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SEVERAL RESULTS ON TWO NEW RELATIVE OPERATOR ENTROPIES

JIAN SH1*, ZHAOYU WANG, CHENG WEI AND JIAHANG XU

(Communicated by Y. Seo)

Abstract. In this paper, we show several results on two new relative operator entropies, which
extend the recent results from S. Furuichi and Y. Seo.

1. Introduction

Throughout this paper, a capital letter, such as 7', means an n X n matrix. We
denote 7 > 0 if T is a positive semidefinite matrix and 7 > 0 if T is positive definite,
respectively. For A >0, B> 0, 0 < a < 1, F. Kubo and T. Ando, in [14], introduced
the o-power mean of A and B as follows,

AfuB =A% (A IBA1)%A%.

If A,B >0, T. Ando and F. Hiai, in [2], introduced the following relationship,
which is called log-majorization, denoted by A > B, if
log

H/l,-(A) > ﬁ)ti(B) (k=1,2,---,n—1)

and

[T4A) =]]2(B) (ie. detA=detB)

i=1 i=1
hold, where A;(A) > A2(A) = -+ > Ay(A) and A;(B) > A2(B) = -+ > Ay(B) are the
eigenvalues of A and B respectively arranged in decreasing order. There are many
log-majorizations, see [3, 9, 10, 12] for details.

Recently, in [9] and [10], L. Gan, X. Liu and T.-Y. Tam obtained the following two

log-majorizations.

THEOREM 1.1. ([9], Log-majorization of Gan-Liu-Tam type) If A,B > 0 and
t € [0,1], we have
AuB < (A4 BYA(A™"41B)".
(log) 2 2
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THEOREM 1.2. ([10], satellite form of Gan-Liu-Tam type log-majorization)
IfA,B>0andt € (0,1], we have

A#B < BIA''B5 < (A4, BYA(A "4, B)'.
(log) (log) 2 2

Very recently, in [17], J. Shi and Y. Dai obtained two new log-majorizations as

follows.

THEOREM 1.3. ([17], Log-majorization of Gan-Liu-Tam type) If A,B > 0, then
the relation

AﬁtB(l;)(A_lﬁaB)ﬁAl_m%(A_lﬁaB)ﬁ

1
holdsf0r0<oc<§<t<1.

THEOREM 1.4. ([17], Log-majorization of Gan-Liu-Tam type) If A,B > 0, then
the relation

AR (A0, B)A Za_l)t(‘<)(A_lﬁocB)tA(A_lﬁaB)t
log

holdsfor% o<1, 0<20r < 1.

In this paper, we extend above two log-majorizations and define two new relative
operator entropies, then we prove several results between these entropies and the new
relative operator entropies. Before that, we list some lemmas and definitions as follows.

LEMMA 1.5. ([11, 15], Lowner-Heinz inequality) If A > B > 0, then
AP > B?
holds forall 0 < p < 1.

LEMMA 1.6. ([13, 18, 20], Tanahashi inequality) If A > B > 0 and A > 0, we
have

(Forml) A~ > (A"1BPA~ 2)1” forall 0 < p <t <
(Form 1) A>~1=1 > (A~$BPA=%) "0 forall § <

LEMMA 1.7. ([7], Furuta inequality) If A > B > 0, then

p+2r

(A"BPAT)1 < A
holdsforr>0, p>0, g>1, (1+2r)g>= p+2r.
LEMMA 1.8. ([8], Furuta lemma) If A > 0 and B is invertible, then
(BAB*)* = BA* (A?B*BA?)* A B*
holds for all s € R.

LEMMA 1.9. Let f(A,B) and g(A,B) be positive operator-valued functions for
A, B > 0 satisfying the homogeneity f(al,bl) = g(al,bl) for a,b > 0. Then || f(A,B)|| <
|g(A,B)|| if and only if g(A,B) < I implies f(A,B) < 1.
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DEFINITION 1.10. ([1], Tsallis relative entropy) For postive matrices A and B,
the Tsallis relative entroy is defined by
Tr[A' B — A]

D;(A|B) = — .

(1.1)

for 0 <r < 1.

DEFINITION 1.11. ([19], Tsallis relative operator entropy) For postive matrices
A and B, the Tsallis relative operator entroy is defined by

r(ajp) = A (1.2)
for 0 <zt < 1.
For two relative entropies, we know the following relation:
D;(A|B) < —Tr[T;(A|B)] (1.3)

for t € [—1,1].
In fact, (1.3) is due to [4, 6, 16].

DEFINITION 1.12. ([5], Furuichi-Seo type operator entropy) For postive matrices
A and B, the Furuichi-Seo type operator entroy is defined by

(A~'4, BYA(A™'t B) — A

TialB) = ,

(1.4)

for 0 <r < 1.

Next, we define two new relative operator entropies which are inspired by S. Fu-
ruichi and Y. Seo in [5] as follow, and we will prove several results about them in next
two sections.

