds. This question has been treated for a wide variety of
inequalities, including classical convexity inequalities and their generalizations, such
as the /-convexity inequalities.
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Very recently, Ren established a partition-based refinement of Jensen’s inequality
for convex functions. By dividing the interval [0,1] into m subintervals, the result
introduces correction terms involving affine nodes. These terms sharpen the classical
convexity bound and provide tighter estimates in intermediate cases. We now present
Ren’s theorem, including two notable refinements near the endpoints.

THEOREM 1.1. ([21]) Ler f: [x,y] — R be a convex function, where x <y, and
let m be a positive integer. For 1 € [0,1], define the affine point zy = (1 —1n)x+ny.
Ifne [ﬁ k*—l] for some k=0,1,... m—1, then

m’ m

)+ om0 ((1-58) g0+ L 100 -7 (21 )
(=) ((1-£) 00+ £10) -1 (21
<@ =mflx)+nfy).

In particular:

(i) Ifne[ 7m] then

(ii) If n € [1— L 1], then

<1 =n)flx)+nf(y).

Moreover, Ighachane et al. [10], established the following new inequalities for
(p,h)-convex functions for nonnegative, superadditive, and supermultiplicative func-
tions & (see Section 2 for more details on this class and illustrative examples). These
results provide refined estimates that improve upon classical (p,h)-convexity inequal-
ities. They involve partitioning the interval and combining function values at affine
points. The precise statement is presented in the theorem below.
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THEOREM 1.2. ([10]) Let f be a positive (p,h)-convex function on I, with h a
nonnegative, superadditive, and supermultiplicative function. Let L > 1, p € R\ {0},
and 0 <n < u < 1. Then forall x,y €1,

" (Q)g(h(l—n)f(X)Jrh(n)f( ) = 7+ (=) )7
W) (01 =) )+ ()£ 0) = (1= e+ )7
1-1n

< (=5):

As a special case of the Theorem 1.2, we obtain the following h-convexity in-
equality.

THEOREM 1.3. Let f:1 — R" be a h-convex function, with h a nonnegative,
superadditive, and supermultiplicative function. Let 1 € [0,1]. Then for all x,y €1,

e (h(%) () +500) - £(*32) )

<h(1=n)fx)+hn)f(y) = f((1=n)x+ny)

<h(2R) (h(%) (/) + 1) —f(’%) )

where r =min{n,1 —n} and R = max{n,1—n}.

For recent developments and new inequalities involving /-convexity, we refer the
interested reader to [9, 10, 11, 12].

In this paper, we extend Theorem 1.1 to a more general class of convexity, namely
the (.#y,h)-convexity. This framework unifies and generalizes several well-known
notions of convexity, including &-convexity and (p,/)-convexity, and provides a new
approach for obtaining refined inequalities related to s-convexity and other general
classes. Within this broader setting, we derive new refinements of Jensen-type inequal-
ities and obtain sharper bounds, with potential applications to operator theory and re-
lated inequalities.

The paper is organized as follows. In Section 2, we establish several new inequal-
ities for positive h-convex functions, which extend the recent results of Ren [21]. Sec-
tion 3 is devoted to a further generalization, where we extend these results to the broader
framework of (.#y,h)-convexity. In Section 4, we push the analysis even further by
employing the theory of weak submajorization to extend the inequalities obtained in
Section 2 to a more general setting. The results presented in this work not only unify
but also encompass a wide range of previously known results scattered throughout the
literature, thereby providing a common framework for several inequalities established
by different authors. Finally, we conclude this paper by presenting some new inequal-
ities for 7-measurable operators, obtained through the introduction of new (.#y,h)-
convex functions, thus opening further directions for operator inequalities within this
framework.
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2. New inequalities for /-convex functions

To prove our results, we will specialize to the class of functions that are both su-
peradditive and supermultiplicative. Recall that a function 4 : [0,00) — [0,00) is called:

e Supermultiplicative if
h(xy) = h(x)h(y), Vx,y >0,
if h(xy) = h(x)h(y), we say h is multiplicative.

e Superadditive if
h(x+y) = h(x)+h(y), Vx,y=0.

Before presenting the main results, we recall a useful property of convex functions
that vanish at zero: such functions are always superadditive. This property will be
instrumental in deriving several examples later.

PROPOSITION 2.1. Let h:[0,00) — [0,00) be convex with h(0) = 0. Then

h(x+y) = h(x)+h(y)  forallx,y >0.

Proof. We first show that the function
h(x)

X —=
X

is nondecreasing on (0,0). Let 0 < s < ¢ and write
s=(1—A)+A-0 with A= 1—; € (0,1).
By the convexity of /& and the condition /(0) = 0, we obtain
h(s) = h((1—A)t + A -0) < (1= A)h(t) + Ah(0) = ;h(t).

