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SEVERAL RESULTS ON TWO NEW RELATIVE OPERATOR ENTROPIES

JIAN SHI ∗ , ZHAOYU WANG, CHENG WEI AND JIAHANG XU

(Communicated by Y. Seo)

Abstract. In this paper, we show several results on two new relative operator entropies, which
extend the recent results from S. Furuichi and Y. Seo.

1. Introduction

Throughout this paper, a capital letter, such as T , means an n× n matrix. We
denote T � 0 if T is a positive semidefinite matrix and T > 0 if T is positive definite,
respectively. For A > 0, B � 0, 0 �  � 1, F. Kubo and T. Ando, in [14], introduced
the  -power mean of A and B as follows,

A�B = A
1
2 (A− 1

2 BA− 1
2 )A

1
2 .

If A,B � 0, T. Ando and F. Hiai, in [2], introduced the following relationship,
which is called log-majorization, denoted by A �

(log)
B , if

k


i=1

i(A) �
k


i=1

i(B) (k = 1,2, · · · ,n−1)

and
n


i=1

i(A) =
n


i=1

i(B) (i.e. detA = detB)

hold, where 1(A) � 2(A) � · · · � n(A) and 1(B) � 2(B) � · · · � n(B) are the
eigenvalues of A and B respectively arranged in decreasing order. There are many
log-majorizations, see [3, 9, 10, 12] for details.

Recently, in [9] and [10], L. Gan, X. Liu and T.-Y. Tam obtained the following two
log-majorizations.

THEOREM 1.1. ([9], Log-majorization of Gan-Liu-Tam type) If A,B > 0 and
t ∈ [0,1] , we have

A�tB ≺
(log)

(A−1� 1
2
B)tA(A−1� 1

2
B)t .
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THEOREM 1.2. ([10], satellite form of Gan-Liu-Tam type log-majorization)
If A,B > 0 and t ∈ [0,1] , we have

A�tB ≺
(log)

B
t
2 A1−tB

t
2 ≺
(log)

(A−1� 1
2
B)tA(A−1� 1

2
B)t .

Very recently, in [17], J. Shi and Y. Dai obtained two new log-majorizations as
follows.

THEOREM 1.3. ([17], Log-majorization of Gan-Liu-Tam type) If A,B > 0 , then
the relation

A�tB ≺
(log)

(A−1�B)
t

2 A1−2t+ t
 (A−1�B)

t
2

holds for 0 <  � 1
2 < t � 1 .

THEOREM 1.4. ([17], Log-majorization of Gan-Liu-Tam type) If A,B > 0 , then
the relation

A(2−1)t(A�2tB)A(2−1)t ≺
(log)

(A−1�B)tA(A−1�B)t

holds for 1
2 �  � 1 , 0 � 2t � 1 .

In this paper, we extend above two log-majorizations and define two new relative
operator entropies, then we prove several results between these entropies and the new
relative operator entropies. Before that, we list some lemmas and definitions as follows.

LEMMA 1.5. ([11, 15], Löwner-Heinz inequality) If A � B � 0 , then

Ap � Bp

holds for all 0 � p � 1 .

LEMMA 1.6. ([13, 18, 20], Tanahashi inequality) If A � B � 0 and A > 0 , we
have

(Form I) A−t � (A− t
2 BpA− t

2 )
−t
p−t , for all 0 � p < t � 1 , p � 1

2 ;

(Form II) A2p−1−t � (A− t
2 BpA− t

2 )
2p−1−t

p−t , for all 1
2 � p < t � 1 .

LEMMA 1.7. ([7], Furuta inequality) If A � B � 0 , then

(ArBpAr)
1
q � A

p+2r
q

holds for r � 0 , p � 0 , q � 1 , (1+2r)q � p+2r.

LEMMA 1.8. ([8], Furuta lemma) If A > 0 and B is invertible, then

(BAB∗)s = BA
1
2 (A

1
2 B∗BA

1
2 )s−1A

1
2 B∗

holds for all s ∈ R .

