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KANTOROVICH–TYPE GENERALIZATION OF

CONFLUENT JAKIMOVSKI–LEVIATAN OPERATORS

KADIR KANAT ∗ , MELEK SOFYALIOĞLU AKSOY AND SELIN ERDAL

(Communicated by M. Krnić)

Abstract. This paper studies the approximation features of the Kantorovich-type generalization
of Jakimovski-Leviatan operators, which includes confluent Appell polynomials. By combining
the integral structure of Kantorovich operators with the flexibility of Appell polynomials, we aim
to provide a robust framework adaptable to various linear positive operators in applied mathe-
matics. Furthermore, the confluent Kantorovich operators’ rate of convergence is determined
through the use of Peetre’s K -functional and the modulus of continuity. Next, we demonstrate
that the newly built operators lessen confluent Bernoulli polynomials and confluent Hermite
polynomials, respectively, under specific choices of A() . In conclusion, we offer a graphic
comparison between the recently created operators and the Jakimovski-Leviatan operators of
Kantorovich type.

1. Introduction

An Appell set [1] fulfills the following requirements as a polynomial set:
Following

A() =



=0




 !
, (A(0) �= 0) ,

an official power series serves as the deciding function that allows us to have

A()e =



=0

P ()


 !
. (1)

The series in (1) is assumed to converge in | | < r for some r > 0. The P
′
 ( ) =

P−1 () recurrence formulas are another way to represent the Appell polynomials,
where  = 1,2, . . . .

THEOREM 1. Take into consideration the polynomial sequence
{

P(c,d)
 ()

}
�0

,

with d /∈ {. . . ,−1,0} . Consequently, the ensuing statements are interchangeable.
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i)
{

P(c,d)
 ()

}
�0

is a confluent sequence of Appell polynomials.

ii)
{

P(c,d)
 ()

}
�0

’s generating function is granted by




=0

P(c,d)
 ()



 !
= A()1F1 (c;d;) , (2)

where
{

}

is irrelevant to  with 0 �= 0 , A() has a power series extension

A() =



=0




 !
, (3)

and is an analytical function, and

1F1 (c;d;) =



m=0

(c)m

(d)m

()m

m!
(4)

is a confluent hypergeometric function. Assuming d /∈{. . . ,−1,0} [14], this func-
tion converges for all finite  .

The Pocchammer symbol [14] is defined by{
(c)m = c(c+1) . . . (c+m−1); m � 1

(c)0 = 1; 1.

Jakimovski and Leviatan [6] construct the operators as

J ( ;) =
e−

A(1)




=0

P ()
(



)
.

We also recommend to the readers to examine the articles about linear positive operators
[2–4, 7, 11–13, 15].

Kantorovich type Jakimovski-Leviatan operators are given in [9]

T ( ;) =
e−

A(1)




=0

P, ()
∫ +1






 ()d ,  ∈ [0,),  ∈ N.

Lately, Özarslan and Çekim [10] determine confluent Jakimovski-Leviatan operators as

L ( ;) =
1

A(1)1F1 (c;d;)




=0

P(c,d)
 ()

 !

(



)
, d > c > 0

 � 0 and  ∈ N . Additionally, these operators should meet the following require-
ments:
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i. A(1) �= 0 and for  = 0,1, . . . ,


A(1) � 0

ii. the series converges for | | < r (r > 1) at (2) and (3).

Now, we define the Kantorovich-type generalization of confluent Jakimovski-Leviatan
operators

K ( ;) =


A(1)1F1 (c;d;)




=0

P(c,d)
 ()

 !

∫ +1





 ()d , d > c > 0

P(c,d)
 is given in (2), and  ∈ N ,  � 0.

2. Approximation properties

In this section, including confluent Appell polynomials, we provide moments and
central moments for our operator.

LEMMA 1. For every  ∈ [0,) , we get

K (1;) = 1,

K ( ;) =
(c)1

(d)1

1F1 (c+1;d+1;)
1F1 (c;d;)

 +
A′ (1)
A(1)

+
1

2
,

K
(
2;

)
=

(c)2

(d)2

1F1 (c+2;d+2;)
1F1 (c;d;)

2

+
(c)1

(d)1

(
2A′ (1)
A(1)

+
1


)
1F1 (c+1;d+1;)

1F1 (c;d;)


+
A′′ (1)+A′ (1)

2A(1)
+

1
32 .