Dividing by s > 0 yields
hls) _ o)
N t
which shows that %(x)/x is nondecreasing on (0,o).
Now fix x,y > 0 and set t = x+y. By the monotonicity of i(-)/(-), we have
h
W) W) ) )
x t y t

)

Multiplying the first inequality by x and the second by y, and then summing, we obtain

h(t
) +10) < " (e 3) = o) = +3).
The cases x =0 or y =0 follow immediately from #(0) = 0. Hence, # is superadditive
on [0,e). O
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REMARK 2.1. Several examples of functions / with these properties are pre-
sented below.

e For p > 1, the function
h(x)=x", x>0,

is supermultiplicative and superadditive.
e The function 4 : [0,1] — R defined by
h(x)=x>—x*+x

is supermultiplicative on the interval [0, 1]. Indeed, for all x,y € [0, 1], a direct
computation shows that

h(xy) = h(x)h(y) = xy(x+y)(1 = x)(1 =y) = 0,
which implies that A (xy) > h(x)h(y) for all x,y € [0,1].

These properties play an essential role in deriving inequalities for convex-like
functions and generalized means, particularly in our study of (.#Zy,h)-convex func-
tions.

REMARK 2.2. If h is a nonnegative function that is both supermultiplicative and
superadditive on [0,), then the following inequalities also hold.

)3

h(x—y) < h(x) — h(y).

Our first main result is the following theorem, which presents a new improvement
of the classical h-convexity inequality, which offers a more general framework for
deriving refined inequalities in this context.

1. Forall x,y >0,

2. Forall x>y >0,

THEOREM 2.1. Let f: 1 — R" be an h-convex function, with h a nonnegative,

superadditive, and supermultiplicative function. Let n be a positive integer and 1 €

[0, }Ifne{—' ﬂ} for some j=0,1,...,n— 1. Then for all x,y € I, we have
F((L=m)x+ny)

(e 2)
ctorv-en(oo- Y (-((-)b)

<Ah(1=n)f(x)+h(n

Moreover,
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(i) If n € [0,1], then
ria=memy+hen (n(5) v+ o0 -1(5))
+ h(n) (h (1 - %) £ +h (%) f(y%) _y (1 - %) x+ %y))
Sh(L=m)f(x)+h(n)f(y).
(i) If n € [1— L 1], then

ria=mrrmy+hea-m) (i(3) v+ -1(32))

en=m) (n(1-2) s +0(2) 7 (32) =r((1-5 )r+30))

<h(1=n)f(x)+h(n)f().

Proof. The following chain of equalities holds:
A= h(1=n)f(x)+hrn)f(y

+ (h(n) —h(nn—j)h(jj;—l> —h((j+ 1)—nn)h<£)>f(y)
+h(nn—j)f<<1 —%>x+ %y) +h((j+l)—nn)f<<1 —£>x+£y> :
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where the last inequality follows from the %-convexity of the function f.
For inequality (i), we employ the same technique, and we obtain

=h(1—n)f(x)+h(n)f(y)—h(2n) (hG) (f)+7() _f<¥)>

b2 o) A1)
= (k= m —nzn(3) ~nemn(1-2)) o
)
2

+ (-5 ) 10

+ (nem) —nemn( ) £ (2 ) f((1- 1) x+ L)

By applying the supermultiplicativity and superadditivity properties of the function #,
we obtain

B> h(1 —nn)f(X)Jrh(””)f((l _%)H%y)
> F((1—m)x+1ny),

where the last inequality follows from the %-convexity of the function f.
Inequality (ii) follows from the observation that if n € [1—1 1], then 1 —n €

[0,1]. Thus, by substituting 7 +— 1 —1, x — y, and y — x, the desired inequality is
obtained directly. [J

Next, we turn our attention to refined forms of the reverse h-convexity inequal-
ity. These refinements seek to reduce the gap between a convex combination and the
corresponding function value.

THEOREM 2.2. Let f:1— R" be an h-convex function, with h a nonnegative,
superadditive, and supermultiplicative function. Let n be a positive integer and 1 €

[0,1]. Ifn € [l il} forsome j=0,1,...,n—1, then

B= )0+ 1) < £ (1= s+ 7)
wntom—) (i1 )f P s0rr (e (1-251)5))
()= (o ( D rwen(L) sorer (L (1-2)))
1 x+y
()

Moreover,
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(i) If n € [07 %] and h is multiplicative, then
h(1=n)f(x)+h(n)f(y)
1 +
<st=mwn+aea-m) (n(5) vw+son -1 (32))

2 2 1 1
wom (1= s en (5 (557) = ((-3)r5)
(ii) If n € [ — ;7 ] and h is multiplicative, then