LEMMA 1.9. Let f (A,B) and g(A,B) be positive operator-valued functions for
A,B > 0 satisfying the homogeneity f (aI,bI)= g(aI,bI) for a,b > 0 . Then ‖ f (A,B)‖�
‖g(A,B)‖ if and only if g(A,B) � I implies f (A,B) � I .
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DEFINITION 1.10. ([1], Tsallis relative entropy) For postive matrices A and B ,
the Tsallis relative entroy is defined by

Dt(A|B) = −Tr[A1−tBt −A]
t

(1.1)

for 0 < t � 1.

DEFINITION 1.11. ([19], Tsallis relative operator entropy) For postive matrices
A and B , the Tsallis relative operator entroy is defined by

Tt(A|B) =
A�tB−A

t
(1.2)

for 0 < t � 1.

For two relative entropies, we know the following relation:

Dt(A|B) � −Tr[Tt(A|B)] (1.3)

for t ∈ [−1,1] .

In fact, (1.3) is due to [4, 6, 16].

DEFINITION 1.12. ([5], Furuichi-Seo type operator entropy) For postive matrices
A and B , the Furuichi-Seo type operator entroy is defined by

T̃t(A|B) =
(A−1� 1

2
B)tA(A−1� 1

2
B)t −A

t
(1.4)

for 0 < t � 1.

Next, we define two new relative operator entropies which are inspired by S. Fu-
ruichi and Y. Seo in [5] as follow, and we will prove several results about them in next
two sections.

DEFINITION 1.13. ((, )-type relative operator entropy) For postive matrices
A and B , (, )-type relative operator entroy is defined by

T̃( , )(A|B) =
(A−1�B)A(A−1�B) −A

2(1−)
(1.5)

for 0 �  < 1, 0 < 2 � 1.

DEFINITION 1.14. ((,)-type relative operator entropy) For postive matrices
A and B , (,)-type relative operator entroy is defined by

T̂( ,)(A|B) =
(A−1�B)A1−4+2(A−1�B) −A

2
(1.6)

for 0 <  � 1, 0 < 2 � 1.
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2. Several results on (, )-type relative operator entropy

In this section, we will show several results on (, )-type relative operator en-
tropy. First, we show a log-majorization and a norm inequality.

THEOREM 2.1. If A,B > 0 , then

A(2−1) (A�2B)A(2−1) ≺
(log)

A
1+2(−1)

2 B2A
1+2(−1)

2 ≺
(log)

(A−1�B)A(A−1�B)

(2.1)
holds for 1

2 �  < 1 , 0 < 2 � 1 .

Proof. We first prove the left part of the log-majorization:

A(2−1) (A�2B)A(2−1) ≺
(log)

A
1+2(−1)

2 B2A
1+2(−1)

2 . (2.2)

First,

det(A(2−1) (A�2B)A(2−1)) = (detA)1+2(−1)(detB)2

= det(A
1+2(−1)

2 B2A
1+2(−1)

2 ).

Thus, by Lemma 1.9, we only need to prove that

A
1+2(−1)

2 B2A
1+2(−1)

2 � I (2.3)

ensures that

A(2−1) (A�2B)A(2−1) � I. (2.4)

Notice that (2.3) is equivalent to B2 � A−1−2(−1) and (2.4) is equivalent to

(A− 1
2 BA− 1

2 )2 � A−1−2(2−1) . (2.5)

Let A1 = A−1−2(−1) , B1 = B2 . Then we have B1 � A1.

Let r1 = 1
2(1+2(−1) ) , p1 = q1 = 1

2 . Then r1 � 0, p1 = q1 � 1, (1+2r1)q1 �
p1 +2r1.

By applying Furuta inequality (Lemma 1.7), (Ar1
1 Bp1

1 Ar1
1 )

1
q 1 � A

p1+2r1
q1

1 , which is
equivalent to (2.5).