Proof. Using the proof as described in (2)




=0

P(c,d)
 ()

 !
= A(1)1F1 (c;d;) ,




=0

P(c,d)
+1 ()

 !
= A′ (1)1F1 (c;d;)+

(c)1

(d)1
A(1)1F1 (c+1;d+1;) ,




=0

P(c,d)
+2 ()

 !
= A′′ (1)1F1 (c;d;)+A′ (1)1F1 (c;d;)

+2
(c)1

(d)1
A′ (1)1F1 (c+1;d+1;)

+
(c)2

(d)2
()2 A(1)1F1 (c+2;d+2;)
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is one technique to demonstrate the proof. The required outcomes are obtained by
employing these equalities in the operator. �

THEOREM 2. For  ∈C[0,) ,

lim
→

K ( ;) =  ()

consistently converges in each small subset of [0,) .

Proof. Through (4) and Lemma 1, we get

lim
→

K (et ;) = et () ,

where et() =  t for t = 0,1,2. Thus, the proof is completed using the well-known
Korovkin theorem [8]. �

LEMMA 2. The following are the first and second central moments for K :

K (− ;) =
(

(c)1

(d)1

1F1 (c+1;d+1;)
1F1 (c;d;)

−1

)
 +

A′ (1)
A(1)

+
1

2
,

K
(
(−)2 ;

)
=
(

(c)2

(d)2

1F1 (c+2;d+2;)
1F1 (c;d;)

−2
(c)1

(d)1

1F1 (c+1;d+1;)
1F1 (c;d;)

+1

)
2

+
(

(c)1

(d)1

(
2A′ (1)
A(1)

+
1


)
1F1 (c+1;d+1;)

1F1 (c;d;)
−2A′ (1)
A(1)

− 1


)


+
A′′ (1)+A′ (1)

2A(1)
+

1
32 .

Proof. From Lemma 1 and the linearity of the operator

K (− ;) = K (e1;)−K (e0;) ,

K

(
(−)2 ;

)
= K (e2;)−2K (e1;)+2K (e0;) .

The proof is finished by applying these equalities. �

3. Rate of convergence

The following gives the modulus of continuity:

 ( , ) := sup
∈[0,)

sup
|− |�

| ()−  ()| ,

where  > 0 and  ∈ C[0,) . It results from the modulus of continuity’s property
listed below

| ()−  ()| �
(

1+
|− |



)
 ( , ) .
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THEOREM 3. For every  ∈C[0,) and  ∈ [0,) ,∣∣K ( ;)−  ()
∣∣� 2 ( ,) ,

where

 () =
{(

(c)2

(d)2

1F1 (c+2;d+2;)
1F1 (c;d;)

−2
(c)1

(d)1

1F1 (c+1;d+1;)
1F1 (c;d;)

+1

)
2

+
(

(c)1

(d)1

(
2A′ (1)
A(1)

+
1


)
1F1 (c+1;d+1;)

1F1 (c;d;)
− 2A′ (1)
A(1)

− 1


)


+
A′′ (1)+A′ (1)

2A(1)
+

1
32

} 1
2

. (5)

Proof. From Lemma 2 and using the operators K ’s linearity and, we get∣∣K ( ;)−  ()
∣∣

� 
A(1)1F1 (c;d;)




=0

P(c,d)
 ()

 !

∫ +1





| ()−  ()|d

� 
A(1)1F1 (c;d;)




=0

P(c,d)
 ()

 !

∫ +1





(
1+

|− |


)
 ( , )d

�

⎧⎨
⎩1+


A(1)1F1 (c;d;)

1





=0

P(c,d)
 ()

 !

∫ +1





|− |d
⎫⎬
⎭ ( , ) . (6)

By using the Cauchy-Schwarz inequality, the integral is as follows

∫ +1





|− |d � 1√

(∫ +1





|− |2 d

) 1
2

,

which gives




=0

P(c,d)
 ()

 !