(=) 095 () )
<sa=mwrmyeaem (1(3) oo+ o - (57))

v oG (2) (D))

Proof. Utilizing the h-convexity of the function f, for n € {i i} (j=0,1,...,

n—1), we have

A= f((1=n)x+ny)
e —5) (1= 2 0 e m(E )00 (e (150

(4 1) —m) [h(l DY n(2) 7o)+ 7 (Lo (1- ;)y)}

—@f(%)—(h( M)+ )
= (h(nn — j)h (1—%)% ((j+1)—nn)h(1- ) f(x)
+ (h(nn — j)h (j+ >+h (+1)— h<n> () f

+ £ ((1=n)x+ny)+h(nn - J)f( +1x+<1 +1>>
1

en((+ D=y (Lo (1-2)y) - —=r(22).

2

h(s)

Applying the superadditivity and supermultiplicativity properties of &, we get
NSRS Jj+1
A (-t my) a0 — 7 (Dt (1-250),)
. Jj 1 x+y
en(G 1) =) (Lot (1= 2)y) - = (522)

h(z)"\ 2
> f((1—n)x+ny)+f(nx+(1—n)y) - h(l%)fC%)

20,
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where the last inequality follows from the %-convexity of f.
For the proof of inequality (i), we have

A= f((1=n)x+ny)+hr(2(1-n)) (h (%) (f(X)+f(y))_f<T)>

o030 s (2 (-]
(=) 00+ R () £)
= (1= )i ((1- 1)+ 2x)

= myn(3 ) ~na-m| s

= mya(3 ) = non = nomyn(1-2)| )

- e =my-nomn(2)| 1(552).

Thus, by using the multiplicativity and superadditivity of 4, we obtain
1 1
a2 h(1 =)+ nm) 7 ((1-2) -+ 2x)

+f((1—n)x4rny)—@f (3)

> F((L =)y 102) + F((1— M)+ 11y) - h(ll)f (’%)
2
>0,

For inequality (ii), note that if 7 € [1—21,1], then 1 —n € [0,1]. Hence, by substi-
tuting N — 1 —n, x+—y, and y — x, the inequality follows directly. [

REMARK 2.3.

(1) When n € [0, 1] U [1—1 1], where n is a positive integer, inequalities (i) and
(ii) provide sharper estimates than the second inequality in Theorem 1.3.

(2) For n =2, Theorem 2.2 coincides with the second inequality in Theorem 1.3.

3. New inequalities for (.#Zy,h)-convex functions

In this section, we extend the results obtained in the previous section to the setting

f (M, h)-convexity. To this end, we first need the following fundamental propo-

sition. It provides an important link between classical i-convexity and the notion of

(A, h)-convexity. This connection allows us to generalize earlier inequalities. The
proposition will serve as a key tool in the development of our main results.
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PROPOSITION 3.1. Let I C R be an interval and let ¥ : 1 — J :=¥(I) be con-
tinuous and strictly monotone (hence bijective onto J with inverse W~ : J —I). Let
h:[0,1] — [0,00) be a given function. For afunction f:I — R set g:= foW¥~!:J —R.
Then the following are equivalent:

1. fis (My,h)-convexon I, i.e.,

fltty(M,x,)) <A (L =1)f () +h(N)f(y),  Vxyel, nel01],

where
My(0,%,y) =Y ((1-n)¥(E) + 0P ).

2. g is h-convex on J in the sense

g((1=mu+nv)<h(1-m)g(u)+h(n)g(v), Vuyvel nelol]

Proof. (1) = (2): Assume f is (A p,h)-convex on I. Take arbitrary u,v € J
and put x = W~ (u), y =¥ ! (v), which lie in 1. By the definition of .Zy,

My(n,x,y) =¥ H(1=1)P@) +nP) =¥ ((1-nut+ny).
Using (.#y,h)-convexity of f and g = fo¥~!, we obtain

g((L=mu+nv) = f(Ae(n,x,y)) <h(L—=n)f(x)+h1N)f(y)
=h(1=m)g(w)+h(mn)g(v),

so g satisfies the stated /-convexity on J.
(2) = (1): Conversely, assume g satisfies g((1 —n)u+nv) < h(l —n)g(u)+
h(n)g(v) on J. Forany x,y € I and n € [0,1], set u ="¥(x) and v ="¥(y). Then

g((L=n)u+nv) <h(1—n)g(u)+h(n)g(v).

Since g = foW~!, this becomes

AP +0P))) <AL= fE)+hM)f(),
ie.
ftte(n,2,y)) <h(L=m)f(x) +h(M) (),
so fis (Aw,h)-convexon I. [
By combining the Proposition 3.1 with Theorem 2.1, we obtain the following re-

finement of the notion of (.#y,h)-convexity.