DEFINITION 1.13. ((a,)-type relative operator entropy) For postive matrices
A and B, (a, f)-type relative operator entroy is defined by

(A 'aB)PA(A"1,B)P —A
2(1-a)B

Tio.p)(AIB) = (L.5)

for0<a<l1,0<2u0B <1.

DEFINITION 1.14. ((o,7v)-type relative operator entropy) For postive matrices
A and B, (a,y)-type relative operator entroy is defined by

(A_lﬁaB)yAl_4ay+2y(A_lﬁaB)y —_A
2oy

T(a.,y) (A|B) = (1.6)

forO0<o<1,0<2ay<1.
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2. Several results on (., ) -type relative operator entropy

In this section, we will show several results on (o, 3)-type relative operator en-
tropy. First, we show a log-majorization and a norm inequality.

THEOREM 2.1. If A,B > 0, then

14+2(a—1)B 1+2(a—1)B
ACEDB (A sB)ACHVB L AT RoeBATTTE L (AN BPA(A ,B)P
(log) (log)
(2.1)
holds for 1 ;<a<l, 0<20B <
Proof. We first prove the left part of the log-majorization:
AREB (A, sB)ACT VB < A TG prap L (22)
(log)
First,
det(AC* VP (At 05 B)APDP) = (detA)' T2~ DB (det B)**P
= det(a™ T praf g R
Thus, by Lemma 1.9, we only need to prove that
SR poop g BHGHE (2.3)
ensures that
AR (At s B)AP VP < ] (2.4)

Notice that (2.3) is equivalent to B2 < A~1-2(@=1)B and (2.4) is equivalent to
(A"1BA~1)20B < A~1-200- 1B (2.5)

Let Ay = A~ '"2=1)B B, — B2¢B Then we have B; <A;.
Let ry = m, P1—=4g1 = ﬁ Then ry 20, P1 =41 2 l, (1+2I"1)ql >
p1+2r1.

1 p1+2r]
By applying Furuta inequality (Lemma 1.7), (A]'B{'A}" )71 <A, " |, which is
equivalent to (2.5).
Next, we should prove the right part of the log-majorization:

a—1)p a—1)p
Al+2(2 9] BzocﬁA1+2(2 1) ({)(A_lﬁaB)ﬁA(A_lﬁocB)ﬂ (2.6)
log

First,

B 20 , 21

) = (detA)+2(@=DB (ger B)?*P
= det((AﬂﬁocB)BA(AilﬁaB)B)
Thus, by Lemma 1.9, we only need to prove that

(A"'4aB)PA(A " 4aB)P <1 (2.7)

det(A
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ensures that L2ap g 1E2a-1p
AT 7 B*PAT 7 <L (2.8)

Notice that (2.7) is equivalent to
A7 > (A7 4,B)%P. (2.9)
(2.8) is equivalent to B2*F < A~1-2(a=1B,
Let Ap=A"' B, = (A_lﬁaB)zﬁ. Then we have Ay > B,, A :A2’1 , and
I N e |
B=A} (A, By A, 7)uA;]. (2.10)
By applying Furuta lemma (Lemma 1.8) to (2.10), we have
B L
B=B"(B,"A,'B )z 'B (2.11)
Because A5 I'< By Log é — 1< 1, by applying Lowner-Heinz inequality (Lemma
L.5),
e 1, L
B< B’ (B“ﬁB 134‘3)"13;" =B, * .

Because 0 <2aff <1, 0<1—-2(1—«)B < 1, by applying Lowner-Heinz in-
equality (Lemma 1.5) twice we have

BB < Bl 2(1-a)p <Aé_2(1_°‘)ﬁ — A 12e-1)B
Hence the proof of Theorem 2.1 is completed. [l
REMARK 2.2. If we put o = %, Theorem 2.1 is just the satellite form of Gan-

Liu-Tam type log-majorization in Theorem 1.4.
In particular, we have the following norm inequality:

COROLLARY 2.3. If A,B >0, then

14+2(a—1)B 1+2(a—1)B
AP (At B)AR VR < 14755 2P A R
<A taB)PAA taB) ||
holds for ¥ < a <1, 0<2af <1, where |||-||| stands for any unitarily invariant

normni.

Now, we show a matrix trace inequalities related to (o, 8)-type relative operator
entropies:

COROLLARY 2.4. For postive matrices A and B, let % a<l, 0<2af <
Then

~Tr[T(.) (AB)] < D1 (AIBT-7) < ~Tr[Ty(y g (A[BT4))]. (2.12)
Proof. The right part is a known result in (1.3). Now we only need to prove that:
—Tr[T(ep)(A|B)] < Da1—)p(A|BT%).
Since Tr[|A[] is unitarily invariant norm, it follows from Corollary 2.3 that

1+2(a—1)p 2(a—1)B
FEEE AT < TH(A $uB)PAA aB))

Tr[A!~2(1-®)B g2aB] — T[4
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for 1 <o <1,0<20B <1, then we have 0 <2(1—0a)B <2af < 1.
Hence,

T “14,BYPA(A4,B)P —
T[Ty (A1) = e[ A FeBL AW FaB) 4]

2(1-a)p
Al-2(1—a)Bg2aB _ 4
ST r[ 2(1—a)B }

=Dy(1_o)p(A|BT7)

holdfor § << 1,0<2af<1. O

3. Several results on (¢, y)-type relative operator entropy

In this section, we will show several results on (o, Y)-type relative operator en-
tropy. First, we show a log-majorization and a norm inequality.