∫ +1





|− |d � 1√





=0

P(c,d)
 ()

 !

(∫ +1





|− |2 d

) 1
2

.

By looking at the Cauchy-Schwarz difference in summing, one can quickly




=0

P(c,d)
 ()

 !

∫ +1





|− |d

�
√

A(1)1F1 (c;d;)√

(
A(1)1F1 (c;d;)


K

(
(−)2 ;

)) 1
2

=
A(1)1F1 (c;d;)



(
K

(
(−)2 ;

)) 1
2

=
A(1)1F1 (c;d;)


( ())

1
2
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where  () is denoted by (5).

∣∣K ( ;)−  ()
∣∣�{ 1


( ())

1
2 +1

}
 ( , )

can be acquired by taking this disparity in (6) into account. If we select  =
√
 () ,

we can get the intended outcome. �

LEMMA 3. For  ∈CB[0,) and  ∈ [0,) , we obtain∣∣K ( ;)
∣∣� ‖‖ .

Proof. For K , we get

∣∣K ( ;)
∣∣ =

∣∣∣∣∣∣


A(1)1F1 (c;d;)




=0

P(c,d)
 ()

 !

∫ +1





 ()d

∣∣∣∣∣∣
� 

A(1)1F1 (c;d;)




=0

P(c,d)
 ()

 !

∣∣∣∣∣
∫ +1






 ()d

∣∣∣∣∣
� 

A(1)1F1 (c;d;)




=0

P(c,d)
 ()

 !

∫ +1





| ()|d

� ‖‖K (1;)
� ‖‖ . �

The notation C2
B[0,) represents the space of functions  for which  ,  ′ , and

 ′′ are continuous on [0,) .

‖‖C2
B[0,) := ‖‖CB[0,) +

∥∥ ′∥∥
CB[0,) +

∥∥ ′′∥∥
CB[0,)

provides the norm on the space C2
B[0,) . Following is the definition of the classical

Peetre’s-K functional:

K ( , ) := inf
∈C2

B[0,)

{
‖ −‖CB[0,) + || ||C2

B[0,)

}

where  > 0.

THEOREM 4. Let  ∈CB[0,) and  ∈ [0,) . Next, we’ve for every  ∈ N ,∣∣K ( ;)−  ()
∣∣� 2K ( , ()) ,

where

 () =
(

A′′ (1)+A′ (1)(1+2)
22A(1)

+
1+3
62

)
.
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Proof. For a certain function  ∈ C2
B[0,) , we possess the following the Taylor

expansion

() = ()+ (−) ′()+
∫ 


(− s) ′′(s)ds. (7)

By applying K operator to the (7), we get

∣∣K ( ;)−()
∣∣ =

∣∣K
(
(−) ′();

)∣∣+ ∣∣∣∣K

(∫ 


(− s) ′′(s)ds;

)∣∣∣∣
� || ′||CB[0,)

∣∣K (− ;)
∣∣+|| ′′||CB[0,)

∣∣∣∣K

(∫ 


(−s)ds;

)∣∣∣∣
� || ′||CB[0,)

∣∣K (− ;)
∣∣+ 1

2
|| ′′||CB[0,)K

(
(−)2;

)
.

Thus, ∣∣K ( ;)−()
∣∣�  || ||C2

B[0,).

Lemma 3 and using the above inequality, we get∣∣K( ;)−  ()
∣∣ =

∣∣K( ;)−  ()+K( ;)−K( ;)+()−()
∣∣

� || − ||CB[0,)
∣∣K (1;)

∣∣+ || − ||CB[0,) +
∣∣K ( ;)−()

∣∣
� 2

(
|| − ||CB[0,) + || ||C2

B[0,)

)
� 2K ( ,) .

Consequently,
|K ( ;)−  ()|� 2K ( ,) . (8)

Thus the proof is completed. �
For  ∈CB[0,) , the second modulus of continuity is elucidated by

2 ( , ) = sup
0<�

‖ (.+2)−2 (.+ )+  (.)‖CB[0,) .