THEOREM 3.1. Let f: 1 — RT be an (.#y,h)-convex function, with h a non-
negative, superadditive, and supermultiplicative function. Let n be a positive integer
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n

and n € [0,1]. Then: If n € [% j—} forsome j=0,1,...,n—1. Then forall x,y €1,
we have

f(Ay(n,x,y))
(o2
+h((j+1)—nn) (h (1 - %) flx)+h G) o) _f<‘m ny)))

Sh(L=n)fx)+h(M)f(¥).

Moreover,

(i) If n € [0,1], then

f(Ay(n,x,y)) +h(2n) (h (%) (fx)+ () — f(//fw <l’x7y) ))

o) (1(1-2) 7 (2) (o (o)) 1t ()

Sh(1=n)f(x)+h(n)f().

(i) If n € [1—L,1], then

f(y(n,x.y)) <h< ) (y))_f<///‘l’ (%”)D
(s o) o)

In the next theorem, we present a reversed version of Theorem 2.2 within the
framework of (.#p,h)-convexity. This result provides an inequality in the opposite di-
rection and complements the previous theorem by extending the analysis. The reversed
formulation highlights additional properties of (.#y,h)-convex functions and is useful
for deriving alternative bounds and refinements.

By combining the preceding proposition with Theorem 2.2, we obtain the follow-
ing reverse form of (.#y,h)-convexity.

THEOREM 3.2. Let f:1— R" be a (My,h)-convex function, with h a nonneg-
ative, superadditive, and supermultiplicative function. Let n be a positive integer and
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J Jtl .
nel01.Ifne i L= forsome j=0,1,...,n—1, then

h(1=mn) f(x)+h(n) f(¥)

))
)sor+ (e L))

< (w0 x.9)) 4 homm — ) (h(l 250
+h<¥>f(y)+f<///\y<l—j:17x, )
+h((+1)—nn) (h(l - %) ) +h

y

J

1 1 <n
“iy (e (32))

Moreover,

(i) If n e [0, l] and h is multiplicative, then

n

=) £+ () )
< statenx)) +ha(t = m) ({3 ) 0+ 500 s (3.0 ))

s (os-2)1012G) () (1)

(ii) If n € [l — %7 l] and h is multiplicative, then
h(1=n) f(x)+h(n)f(y)
< sttenx))hem) ({5 )0+ 700) = (509 ) )

- (o203 son(1) (1)

4. Further inequalities derived from weak submajorization

Weak submajorization is a fundamental concept in the study of vector inequalities,
capturing a notion of one vector being “less spread out” than another. One of the key
tools in applying weak submajorization is its interaction with convex functions. The
following lemma is a classical result illustrating this relationship:

LEMMA 4.1. ([13, pp. 13]) Let Z"=(21,2%,....Zn) and % = (2, %4,..., %)
be vectors in R", and let J C R be an interval containing all entries of 2 and ¥ .
Denote by X+ and %' the vectors obtained by rearranging the components of %
and % in non-increasing order, respectively.
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We say that X is weakly submajorized by %, denoted X" <,, %, if

Y ot<

i=1 I

Z?/il, forallk=1,2,....n

M»

1

If <% and Q:J — R is continuous, non-decreasing, and convex, then

éﬂ(%) < éa(%)

This inequality provides a powerful method to derive bounds in various settings,
particularly in the study of numerical radius inequalities, operator theory, and func-
tional analysis. By leveraging weak submajorization, one can systematically relate the
behavior of a vector under convex transformations to the ordering of its components,
yielding sharp and widely applicable inequalities.

LEMMA 4.2. Let f:1— R be a h-convex function, with h a nonnegative, su-
peradditive, and supermultiplicative function. Let 2" = (%1, Z2) and % = (#1,%5) €
R? be vectors with components given by

21 = f((1=n)x+ny),
P =h(1=n)fx)+h(N)f(),

2= 1) (1= ) 700 +1(3) £0)),
(1 D)t 1),
where n is a positive integer and 1 € [0,1] and x,y € I. Let
J =max{ 21,23} and Jp=min{2], 23}

If ¥ = (J,06), then we have
H =<y Y,

that is,
I <IN D, PP, and G+ <Y+ D,
Proof. We start by verifying the first inequality. Indeed,

94— 25 = h( = )£ () + ()£ 0) — ko) (1) 700+ () £0)

= (10— my =1~ ) ) )+ ()~ nGam) (1) ) 70)

— h(1—nm) ()
> 0.
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which implies 27 > 2, . Since 2, > %5, we also have %] > %, . Using these obser-
vations and the /-convexity of f, it follows that

I S <P, Yh<Y

The inequality J#| + % < %) + %5 is an immediate consequence of Theorem 2.1 by
setting j = 0 and using the positivity of the second refined term. [