Next, we should prove the right part of the log-majorization:

A
1+2(−1)

2 B2A
1+2(−1)

2 ≺
(log)

(A−1�B)A(A−1�B) . (2.6)

First,

det(A
1+2(−1)

2 B2A
1+2(−1)

2 ) = (detA)1+2(−1) (detB)2

= det((A−1�B)A(A−1�B) ).

Thus, by Lemma 1.9, we only need to prove that

(A−1�B)A(A−1�B) � I (2.7)
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ensures that
A

1+2(−1)
2 B2A

1+2(−1)
2 � I. (2.8)

Notice that (2.7) is equivalent to

A−1 � (A−1�B)2 . (2.9)

(2.8) is equivalent to B2 � A−1−2(−1) .
Let A2 = A−1 , B2 = (A−1�B)2 . Then we have A2 � B2 , A = A−1

2 , and

B = A
1
2
2 (A− 1

2
2 B

1
2
2 A

− 1
2

2 )
1
 A

1
2
2 . (2.10)

By applying Furuta lemma (Lemma 1.8) to (2.10), we have

B = B
1

4
2 (B

1
4
2 A−1

2 B
1

4
2 )

1
 −1B

1
4
2 . (2.11)

Because A−1
2 � B−1

2 , 0 � 1
 −1� 1, by applying Löwner-Heinz inequality (Lemma

1.5),

B � B
1

4
2 (B

1
4
2 B−1

2 B
1

4
2 )

1
−1B

1
4
2 = B

1− 1
 + 1

2
2 .

Because 0 � 2 � 1, 0 � 1− 2(1−) � 1, by applying Löwner-Heinz in-
equality (Lemma 1.5) twice, we have

B2 � B1−2(1−)
2 � A1−2(1−)

2 = A−1−2(−1) .

Hence the proof of Theorem 2.1 is completed. �

REMARK 2.2. If we put  = 1
2 , Theorem 2.1 is just the satellite form of Gan-

Liu-Tam type log-majorization in Theorem 1.4.
In particular, we have the following norm inequality:

COROLLARY 2.3. If A,B > 0 , then

|||A(2−1) (A�2B)A(2−1) ||| � |||A 1+2(−1)
2 B2A

1+2(−1)
2 |||

� |||(A−1�B)A(A−1�B) |||
holds for 1

2 �  < 1 , 0 < 2 � 1 , where ||| · ||| stands for any unitarily invariant
norm.

Now, we show a matrix trace inequalities related to (, )-type relative operator
entropies:

COROLLARY 2.4. For postive matrices A and B, let 1
2 �  < 1 , 0 < 2 � 1 .

Then

−Tr[T̃( , )(A|B)] � D2(1−) (A|B 
1− ) � −Tr[T2(1−) (A|B 

1− )]. (2.12)

Proof. The right part is a known result in (1.3). Now we only need to prove that:

−Tr[T̃( , )(A|B)] � D2(1−) (A|B 
1− ).

Since Tr[|A|] is unitarily invariant norm, it follows from Corollary 2.3 that

Tr[A1−2(1−)B2 ] = Tr[A
1+2(−1)

2 B2A
1+2(−1)

2 ] � Tr[(A−1�B)A(A−1�B) ]
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for 1
2 �  < 1, 0 < 2 � 1, then we have 0 < 2(1−) � 2 � 1.
Hence,

−Tr[T̃( , )(A|B)] = −Tr
[ (A−1�B)A(A−1�B) −A

2(1−)

]

� −Tr
[A1−2(1−)B2 −A

2(1−)

]

= D2(1−) (A|B 
1− )

hold for 1
2 �  < 1, 0 < 2 � 1. �

3. Several results on (,)-type relative operator entropy

In this section, we will show several results on (,)-type relative operator en-
tropy. First, we show a log-majorization and a norm inequality.