The connection between and Peetre’s-K functional is provided below:

K ( , ) � A
(
2

(
 ,

√

)

+min(1, )‖‖CB[0,)

)
, (9)

where the values of  and  from [5] have no effect on the constant A . From (8) and
(9),

|K ( ;)−  ()|� 2A

(
2

(
 ,
√

)

+min(1,)‖‖CB[0,)

)
.

4. Special cases

In this part, we define Kantorovich-Jakimovski-Leviatan operators including con-
fluent Bernoulli polynomials KB

 and Kantorovich-Jakimovski-Leviatan operators in-
cluding confluent Hermite polynomials KH

 by choosing A() = 
e−1 and A() =

e−
2
2 in (2), respectively.
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4.1. Approximation Properties for KB


Choosing A() = 
e−1 in (2) we get B

(c,d)
 . The confluent Bernoulli polynomials

have


e −11F1 (c;d;) =




=0

B
(c,d)
 ()



 !
, 0 <  <  , d /∈ {. . . ,−1,0}

as their generating function.
The Jakimovski-Leviatan-Kantorovichoperators including confluent Bernoulli poly-

nomials are presented as

KB
 ( ;) =

 (e−1)
1F1 (c;d;)




=0

B
(c,d)
 ()

 !

∫ +1





 ()d .

Here, we give some basic calculations for the convergence our operator.

LEMMA 4. For each  ∈ [0,) , we get the moments for KB
 as follows:

KB
 (1;) = 1,

KB
 ( ;) =

(c)1

(d)1

1F1 (c+1;d+1;)
1F1 (c;d;)

 +
e−3

2 (e−1)
,

KB

(
2;

)
=

(c)2

(d)2

1F1 (c+2;d+2;)
1F1 (c;d;)

2+
(c)1

(d)1

1F1 (c+1;d+1;)
1F1 (c;d;)

(
e−3

 (e−1)

)


+
6−2(e−1)2

32 (e−1)2
.

LEMMA 5. By Lemma 4 and for every  ∈ [0,) , the following equalities satisfy

KB
 (− ;) =

(
(c)1

(d)1

1F1 (c+1;d+1;)

1F1 (c;d;)
−1

)
 +

e−3
2 (e−1)

,

KB

(
(−)2 ;

)
=
(

(c)2

(d)2

1F1 (c+2;d+2;)
1F1 (c;d;)

−2
(c)1

(d)1

1F1 (c+1;d+1;)
1F1 (c;d;)

+1

)
2

+
(

e−3
 (e−1)

)(
(c)1

(d)1

1F1 (c+1;d+1;)
1F1 (c;d;)

−1

)
+

6−2(e−1)2

32 (e−1)2 .

THEOREM 5.  ∈C[0,) and for every  ∈ [0,) ,

∣∣∣KB
 ( ;)−  ()

∣∣∣� 2 ( , ) .
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Here,

 () =
(

(c)2

(d)2

1F1 (c+2;d+2;)

1F1 (c;d;)
−2

(c)1

(d)1

1F1 (c+1;d+1;)

1F1 (c;d;)
+1

)
2

+
(

e−3
 (e−1)

)(
(c)1

(d)1

1F1 (c+1;d+1;)
1F1 (c;d;)

−1

)


+
6−2(e−1)2

32 (e−1)2
. (10)

Proof. By using the operators KB
 linearity, we get∣∣∣KB

 ( ;)−  ()
∣∣∣

�  (e−1)
1F1 (c;d;)




=0

B
(c,d)
 ()

 !

∫ +1





| ()−  ()|d

�  (e−1)

1F1 (c;d;)




=0

B
(c,d)
 ()

 !

∫ +1





(
1+

|− |


)
 ( , )d

�

⎧⎨
⎩1+

 (e−1)
1F1 (c;d;)

1





=0

B
(c,d)
 ()

 !

∫ +1





|− |d
⎫⎬
⎭ ( , ) . (11)

It follows ∫ +1





|− |d � 1√

(∫ +1





|− |2 d

) 1
2

,

by using the Cauchy-Schwarz inequality for integration, which gives




=0

B
(c,d)
 ()

 !