LEMMA 4.3. Let f:1— R" be an h-convex function, with h a nonnegative, su-
peradditive, and supermultiplicative function. and let n be a positive integer. Suppose
ne [O, }%] . Then for all x,y € I, we have

h(1=n)f(x) +h(n)f(y)

(0= mm )+ s (W) 0 (000
2

(12 ) (55))
Proof. We have
C=f((1=m)x+ny) — (h(1 =n)f(x)+hrn)f())

ot (e ()
2

A1) ()

= f((L=n)xtny)+ |-

h(3)
1—(n—1)n
+ —MnH%]f(w
h % X
+ ;f(%))f((l - %)” %"> - héﬂ(%)'

Thus, by exploiting the nonnegativity, supermultiplicativity, and superadditivity of the
function 4, we obtain

C > f((1=mp+ny) +h(1 = nm)f(3) + hnm)f (1~ %)y—f— %x) - @f(%)

> F((=m)x+ny) + f(nx+(1—n)y) — h(t)“’%)
2
>0,

where the last inequality follows from the %-convexity of the function f. [J
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LEMMA 4.4. Let f:1— R" be a h-convex function, with h a nonnegative, su-
peradditive, and supermultiplicative function. let 2" = (21, 25) and % = (9,%5) €
R? be vectors defined by

1= (1520 () ()1 2o )
2

(L=n) f(x)+h(n) f(y),
% = f((1=n)x+ny).

where 1 € [07%] and x,y € 1. Let
H =max{ 21, 2>} and 5 =min{ 2\, 2>}

If ¥ = (,), then
AR

that is,
I <IN <P, D<A, and I+ <N+ D

Proof. By the h-convexity of f, we obtain

N—2
_ @ (h(l_Tn)f(x) +h<w>f(y) () A((1- %)H %))
—h(1=n)f(x) =h(M)f()

> (1= m)£O) + ) (1= )+ 1)
>0

Hence, %1 > Z5. Since 2, > %, it follows that %) > %, . For % > 21, we apply
the classical Jensen’s inequality, as recalled in the next remark.
The second inequality follows immediately from the Lemma 4.3. [

REMARK 4.1. By applying the classical Jensen’s inequality for three variables to
an h-convex function with a supermultiplicative function 4 (see Theorem 19 of [19]),
we deduce that 2] > 2 . Hence, Lemma 4.3 can be viewed as another reversed version
of the /-convex inequality.

Next, we discuss the situations when 17 € [0,2] U [1—1 1] and n is a positive

n
integer, based on Theorem 2.1 and Lemma 4.4.
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THEOREM 4.1. Let f:1 — R" be a h-convex function, with h a nonnegative,
superadditive, and supermultiplicative function. Let Q :J — R be continuous and
increasing, and let n be a positive integer. Suppose N € [O, }%] U [1 — }%, 1] . Then for
all x,y € I, we have

(i) If n € [0,1], then

@ (nom) (1 (1= 2 ) 70+ (3 ) 700 ) ) = (omr ( (1= 1)t 1))

< QR =n)f &) +hM)f(y) - Q(F((1=n)x+ny))

S Q<h(1%) (h L) () 1) o n)f((1—%>w—%x>>>
!

< Q)+ 1)) -l + (1)
( (30 ("+ )
)

Proof. Consider the vectors % = (#1,%5) and ¥ = (J#],%) as defined in
Lemma 4.2. According to the same lemma, we have % <,, %".
By applying Lemma 4.1, it follows that

Q%) + Q%) > Q) +Q(H2),
which implies
Q) = Q(H1) + Q(H) — Q(%).
A similar argument holds for the reverse inequality.
The second inequality follows from the fact that if 1 € [1—1,1], then 1 -7 €
[0,1]. Hence, by replacing 17,x and y with 1 -1,y and x, the desired inequality
follows directly. [

By combining the Poroposition 3.1 with Theorem 4.1, we obtain the following
refinement of the notion of (.Zy,h)-convexity.
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THEOREM 4.2. Let f:1— R" be a (My,h)-convex function, with h a nonneg-
ative, superadditive, and supermultiplicative function. let Q :J — R be continuous and

increasing, and let n be a positive integer. Suppose N € [O, }%] U [1 — }%, 1] . Then for
all x,y € I, we have

(i) If n € [0, 1], then

(e ara (1) s ()

Q{1 =) f() +h(M)f )~ Q(F (A(1 ~1.5.)))
( ( LY p) (A1)

+h<%>f<m<l—;,x,y>>))
o (ha) )

1
2

(ii) If n € [L—L1], then

S I R A e )

< Q(h(M)f(y)+h(1—n)f(x) = Q(f(Ap(n,y,x)))
< Q(ﬁ(h(gwy)+h(n+(n—l)(l—n)>f(x)
2

( 2
) (15) )

2
_Q<¢
h(

-1)
i ((5)) )

Taking Q(x) = x* with A > 1, we derive an alternative form of Theorem 1.2,
which yields both an improved inequality and a reverse counterpart of the /-convexity
inequality, thereby further extending and enriching the classical /-convexity frame-
work.

