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Abstract. The current paper explores the law of the single logarithm for double-indexed weighted
sums of m -negatively orthant dependent random variables, which enhances as well as broadens
several existing results in the literature. As an application, the convergence rate of complete
convergence for the least squares estimator in multiple linear regression models is derived under
m -negatively orthant dependent samples. Numerical simulations are also performed to validate
the findings in our work.

1. Introduction

The law of the single logarithm was first studied by [16]. For an independent
and identically distributed (i.i.d., for short) sequence {Z;Zn,n � 1} with zero mean, if
EZ2 = 1 and E(Z2/ log |Z|)r <  with r > 1, then for all  >

√
r−1,




n=1

nr−2P

(∣∣∣∣∣
n


i=1

Zi

∣∣∣∣∣> 
√

2n logn

)
< . (1)

In contrast, if condition (1) is satisfied for a certain  > 0, then EZ = 0, EZ2 = 1 and
E(Z2/ log |Z|)r <  . The aforementioned result offers some more precise rate of con-
vergence compared to many other results on complete convergence, leading to a series
of significant achievements in this area. For example, [8] proved that if  <

√
r−1,

the series in (1) is divergent; [7] proved the sufficiency conditions (1) by relaxing the
independent setting to negatively orthant dependent (NOD, for short) setting. [1] ex-
tended the law of the single logarithm to weighted sums, showing that for a sequence
{Z,Zn,n � 1} of i.i.d. random variables with mean zero and finite  -th moment, and an
array {cni,1 � i � n,n � 1} of constants satisfying n

i=1 |cni| = O(n) , where  > 0,
 > 0 with 1/+1/ = 1/2, the following almost sure inequality holds:

limsup
n→

|n
i=1 cniZi|√
2n logn

�
√

EZ2 limsup
n→

√
n

i=1 c2
ni

n
a.s..
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This result provides a bound on the maximum deviation of the weighted sum, which is
proportional to

√
n logn , and the constant in this bound depends on the second moment

of the random variable and the sum of the squares of the weights. [4] improved the
moment condition E|Z| <  in [1] to E(|Z|/ log1/2 |Z|) <  and proved that this
condition is also necessary; [21] further extended the conclusion of [4] to the scenario
of Banach space. For more works on the law of the single logarithm, we refer the
readers to [5], [9], and [10], among others.

[19] extended the Lai’s law to the following case of double-indexedweighted sums
of independent random variables. Specifically, they investigated the convergence be-
havior of such sums under certain conditions on the weights and the moments.

Let {ani,1 � i � n,n � 1} be an array of real numbers and denote

 = inf

{
 :




n=1

nr−2 exp

{
−n logn

n
i=1 a2

ni

}
< 

}
. (2)

If n
i=1 a2

ni = O(n) , then we have

 ∈
[
(r−1) liminf

n→

1
n

n


i=1

a2
ni,(r−1) limsup

n→

1
n

n


i=1

a2
ni

]
⊂ [0,)

and if limn→
1
n 

n
i=1 a2

ni = c0 for some constant c0 � 0, we have  = c0(r− 1) . Par-
ticularly, if the weighted sums degenerate to partial sums, i.e., ani = 1 for all 1 � i �
n,n � 1, we have  = r−1.

THEOREM A. Let r > 1 ,  and  be two positive constants such that 1/ +
1/ = 1/2 . Suppose that {ani,1 � i � n,n � 1} is an array of real numbers such that
n

i=1 |ani| = O(n) and {X ;Xn,n � 1} is a sequence of i.i.d. random variables with
with mean zero and variance one, and⎧⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎩

E
( |X |

log1/2 |X |

)(r−1)
< , for  < 2r,

E|X |(r−1) < , for  = 2r,

E
( |X |

log1/2 |X |

)2r
< , for  > 2r.

Then




n=1

nr−2P

(∣∣∣∣∣
n


i=1

aniXi

∣∣∣∣∣> 
√

2n logn

){
< , if  >

√ ,

= , if  <
√ ,

where  is defined by (2).