∫ +1





|− |d � 1√





=0

B
(c,d)
 ()

 !

(∫ +1





|− |2 d

) 1
2

.

Considering Cauchy-Schwarz inequality for summation and from Lemma 5, one can
easily obtain




=0

B
(c,d)
 ()

 !

∫ +1





|− |d

�
√

1F1 (c;d;)√
 (e−1)

(
1F1 (c;d;)
 (e−1)

KB


(
(−)2 ;

)) 1
2

= 1F1 (c;d;)
 (e−1)

(
KB


(
(−)2 ;

)) 1
2

= 1F1 (c;d;)
 (e−1)

( ())
1
2
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where  () is provided by (10).

∣∣∣KB
 ( ;)−  ()

∣∣∣�{ 1


( ())
1
2 +1

}
 ( , )

can be attained by taking into account this inequality in (11). If we select  =
√
 () ,

we achieve the desired result. �

4.2. Approximation properties for KH


Selecting A() = e−
2
2 in (2), then we get H

(c,d)
 . The confluent Hermite poly-

nomials have

e−
2
2 1F1 (c;d;) =




=0

H
(c,d)
 ()



 !
, d /∈ {. . . ,−1,0}

as their generating function.
The Jakimovski-Leviatan-Kantorovichoperators including confluent Hermite poly-

nomials are presented as

KH
 ( ;) =

e
1
2

1F1 (c;d;)




=0

H
(c,d)
 ()

 !

∫ +1





 ()d .

Here, we give some basic calculations for the convergence our operator.

LEMMA 6. For  ∈ [0,) , we get the moments for KH
 as follows:

KH
 (1;) = 1,

KH
 ( ;) =

(c)1

(d)1

1F1 (c+1;d+1;)
1F1 (c;d;)

 − 1
2

,

KH

(
2;

)
=

(c)2

(d)2

1F1 (c+2;d+2;)
1F1 (c;d;)

2 − (c)1

(d)1

1F1 (c+1;d+1;)
1F1 (c;d;)

1

 − 2

32 .

LEMMA 7. By Lemma 6 and for every  ∈ [0,) , the following equalities satisfy

KH
 (− ;) =

(
(c)1

(d)1

1F1 (c+1;d+1;)
1F1 (c;d;)

−1

)
 − 1

2
,

KH

(
(−)2 ;

)
=
(

(c)2

(d)2

1F1 (c+2;d+2;)
1F1 (c;d;)

−2
(c)1

(d)1

1F1 (c+1;d+1;)
1F1 (c;d;)

+1

)
2

+
(
− (c)1

(d)1

1F1 (c+1;d+1;)
1F1 (c;d;)

1


+
1


)
 − 2

32 .



KANTOROVICH-TYPE OF CONFLUENT J-L OPERATORS 393

THEOREM 6.  ∈C[0,) and for every  ∈ [0,) ,∣∣∣KH
 ( ;)−  ()

∣∣∣� 2 ( , ) ,

where

 () =
(

(c)2

(d)2

1F1 (c+2;d+2;)
1F1 (c;d;)

−2
(c)1

(d)1

1F1 (c+1;d+1;)
1F1 (c;d;)

+1

)
2

+
(
− (c)1

(d)1

1F1 (c+1;d+1;)

1F1 (c;d;)
1


+
1


)
 − 2

32 . (12)

Proof. By using the operators KH
 linearity, we get∣∣∣KH

 ( ;)−  ()
∣∣∣

� e
1
2

1F1 (c;d;)




=0

H
(c,d)
 ()

 !

∫ +1





| ()−  ()|d

� e
1
2

1F1 (c;d;)




=0

H
(c,d)
 ()

 !

∫ +1





(
1+

|− |


)
 ( , )d

�

⎧⎨
⎩1+

e
1
2

1F1 (c;d;)
1





=0

H
(c,d)
 ()

 !

∫ +1





|− |d
⎫⎬
⎭ ( , ) . (13)

It follows ∫ +1





|− |d � 1√


(∫ +1





|− |2 d

) 1
2

.

By using the Cauchy-Schwarz inequality for integration, which gives




=0

H
(c,d)
 ()

 !