THEOREM 4.3. Let f:1— R" be a (My,h)-convex function, with h a nonneg-
ative, superadditive, and supermultzplzcatlve function. Let n be a positive integer, and
let A > 1. Suppose 1 € [0, %] U [ — = ] Then for all x,y € I, we have:
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(i) If n € [0,1], then

i (1= (2)0)) = (sm e (o))

< (h(=m)re) +h(n>f(y>)l (a1~ "’XJ)))A

< (s 52005 ) 0 () (- o))

A

2
A
(i (3a))
(i) If n € [1—L1], then

oo s () s (1))

< (m)f () +h(1— n)f(x))l - (f(///ﬂ’%wc)))l

A
< (R Oy (P 0 () (te(1)))

(igrta(ia))

L
2

By setting Q(x) = exp(x), one derives both a strengthened and a reverse version
of the logarithmic (.#y,h)-convexity.

COROLLARY 4.1. Let f:1— (0,40c0) be a (A yp,h) log-convex function, with h
a nonnegative, superadditive, and supermultiplicative function, and let n be a positive
integer. Suppose N € [O, }%] U [1 — }%7 l]. Then for all x,y € I, we have:

(i) If n € [0,1], then

f(x)h(nn)h(lfi)f(y) (nm)h( f(j/\l,< ))h("”)
< )M F )M — (b (1 - 7,x,))
< P ) (1 )"

o) /h(3)
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(i) If n € [1— L 1], then

B B w1 (L) 1 h(n(1-m))
yh(n(l m))h(1 n)f(x)h( (1=m))h(3) f(///q,( 7y7x>>

SO fOe)" M — f( (1, y,%)
)2 (4= DA-MV2H2) £ gt (1, y) YO/

— f(bp(1/2,x,)) /2,

=

5. Applications to 7-measurable operators

In this section, we apply the concept of (.#y,h)-convexity to the setting of
T-measurable operators affiliated with a finite von Neumann algebra. By leveraging the
refined Jensen-type inequalities established earlier, we derive new norm inequalities for
these operators, encompassing expansive and contractive cases. These results provide
a natural extension of classical operator inequalities and highlight the effectiveness of
the (.#y,h)-convexity framework in operator theory.

We denote by #(#) the C*-algebra consisting of all bounded linear operators
on a separable complex Hilbert space 7. The symbol . will always refer to the
identity operator in B(.5).

Throughout this article, we work with a finite von Neumann algebra ¥ C B(57).
Concretely, ¥ is a unital x-subalgebra of () that is closed in the weak operator
topology. Standard references on von Neumann algebras include [2, 3, 16, 18].

A trace on ¥ is a mapping

T: ¥ — 0,0,

where

={7e¥:T >0},
satisfying additivity, positive homogeneity, and invariance under unitary conjugation:
(7)) =t(U*TU),

forall 7 € ¥* and every unitary U € ¥ .
Atrace T: ¥ — [0,e0] is said to be:

1. faithful,if ©(7) =0 implies 7 =0 forevery 7 € ¥ ;

2. semi-finite, if whenever 7(.7) > 0 for some .7 € ¥ T, there exists 0 < .¥ < T
with 0 < 7(.) < oo}

3. normal, if for every increasing net (%)ie; in ¥ with Z; 1 .7, one has ©(.7;) |
(7);

4. finite, if T(I) <
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An operator .7 € A() is said to be daffiliated with ¥ if U*.7U = .7 for all
unitaries U belonging to the commutant ¥”. A 7-measurable operator is an affiliated
operator .7 such that for some y >0,

T(P(ute0) (| 7)) < oo,

where | 7| = (7*7)"/? and P(u.+)(|-7|) denotes the spectral projection of |.7| cor-
responding to the interval (,+o0) (see [3, 16, 18]).

For 0 < p < oo, the noncommutative L, -space associated with (7', 7) is defined
as

L,(7;7) = {7 7-measurable and affiliated with ¥ :n,(.7) = (T(|§\p))1/p < oo}

For 1 < p < oo, the space (L,(7;7),n,) is a Banach space [16]. In the particular

case ¥ = PB(°) with the usual trace, these spaces coincide with the Schatten classes

€, () (see [3]). Further information and applications can be found in [3, 16, 18].
The Fuglede-Kadison determinant of .7 € ¥ is given by [5]:

expt(log|.7)|), if | 7| is invertible,
D.(T)=
infe~0@¢ (|| +€l), otherwise.