In [19] it also proved that the moment conditions E
( |X |

log1/2 |X |

)(r−1)
<  and

E
( |X |

log1/2 |X |

)2r
<  are necessary. However, it is not definite that whether the moment
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condition E|X |(r−1) <  is also necessary. In other words, there might be other con-
ditions or scenarios where the result still holds even if this specific moment condition
is not satisfied.

In this work, we shall further investigate the Lai’s law of single logarithm for
double-indexed weighted sums of dependent random variables, which extends the suf-
ficient part of Theorem A from independent case to a much more general framework.
Furthermore, the assumption E|X |(r−1) <  when  = 2r is improved to a nearly
optimal assumption.

[18] put forward the definition of NOD random variables into the field of proba-
bility theory, as follows.

DEFINITION 1.1. A random sequence {Xn,n � 1} is said to be NOD if for any
x1, · · · ,xn , n � 1,

P(X1 > x1,X2 > x2, · · · ,Xn > xn) � P(X1 > x1)P(X2 > x2) · · ·P(Xn > xn)

and

P(X1 � x1,X2 � x2, · · · ,Xn � xn) � P(X1 � x1)P(X2 � x2) · · ·P(Xn � xn).

The category of NOD random variables represents an extensively broad dependent
framework, encompassing independent variables, negatively associated variables, and
negatively super-additive dependent variables as specific subclasses. For more details,
we refer the readers to [6], [14], [15], [24], [25], and the references therein.

The concept of m-negatively orthant dependent (m-NOD) random variables was
recently put forward by [23], defined as:

DEFINITION 1.2. For a fixed integer m � 1, the random sequence {Xn,n � 1} is
called m-NOD if, given any n � 2 and indices i1, i2, · · · , in where |ik − i j| � m for all
1 � k �= j � n , the variables Xi1 ,Xi2 , · · · ,Xin exhibit negative orthant dependence.

The m-NOD framework generalizes the standard NOD structure, with the case
m = 1 corresponding to the classical definition. Additionally, this class encompasses
m-NA random variables, raised earlier in [13]. Given its broad applicability, investigat-
ing the asymptotic properties of m-NOD sequences is of significant theoretical interest.

The research focuses on the law of the single logarithm for double-indexedweigh-
ted sums of m-NOD random variables. Our findings extend and refine Theorem A (for
i.i.d. cases) and the corresponding result in [7] (for identically distributed NOD se-
quences). As an application, we establish complete consistency rates for least squares
estimators in multiple linear regression models with m-NOD errors under general con-
ditions. Empirical evidence from computational studies validates the analytical conclu-
sions.

Throughout, C > 0 stands for a constant (possibly varying). We define logx =
lnmax(x,e) , and adopt the standard notation: x+ = max{x,0} , x− = (−x)+ . The
notation an = O(bn) indicates an � Cbn for positive sequences {an} and {bn} . The
symbol �x	 stands for the integer part of x not exceeding x .
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2. Main result and its application

2.1. Main result

Our fundamental result is formulated below.

THEOREM 2.1. Consider parameters r > 1 ,  > 0 , and  > 0 satisfying 1/+
1/ = 1/2 . Let {ani,1 � i � n,n � 1} be constant arrays such that n

i=1 |ani| = O(n)
and {X ;Xn,n � 1} be m-NOD random variables with identical distribution and zero
mean, and

⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩

E
( |X |

log1/2 |X |

)(r−1)
< , for  < 2r,

E
( |X |

log1/2 |X |

)(r−1)
log |X | < , for  = 2r,

E
( |X |

log1/2 |X |

)2r
< , for  > 2r.

(1)

Then for all  > m
√

2EX2 ,




n=1

nr−2P

(∣∣∣∣∣
n


i=1

aniXi

∣∣∣∣∣> 2
√

n logn

)
< , (2)

where  is given in (2).

REMARK 2.1. Theorem 2.1’s proof reveals that for positive constant arrays {ani,
1 � i � n,n � 1} , condition (2) simplifies to




n=1

nr−2P

(∣∣∣∣∣
n


i=1

aniXi

∣∣∣∣∣> 
√

n logn

)
< .