THEOREM 3.1. If A,B > 0 , then

A�2B ≺
(log)

A
1−2

2 B2A
1−2

2 ≺
(log)

(A−1�B)A1−4+2(A−1�B) (3.1)

holds for 0 <  � 1
2 , 1

2 < 2 � 1 .

Proof. The left part of the log-majorization is a known result in Theorem 1.2. We
only need to prove that:

A
1−2

2 B2A
1−2

2 ≺
(log)

(A−1�B)A1−4+2(A−1�B) . (3.2)

First,

det(A
1−2

2 B2A
1−2

2 ) = (detA)1−2(detB)2

= det((A−1�B)A1−4+2(A−1�B) ).

Thus, by Lemma 1.9, we only need to prove that

(A−1�B)A1−4+2(A−1�B) � I. (3.3)

ensures that

A
1−2

2 B2A
1−2

2 � I. (3.4)

Notice that (3.3) is equivalent to A−1+4−2 � (A−1�B)2 and (3.4) is equivalent
to

B2 � A2−1. (3.5)

Let A1 = A−1+4−2 , B1 = (A−1�B)2 , t = 1
1−4+2 . Then we have A1 � B1 ,

A = A−t
1 , and B = A− 1

2 (A
1
2 B

1
2
1 A

1
2 )

1
 A− 1

2 = A
t
2
1 (A− t

2
1 B

1
2
1 A

− t
2

1 )
1
 A

t
2
1 .

Next, we shall prove it in two cases.
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Case I. If  � 1, we have 0 � 1
2 < t � 1 and 1

2 � 1
2 .

Then apply Form I of Tanahashi inequality (Lemma 1.6) , we have

(A− t
2

1 B
1
2
1 A

− t
2

1 )
t

t− 1
2 � A−t

1 . (3.6)

Let 1 =
t− 1

2
t , then 1 = 2− 1

2 ∈ (0,1] . By applying Löwner-Heinz inequality
(Lemma 1.5) to (3.6), we have

(A− t
2

1 B
1
2
1 A

− t
2

1 )
1
 = (A− t

2
1 B

1
2
1 A

− t
2

1 )
t

t− 1
2

1

� A−t1
1 .

Then, we have B = A
t
2
1 (A− t

2
1 B

1
2
1 A

− t
2

1 )
1
 A

t
2
1 � At−t1

1 .

Thus, for 1
2 < 2 � 1, by Löwner-Heinz inequality (Lemma 1.5), we have

B2 � A2(t−t1)
1 = A2(1−1) = A2−1.

Case II. If  � 1, we have 1
2 � 1

2 < t � 1.
Then apply Form II of Tanahashi inequality (Lemma 1.6), we have

(A− t
2

1 B
1
2
1 A

− t
2

1 )

t+1− 1


t− 1
2 � A

1
 −t−1

1 . (3.7)

Let 2 =
t− 1

2
(t+1− 1

 )
, then 2 = 4−1

4(1−2)2+2(4−1) ∈ (0,1]. (2 > 0 is obvious,

2 � 1 ⇔ (1−2)[(2−1)2 +1−] � 0, which is correct.)
By applying Löwner-Heinz inequality (Lemma 1.5), we have

(A− t
2

1 B
1
2
1 A

− t
2

1 )
1
 = (A− t

2
1 B

1
2
1 A

− t
2

1 )

t+1− 1


t− 1
2

2

� A
( 1
 −t−1)2

1 .

Then, we have B = A
t
2
1 (A− t

2
1 B

1
2
1 A

− t
2

1 )
1
 A

t
2
1 � A

t+( 1
 −t−1)2

1 .

Thus, for 1
2 < 2 � 1, by Löwner-Heinz inequality (Lemma 1.5), we have

B2 � A
2(t+( 1

 −t−1)2)
1 = A2−1.

Hence the proof of Theorem 3.1 is completed. �

REMARK 3.2. If we put  = 1
2 , Theorem 3.1 is a part of the satellite form of

Gan-Liu-Tam type log-majorization for 1
2 <  � 1.