The determinant ®; satisfies several classical properties (see [5, 6]):
(i) D(AT) =|A]|D(T) forall scalars A € R;

(i) D(TS)=D(T)D() and D(T) =D(T*) =D(|.7]) forall
T, eV,

(iii)) D(T+5)2D(T)+D() forall 7,5 € ¥+,
(iv) D:(|7|*) = (D<(|.7]))" forevery 7 € ¥ and o € R*;
V) De(F) = 1.

For additional details regarding ®; and related results, see [5, 6, 18].

In what follows, (7#',t) will denote such a finite von Neumann algebra with
trace, and || - || a symmetric (unitarily invariant) norm on L;(%’;7), normalized so that
||.Z|| = 1. This framework provides the natural setting to extend scalar convexity-type
inequalities to the operator case.

Before stating the next lemma, we recall the following standard definitions. An
operator .7 € ¥ is said to be contractive if

0< 7 <1,

and expansive if
T =1,

where I denotes the identity operatorin 7.
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LEMMA 5.1. Let T, € ¥ " be expansive operators and let 2 € L\ (V;T) be

arbitrary. Then the function
fl)= Hﬁ’%ﬂ’”

is increasing on (0, +eo).

Proof. We begin with the contractive case, which is used as a building block.

Contractive case. Assume first that 0 < 7,.¥ < ¥ (i.e. 7, are contractive). For
every 2" € L1(¥;1), the submultiplicativity of a unitarily invariant norm || - || gives

|7 22| <1712
Since || 7| < ||Z|| =1 and ||| < 1, we obtain
|72 7] <121

Now suppose 7 ,.7 are expansive, i.e. 7, > 4. Let 0<n < u. Then
n —u < 0. We claim that

TN HL I and STHLS.

To justify this, use the continuous functional calculus (spectral theorem) for the
positive operator .7 . Since .7 > . , its spectrum satisfies 0(.7) C [1,0). The scalar
function 7 — ¢""* is nonincreasing on (0,o) whenever 11 — u < 0, and for every
t € [1,00) we have tT* < 1. Applying the functional calculus to .7 yields

o(IZTH)={A"TH L ea(T)}C(0,1],

hence J17* < .#. The same argument applies to .# . (Note in particular that .J > .%
implies .7 is bounded below by 1, so all real powers used here are well-defined via
functional calculus.)

Apply the contractive-case inequality to the operator

gn—u (guggyu) n—u

Since M H L . and 1 H < .7, the same submultiplicativity argument as above
gives
|71 2 7] = || 714 (70 27 50) 215

<) 2 ).
Thus f(n) < f(u) whenever 0 < 11 < i, proving that f is increasing on (0,00). [

PROPOSITION 5.1. Let 7,7 € V" be expansive operators andlet 2" € Ly (V7).
Suppose that h is a nonnegative, superadditive, and supermultiplicative function satis-
Sfyving h(t) >t forall t > 0. Then the function

[y =727

is (My,h) log-convex on (0,4o0), where ¥ is an increasing concave function.
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Proof. Since ¥ is increasing and concave, we have

AMy(N,11,12) < (1 =)t + 112
Thus, by Lemma 5.1,
Pt ) < |70 g b
S0 (1)
£ (1) 1 1),

where the second inequality follows from the log-convexity of f, and the last from the
fact that #(x) > x on [0,1]. O

) <
<
<

COROLLARY 5.1. If T is expansive and . is contractive, suppose that h is a
nonnegative, superadditive, and supermultiplicative function satisfying h(t) >t for all
t 2 0. Then the function

1) =7 x|

is (Ay,h) log-convex on (0,+e0), where W is an increasing concave function.

Proof. Notice that if .7 is contractive, then .% ! is expansive. Therefore, apply-
ing Proposition 5.1 with 2" replaced by 2. and .# replaced by .#~!, we obtain
the result. [J

By applying the preceding proposition together with Corollary 4.1, we obtain the
following results. We establish refined norm inequalities for T-measurable operators
within the framework of /-log-convex functions. These inequalities generalize clas-
sical operator results by involving expansive operators and unitarily invariant norms.
The forthcoming proposition provides explicit bounds in terms of the parameter 1 and
a positive integer n, which are essential for studying operator means and related func-
tional inequalities in von Neumann algebras.

PROPOSITION 5.2. Let 7, € V" be expansive operators andlet 2" € Li(V';7)
be arbitrary. Suppose that h is a nonnegative, superadditive, and supermultiplicative
Sunction satisfying h(t) >t for all t > 0. Then for any positive integer n and for
ne [0, %] U [1 — %7 l] , the following inequalities hold for all increasing concave func-
tion .