For the particular case of m = 1 with uniform weights ani ≡ 1, our Theorem 2.1 recov-
ers Theorem 3.2 from [7]. Hence, we expand upon their work by considering weighted
double sums of m-NOD random variables rather than simple partial sums.

REMARK 2.2. The case EX2 = 1 demonstrates how Theorem 2.1 advances The-
orem A’s sufficiency result by extending its applicability to m-NOD variables. For
the case  = 2r , the moment assumption E|X |(r−1) <  in Theorem A is released
to E(|X |/ log1/2 |X |)(r−1) log |X | = E(|X |/ log1/2 |X |)2r log |X | <  . Since [19] have
proved that E(|X |/ log1/2 |X |)2r <  is a necessary condition, the moment condition
E(|X |/ log1/2 |X |)(r−1) log |X | <  for the case  = 2r is nearly optimal. However, it
is still an open problem that whether it is a necessary condition.

Setting r = 2 in Theorem 2.1 yields the following corollary:

COROLLARY 2.1. Let  and  be positive constants such that 1/ + 1/ =
1/2 . Let {ani,1 � i � n,n � 1} be constant arrays satisfying n

i=1 |ani| = O(n) and
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{X ;Xn,n � 1} be m-NOD random variables with identical distribution and zero mean,
and ⎧⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎩

E
( |X |

log1/2 |X |

)
< , for  < 4,

E
( |X |

log1/2 |X |

)4
log |X | < , for  = 4,

E
( |X |

log1/2 |X |

)4
< , for  > 4.

Then for all  > m
√

2EX2 ,




n=1

P

(∣∣∣∣∣
n


i=1

aniXi

∣∣∣∣∣> 2
√

n logn

)
< .

Consequently, by the Borel-Cantelli lemma,

limsup
n→

|n
i=1 aniXi|√
n logn

� 2m
√

2EX2 a.s..

2.2. Complete consistency rate for LS estimator in multiple linear regression
models

As an illustrative example of Corollary 2.1’s utility, we investigate the subsequent
multiple linear regression model:

yi = 1xi1 + · · ·+dxid + i, (3)

where xi j are known points,  = (1, · · · ,d)T are parameters to estimate, Yn =
(y1, · · · ,yn)T are observations, and i, i � 1 are random errors. Let Xn be the de-
sign matrix (xi j)1�i�n,1� j�d . The least squares (LS, for short) estimator of  can be
expressed as

̂n = (̂n1, · · · , ̂nd)T = (XT
n Xn)−1XT

n Yn, (4)

as long as XT
n Xn being nonsingular. It follows from [17] or [3] that

̂n j − j =
n


i=1

b( j)
ni

b( j)
n

i,1 � j � d, (5)

where b( j)
n = n

i=1(b
( j)
ni )2 = 1

v(n)
j j

, and (v(n)
i j ) = (XT

n Xn )−1 . The term b( j)
ni is defined

precisely in [3].
Considerable research exists on (4), the least squares estimator for (3). Readers

are referred to [2], [3], [11], [12], [17], [20], [26], [27], [28]. The literature shows an
evolution of complete consistency proofs for LS estimators, beginning with linear time
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series ([12]), followed by END errors ([28]), and most recently m-END errors ([26]);
[27] proved the rate o

(
n1/p−1

)
a.s. of the LS estimator with WOD random errors,

where 1 � p < 2. However, no existing work addresses the complete consistency rate
for the LS estimator, even for independent cases.

Applying Corollary 2.1 yields new complete consistency rates for the LS estimator
(4) with m-NOD errors.

THEOREM 2.2. Let  and  be positive constants satisfying 1/+1/ = 1/2 .
Under the model (3) , let {n,n � 1} be a sequence of m-NOD random errors with

identical distribution. Suppose that liminfn→ b( j)
n /n � c0 > 0 , 1 � j � d . If E1 = 0

and

⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩

E
( |X |

log1/2 |X |

)
< , for  < 4,

E
( |X |

log1/2 |X |

)4
log |X | < , for  = 4,

E
( |X |

log1/2 |X |

)4
< , for  > 4,

then

̂n− = O
(
n−1/(logn)1/2

)
completely.