In particular, we have the following norm inequality:

COROLLARY 3.3. If A,B > 0 , then

|||A�2B||| � |||A 1−2
2 B2A

1−2
2 ||| � |||(A−1�B)A1−4+2(A−1�B) ||| (3.8)

holds for 0 <  � 1
2 , 1

2 < 2 � 1 , where ||| · ||| stands for any unitarily invariant
norm.

Now, we show a matrix trace inequalities related to (,)-type relative operator
entropies:
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COROLLARY 3.4. For postive matrices A and B, let 0 <  � 1
2 , 1

2 < 2 � 1 .
Then

−Tr[T̂( ,)(A|B)] � D2(A|B) � −Tr[T2(A|B)]. (3.9)

Proof. The right part is a known result in (1.3). Now we only need to prove that:

−Tr[T̂( ,)(A|B)] � D2(A|B).

Since Tr[|A|] is unitarily invariant norm, it follows from Corollary 3.3 that

Tr[A1−2B2 ] = Tr[A
1−2

2 B2A
1−2

2 ] � Tr[(A−1�B)A1−4+2(A−1�B) ]

for 0 <  � 1
2 , 1

2 < 2 � 1.
Hence,

−Tr[T̂( ,)(A|B)] = −Tr
[ (A−1�B)A1−4+2(A−1�B) −A

2

]

� −Tr
[A1−2B2 −A

2

]

= D2 (A|B)

hold for 0 <  � 1
2 , 1

2 < 2 � 1. �
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[12] F. HIAI, Log-majorization related to Rényi divergences, Linear Algebra Appl. 563 (2019), 255–276.



SEVERAL RESULTS ON TWO NEW RELATIVE OPERATOR ENTROPIES 407

[13] E. KAMEI, Complements to Furuta inequality, II, Math. Japan. 45 (1997), 15–23.
[14] F. KUBO, T. ANDO, Means of positive linear operators, Math. Ann. 246 (1980), 205–224.
[15] K. LÖWNER, Über monotone Matrixfunktionen, Math. Z. 38 (1934), 177–216.
[16] Y. SEO, Matrix trace inequalities on Tsallis relative entropy of negative order, J. Math. Anal. Appl.

472 (2019), 1499–1508.
[17] J. SHI, Y. DAI, Log-majorization of Gan-Liu-Tam type, Operator and Matrices 17 (2) (2023), 375–

382.
[18] K. TANAHASHI, The Furuta inequality with negative powers, Proc. Amer. Math. Soc. 127 (1999),

1683–1692.
[19] K. YANAGI, K. KURIYAMA AND S. FURUICHI, Generalized Shannon inequalities based on Tsallis

relative operator entropy, Linear Algebra Appl. 394 (2005), 109–118.
[20] C. YANG, An order preserving inequality via Furuta inequality, II, Liner Algebra Appl. 331 (2001),

89–100.

(Received April 20, 2025) Jian Shi
Hebei Key Laboratory of Machine Learning and

Computational Intelligence
College of Mathematics and Information Science, Hebei University

Baoding, 071002, P.R. China
e-mail: mathematic@126.com

Zhaoyu Wang
Hebei Key Laboratory of Machine Learning and

Computational Intelligence
College of Mathematics and Information Science, Hebei University

Baoding, 071002, P.R. China
e-mail: wzy001210@qq.com

Cheng Wei
Hebei Key Laboratory of Machine Learning and

Computational Intelligence
College of Mathematics and Information Science, Hebei University

Baoding, 071002, P.R. China
e-mail: w0327t@qq.com

Jiahang Xu
Hebei Key Laboratory of Machine Learning and

Computational Intelligence
College of Mathematics and Information Science, Hebei University

Baoding, 071002, P.R. China
e-mail: xvjiahang0220@qq.com

Journal of Mathematical Inequalities
www.ele-math.com
jmi@ele-math.com