(i) If n € [0,1], then

l

||<7xgby’yx“h("rl)h(l—‘ Hh("rl a) ||:7///~y xy)gbry///\y X,Y) H (nn)
< H9X£~yx’|h(l_n)||gyg{’yy“h(n) _ ||g/{xy lfn,x,y)gbry,/%\y(lfn,x,y)H
M) /m(4)

< Hﬂ%g{y*”h(l%ﬂ)/h(%)Hﬁy,%”jﬂy (=
> Hy,/{xy(lfé,x,y)%’y.ﬁxy(lf%, ) H Tn /h(%)

_ ||:7=///q;(%,x,y)<%/'y///q; Xy) Hl/h %
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(ii) If n € [1—1.1], then
Hgyggyynh(n(l—n))h(l—%) gbyyxnh(n(l—n))h(%)
|| 7 G) g e oo |1
< ’|yy£yy||h(n)ny%yxnh(l—n) - ||yl///q;(n,y,x)c%/'yl///q;(n,y,x)H

< |72 27 DD | g T
05 /m(h)

% Hy/ﬁy Ly y=///w(%=X=Y)|‘h(

— || 7 h) g ot (o) | VHD), (2)

By applying Corollary 5.1, we specialize the previous results to the case of an
expansive operator and a contractive operator. Using (.#y,h)-convexity, we derive
refined norm inequalities for bounded operators on a Hilbert space. The following
corollary provides explicit bounds in terms of the parameter 11 and a positive integer
n.

COROLLARY 5.2. Let 7,7 € VT with 7 expansive and . contractive, and
let X € Li(V;1). Suppose that h is a nonnegative, superadditive, and supermul-
tiplicative function satisfying h(t) >t for all t > 0. For a positive integer n and
ne [O, %] U [ — %, l] . The following inequalities hold for all increasing concave func-
tion V.

(i) If n € [0, l], then
| 75K 1| )| 7 1 M) |- .=
< ngxyl XH (1-m) Hgyxyl yH _Hg///wl nxy) y oo l—y(1- mx,y)H

) /n(d)

< 7 o
1

« Hy./%\y(lfé,x,y)xy17./%\*:(17%,)6,)1)| A1) /h(3)

(ii) If n € [1—1.1], then
HgyXyl—th("(l—n))h(l_ﬁl) |ngy1—x||h(n(1—n))h(%)
_ Hg{///q,(%,y,x)xy1—/@(%”)Hh(n(l—n))

< Hgyxyl—ynh(n) Hﬂ"Xyl_XHh(l_n) o ||yu/f\y(n,y,x)xyl—u/fxy(n,y,x)H
< HﬂyXyl_th(n/z)/h(l/z) Hgxxyl—xnh((n+(n—1)(1—n))/2)/h(1/2)

~ Hg My (1/n,xy) 5/1 My (1/n,x,y) H n(1-n)/2)/n(1/2)

_ Hy///\p z,x,y) yl My ( 2,x,y ||1/h 1/2).
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REMARK 5.1. By selecting suitable (.#y,h)-convex functions and applying the
refinements developed in this work, we not only improve some well-known inequalities
involving means but also demonstrate the power of this framework in both classical
and operator settings. In particular, the extension to T-measurable operators opens
new avenues for studying operator means and functional inequalities in von Neumann
algebras, suggesting that further exploration of generalized convexity notions may yield
even sharper bounds and broader applications.

6. Conclusion

In this paper, we have developed a systematic refinement framework for Jensen-
type inequalities within the broad class of (.#y,h)-convex functions. By combining
partition techniques with the structural properties of superadditive and supermultiplica-
tive control functions, we obtained a unified family of direct and reverse inequalities
that strictly improve many classical results. Our approach not only recovers known
inequalities for /-convexity and (p,h)-convexity as special cases, but also introduces
new intermediate correction terms leading to sharper and more flexible bounds.

A key feature of our analysis is the interplay between (.Zy,h)-convexity and
weak submajorization. This connection allowed us to derive refined inequalities in vec-
tor and functional settings and provides a natural tool for transferring scalar convexity
refinements to more general frameworks.

Moreover, we extended our results to the setting of 7-measurable operators affil-
iated with finite von Neumann algebras. The resulting norm inequalities demonstrate
that the proposed convexity framework is well suited for operator-theoretic applica-
tions and yields new estimates for expansive and contractive operators under unitarily
invariant norms.

The results presented in this work unify and extend a variety of inequalities scat-
tered throughout the literature and suggest several directions for future research. Possi-
ble developments include applications to numerical radius inequalities, matrix and op-
erator means, semi-Hilbert space operators, and fractional powers of operators, as well
as the investigation of optimal constants within the (.#y,h)-convexity framework.
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