REMARK 2.3. Evidently, with all moments finite, the best achievable complete
consistency rate approximates O(n−1/2(logn)1/2) .

2.3. Numerical simulation

We conduct numerical simulations to evaluate the LS estimator (4) with m-NOD
error terms, generated under two scenarios.

Case 1 : NOD sample. Let 1, · · · ,n have uniform marginal distributions on
[0,1] . The association between variables follows the Farlie-Gumbel-Morgenstern(FGM,
for short) copula formulation for pairs (1,2) , (3,4) , · · · , (2m−1,2m) , · · · :

Cn(u,v) = uv+nuv(1−u)(1− v),

where 0 < u < 1,0 < v < 1 and the parameter n is taken as n = −n−1 . As shown
in [22], this generates NOD random variables with identical distribution, which is a
special case of the m-NOD framework.
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Case 2 : m-NA sample. When n � 3 is given, consider (e1,e2, · · · ,en) ∼ N(0 , )
with 0 being the zero vector and

 =

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

1+ 2 − 0 · · · 0 0 0
− 1+ 2 − · · · 0 0 0
0 − 1+ 2 · · · 0 0 0
...

...
...

...
...

...
0 0 0 · · · 1+ 2 − 0
0 0 0 · · · − 1+ 2 −
0 0 0 · · · 0 − 1+ 2

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

(n+m)×(n+m)

,

where  ∈ (0,1) . In the sequel, we will take  = 0.1,0.3,0.8 for instance. Following
[15], (e1,e2, · · · ,en) is NA-distributed. For any fixed m , define n = m

l=1 en+l−1 for
each n � 1. Then {n,n � 1} forms an m-NA (and consequently m-NOD) sequence.
In the sequel, we will take m = 3 for example.

The simulation assesses the LS estimator ̂n ’s consistency in the simple linear
regression model:

yi = 1 +2i+ i,1 � i � n.

[28] has proved that

̂n1−1 =
2

n(n−1)

n


i=1

(2n+1−3i)i,

̂n2−2 =
6

n(n2−1)

n


i=1

(2i−n−1)i,
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Figure 1: Violin-plots of n1/ (logn)−1/2(̂n1 −1) and n1/ (logn)−1/2(̂n2 −2) under Case 1.
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and b(1)
n = n(n−1)

2(2n+1) , b(2)
n = n(n2−1)

12 . Both cases clearly satisfy Theorem 2.2’s con-

ditions. For sample sizes n ∈ {100,200,300,400,500} , we perform 1000 replica-
tions of ̂n1 − 1 and ̂n2 − 2 computations, presenting the results as Violin-plots
of n1/(logn)−1/2(̂n1−1) and n1/(logn)−1/2(̂n2−2) with  = 2.01 in Figures
1–4.

−5

0

5

n=100 n=200 n=300 n=400 n=500

n1 α(logn)−1 2(β̂n1 − β1)

Experiments times 1000
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Figure 2: Violin-plots of n1/ (logn)−1/2(̂n1 − 1) and n1/ (logn)−1/2(̂n2 − 2) under
Case 2 with  = 0.1 .
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Figure 3: Violin-plots of n1/ (logn)−1/2(̂n1 − 1) and n1/ (logn)−1/2(̂n2 − 2) under
Case 2 with  = 0.3 .
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It exhibits in Figures 1–4 that the values of n1/(logn)−1/2(̂n1 − 1) and
n1/(logn)−1/2(̂n2 −2) with  = 2.01 are bounded for each sample size under the
two cases. It reveals that two estimators ̂n1 and ̂n2 are convergent with a rate ap-
proximate to O(n−1/2(logn)1/2) . The aforementioned simulation evidence consistently
corroborates our theoretical conclusions.

−2

−1

0

1

2

n=100 n=200 n=300 n=400 n=500

n1 α(logn)−1 2(β̂n1 − β1)

Experiments times 1000

−0.02

0.00

0.02

0.04

n=100 n=200 n=300 n=400 n=500

n1 α(logn)−1 2(β̂n2 − β2)

Experiments times 1000

Figure 4: Violin-plots of n1/ (logn)−1/2(̂n1 − 1) and n1/ (logn)−1/2(̂n2 − 2) under
Case 2 with  = 0.8 .