∫ +1





|− |d � 1√





=0

H
(c,d)
 ()

 !

(∫ +1





|− |2 d

) 1
2

.

Considering Cauchy-Schwarz inequality for summation and from Lemma 7, one can
easily obtain




=0

H
(c,d)
 ()

 !

∫ +1





|− |d

�
√

1F1 (c;d;)√
e

1
2

(
1F1 (c;d;)

e
1
2

KH


(
(−)2 ;

)) 1
2

= 1F1 (c;d;)

e
1
2

(
KH


(
(−)2 ;

)) 1
2

= 1F1 (c;d;)

e
1
2

( ())
1
2
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where  () is provided by (12).∣∣∣KH
 ( ;)−  ()

∣∣∣�{( ())
1
2

1


+1

}
 ( , )

can be attained by taking into account this inequality in (13). If we select  =
√
 () ,

we get the desired result. �

5. Graphical analysis

In this section, we analyze the approximation behavior of the newly defined con-
fluent Kantorovich operators K in comparison to the classical Kantorovich-type Jaki-
movski-Leviatan operators T . To evaluate the performance of these operators, we
consider test functions  .

0 1 2 3 4 5 6 7 8 9 10
0

0.2

0.4

0.6

0.8

1

1.2

K ( ; )

T ( ; )

( )=2 2e-

Figure 1: Illustration of approximation to  () = 22e− on [0.01,10] .

Afterward, we chart the convergence of the newly defined confluent Kantorovich
operators K and Jakimovski-Leviatan-Kantorovich operators T [9] to the function
 () = 22e− in Fig. 1 for A() = 1,  = 10, c = 1

3 and d = 2
3 on the interval

[0.01,10] . Further analysis is conducted for special cases involving confluent Bernoulli
and Hermite polynomials. In Figure 2, the approximation of confluent Kantorovich
operators involving confluent Bernoulli polynomials is shown for the function  () =
2

e3−1
with parameters  = 5, c = 0.001, and d = 0.01 on the interval [0.01,5] .

Similarly, Figure 3 illustrates the approximation for the function  () =2e−3/2

utilizing confluent Hermite polynomials under the parameters  = 5, c = 0.001, and
d = 0.01 on the interval [0.01,5] .

As demonstrated in the presented cases, the new operators K , KB
 and KH

 demon-
strate comparatively improved approximation behavior, tracking the original function
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Figure 2: Illustration of approximation to  () = 2

e3−1
on [0.01,5] .
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( )= 2e-
3
/2

Figure 3: Illustration of approximation to the function  () = 2e
−3

2 on [0.01,5] .

 with higher precision than the classical operators. Across these diverse functional
forms, the confluent Kantorovich operators maintain a high degree of fidelity, confirm-
ing their effectiveness as a robust tool for function approximation.
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6. Conclusion

In this paper, Kantorovich-type generalization of confluent Jakimovski-Leviatan
operators, denoted as K is constructed. The newly built operators K ’s central mo-
ments are attained. Furthermore, the rate of convergence is researched by using Peetre’s
K -functional and the modulus of continuity. The relationship between the newly con-

structed operators with B
(c,d)
 and H

(c,d)
 are provided, respectively. And lastly, the

convergence of the confluent Jakimovski-Leviatan-Kantorovich operators K and the
classical Jakimovski-Leviatan-Kantorovich operators T to the chosen functions are
provided as examples. Numerical examples are provided to illustrate the convergence
comparison.

Beyond theoretical interest, these operators hold significant practical implications
for numerical analysis, where they can refine quadrature formulas, and for signal and
image processing, where they can enhance reconstruction algorithms. By selecting spe-
cific polynomials like the confluent Hermite set, these operators can better model sig-
nals with rapid decay or specific oscillations, thereby improving denoising and smooth-
ing in applied computational frameworks. Future research may expand these operators
to bivariate cases for three-dimensional surface approximation or investigate q -calculus
analogues to provide even finer-grained control over approximation properties. Ulti-
mately, this work offers a robust and adaptable framework for the construction of di-
verse linear positive operators with polynomials, contributing significantly to the field
of approximation theory.
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