THEOREM 3.1. If A,B >0, then

1-2ay

AﬁgayB < A2
(log)

—2o
BZayAl 3 Y(-<)(A71ﬁogB)YA174OCY+2Y(A71ﬁo¢B)Y (31)
log

11
holdsfor0<oc<§, 7 <2ay<1.

Proof. The left part of the log-majorization is a known result in Theorem 1.2. We
only need to prove that:
1—

AT pRory

1—

B A B AT A B (32)
og

First,
1- 1-2ay

det(A 2 B2 A3 ) = (detA)' 2% (det B)2*"
= det((A™ "o B)TA 1T (AT, B)Y).

Thus, by Lemma 1.9, we only need to prove that

(A Mo B)TAI 42 (A~ 1y B <. (3.3)
ensures that
1-2a 1-2a
AT BRATTT L (3.4)

Notice that (3.3) is equivalent to A~!T4%7=27 > (A~14, B)?" and (3.4) is equivalent
to
B < p20r-1 (3.5)

Let Ay = A~1H407=2 Bl = (A~ 4,B)Y, 1t = Then we have A; > By,

1
I—4ay+2y*
,, R S N R [ N
A=A[",and B=A"2(A2B]"A2)uA"2 =A] (A, *B,"A, ?)=A].
Next, we shall prove it in two cases.
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Case I.If y > 1, wehave 0 < o <7< 1and 3 <}
Then apply Form I of Tanahashi inequality (Lemma 1.6) , we have

13

)’*ZV <A (3.6)

—
S
—_
S}
=~
=N
-
:I>
—_
[\JN

Let 6, = ta ,then 0; =2 —
(Lemma 1.5) to (3.6), we have

€ (0,1]. By applying Lowner-Heinz inequality

;9
(4] 2B”A NE = (A 2B”A B <A
Lo ‘
Then, we have B = AZ(APBTA;YEAT < AUTO
Thus, for 1 5 <2ay < 1, by Lowner-Heinz inequality (Lemma 1.5), we have

BZOC)/ gAiaY(t—tﬂl) :A2ocy(61_1) :Aza}’—l.

Case II. If y < 1, we have % < % <t<l1.
Then apply Form II of Tanahashi inequality (Lemma 1.6), we have

1
+1-4 1

(4] 2BZYA By ogal T (3.7)
1= 4oy—1 . .
Let 6, = m then 6, = T3y aday T © (0,1]. (6, > 0 is obvious,

6, <1e (1-2a)a2y—1)*+1— o >0, which is correct.)
By applying Lowner-Heinz inequality (Lemma 1.5), we have
-4 0
2 i 0
ABTA R —(a tpT A ) AT

[ 1+(3-1-1)0
Then, we haveB:Af(Al ’B]"A,? ) Al2 gA .

Thus, for % < 2ay < 1, by Lowner-Heinz inequality (Lemma 1.5), we have

Bzay<A20ﬂ/(H‘( -1)6,) — p207-1

Hence the proof of Theorem 3.1 is completed. [

REMARK 3.2. If we put o = %, Theorem 3.1 is a part of the satellite form of
Gan-Liu-Tam type log-majorization for % <y<l.
In particular, we have the following norm inequality:

COROLLARY 3.3. If A,B >0, then

|| Af20 Bl < Il <A gaB)AT T2V (AT 1, B)||| - (3.8)
holds for 0 < o < 5, 3 <2ay <1, where |||-||| stands for any unitarily invariant
norm.

Now, we show a matrix trace inequalities related to (¢, y)-type relative operator
entropies:
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COROLLARY 3.4. For postive matrices A and B, let 0 < o0 < %, % <2ay < 1.
Then
T[T ) (AIB)] < Doy (A|B) < —Te{Toay (A]B)]. (3.9)

Proof. The right part is a known result in (1.3). Now we only need to prove that:
_Tr[T(a.,y) (A|B)] < Daay(A[B).
Since Tr[|A[] is unitarily invariant norm, it follows from Corollary 3.3 that

1-— 1-2ay

Tr{Al 297 B2Y] — Tr[A 2" B2V A 2] < Tr[(A 4o B)Y AL 47 +2/ (A~ 4, B)Y]

for0<o<i, i<2ay<l1.
Hence,

- r[(A’lﬁaB)yAl"‘“”zy(A’lﬁaB)y—A
2ay
A172ayB2ay —A
2ay }

_Tr[ﬂa,y) (A|B)] =

< —Tr[
= Daay(A|B)

holdfor 0 < < 5, § <2ay<1. O
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