3. Some important lemmas

The derivation of our main theorems relies on the following preliminary findings.
The first lemma characterizes a key preservation property of m-NOD random variables,
which is due to [23].

LEMMA 3.1. Let {Xi, i � 1} be a sequence of m-NOD random variables. If
{hi(·), i � 1} are all monotonic (either nondecreasing or nonincreasing), then {hi(Xi),
i � 1} remains m-NOD.

Regarding unboundedNOD random variables, [7] proved the following Bernstein-
type probabilistic bound.

LEMMA 3.2. Let Xi,1 � i � n be NOD random variables with max1�i�n E|Xi|s <
 for some s � 2 . Set v2 = n

i=1 EX2
i . Then for all  > 0 and  > 0 ,

P

(∣∣∣∣∣
n


i=1

(Xi −EXi)

∣∣∣∣∣> 

)
� 2exp

{
− 2

(2+  )v2

}
+C

n


i=1

E|Xi|s
s ,
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where C > 0 is a constant determined exclusively by  and s.

The following Bernstein-type inequality for unbounded m-NOD variables is a
consequence of Lemma 3.2.

LEMMA 3.3. Consider m-NOD randomvariables X1,X2, · · · ,Xn with max
1�i�n

E|Xi|s

<  for some s � 2 . Set v2 = n
i=1 EX2

i . Then for all  > 0 and  > 0 ,

P

(∣∣∣∣∣
n


i=1

(Xi−EXi)

∣∣∣∣∣> 

)
� 2mexp

{
− 2

(2+  )m2v2

}
+Cms

n


i=1

E|Xi|s
s ,

where C > 0 is a constant determined exclusively by  and s.

Proof. For sufficiently large n , there exists l ∈ {1, · · · ,m} such that n = mj + l ,
where j = �n/m	 . If n < i � m( j + 1) , we fix Xi = 0 making no loss of generality.
Consequently, we can decompose n

i=1(Xi−EXi) as

n


i=1

(Xi −EXi) =
m


l=1

j


i=0

(Xmi+l −EXmi+l),

where the centered sequence {Xmi+l − EXmi+l,0 � i � j} consists of NOD random
variables with zero mean for each l ∈ {1, · · · ,m} . Consequently, by virtue of Lemma
3.2, one has that

P

(∣∣∣∣∣
n


i=1

(Xi −EXi)

∣∣∣∣∣> 

)
= P

(∣∣∣∣∣
m


l=1

j


i=0

(Xmi+l −EXmi+l)

∣∣∣∣∣> 

)

� P

(
m⋃

l=1

{∣∣∣∣∣
j


i=0

(Xmi+l −EXmi+l)

∣∣∣∣∣> 
m

})

�
m


l=1

P

(∣∣∣∣∣
j


i=0

(Xmi+l −EXmi+l)

∣∣∣∣∣> 
m

)

� 2
m


l=1

exp

{
− 2/m2

(2+  ) j
i=0 EX2

mi+l

}
+C

m


l=1

j


i=0

E|Xmi+l|s
(/m)s

� 2mexp

{
− 2

(2+  )m2v2

}
+Cms

n


i=1

E|Xi|s
s .

We have now demonstrated Lemma 3.3. �

The proof of our principal result relies fundamentally on the next two lemmas.

LEMMA 3.4. Consider parameters r > 1 ,  > 0 , and  > 0 such that 1/ +
1/ = 1/2 . Suppose that {ani,1 � i � n,n � 1} is an array of real numbers satisfying
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n
i=1 |ani| = O(n) . Then for any random variable X ,




n=1

nr−2
n


i=1

P(|aniX | >
√

n logn) �

⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩

CE
( |X |

log1/2 |X |

)(r−1)
, for  < 2r,

CE
( |X |

log1/2 |X |

)(r−1)
log |X |, for  = 2r,

CE
( |X |

log1/2 |X |

)2r
, for  > 2r.

Proof. The cases  < 2r and  > 2r have been proved in [19]. Now we deal with
the case  = 2r , which improves the corresponding conclusion in [19]. A straightfor-
ward verification shows that

P(|aniX | >
√

n logn)

= P(|aniX | >
√

n logn, |X | >
√

n logn)+P(|aniX | >
√

n logn, |X | �
√

n logn)

� P(|X | >
√

n logn)+ (n logn)−/2|ani|E|X | I(|X | �
√

n logn).

Therefore, it follows that




n=1

nr−2
n


i=1

P(|aniX | >
√

n logn)

�



n=1

nr−1P(|X | >
√

n logn)+



n=1

nr−2(n logn)−/2
n


i=1

|ani|E|X |I(|X | �
√

n logn)

=: I1 + I2.

It is evident that

I1 =



n=1

nr−1



j=n

P(
√

j log j < |X | �
√

( j +1) log( j +1))

� C



j=1

jrP(
√

j log j < |X | �
√

( j +1) log( j +1))

� CE

(
|X |

log1/2 |X |

)2r

= CE

(
|X |

log1/2 |X |

)(r−1)

.

On the other hand, we also have that

I2 � C



n=1

nr−1(n logn)−/2E|X |I(|X | �
√

n logn)

� C



n=1

n−1(logn)−(r−1)/2
n


j=1

E|X |(r−1) I(
√

( j−1) log( j−1) < |X | �
√

j log j)

= C



j=1

E|X |(r−1) I(
√

( j−1) log( j−1) < |X | �
√

j log j)



n= j

n−1(logn)−(r−1)/2
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� C



j=1

(log j)1−(r−1)/2E|X |(r−1) I(
√

( j−1) log( j−1) < |X | �
√

j log j)

� CE

(
|X |

log1/2 |X |

)(r−1)

log |X |.

The proof of the lemma is completed. �

LEMMA 3.5. Consider parameters r > 1 ,  > 0 , and  > 0 such that 1/ +
1/ = 1/2 . Suppose that {ani,1 � i � n,n � 1} is an array of real numbers satisfying
n

i=1 |ani| = O(n) . Then for all random variable X and s > max{,(r−1)} ,




n=1

nr−2(n logn)−s/2
n


i=1

E|aniX |sI(|aniX | �
√

n logn)

�

⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩

CE
( |X |

log1/2 |X |

)(r−1)
, for  < 2r,

CE
( |X |

log1/2 |X |

)(r−1)
log |X |, for  = 2r,

CE
( |X |

log1/2 |X |

)2r
, for  > 2r.

Proof. Since the two cases  < 2r and  > 2r have been proved in [19], we only
need to show the case  = 2r in what follows. Actually, noting that

(n logn)−s/2E|aniX |sI(|aniX | �
√

n logn)

= (n logn)−s/2E|aniX |sI(|aniX | �
√

n logn, |X | >
√

n logn)

+(n logn)−s/2E|aniX |sI(|aniX | �
√

n logn, |X | �
√

n logn)

� P(|X |>
√

n logn)+ (n logn)−/2|ani|E|X | I(|X | �
√

n logn),

we obtain by the proofs of I1 and I2 in Lemma 3.4 that




n=1

nr−2(n logn)−s/2
n


i=1

E|aniX |sI(|aniX | �
√

n logn)

�



n=1

nr−1P(|X | >
√

n logn)

+



n=1

nr−2(n logn)−/2
n


i=1

|ani|E|X |I(|X | �
√

n logn)

� CE

(
|X |

log1/2 |X |

)(r−1)

log |X |.

The lemma thus follows from the preceding reasoning. �
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4. Proofs of the main results

Proof of Theorem 2.1. Noting that




n=1

nr−2P

(∣∣∣∣∣
n


i=1

aniXi

∣∣∣∣∣> 2
√

n logn

)
�




n=1

nr−2P

(∣∣∣∣∣
n


i=1

a+
niXi

∣∣∣∣∣> 
√

n logn

)

+



n=1

nr−2P

(∣∣∣∣∣
n


i=1

a−niXi

∣∣∣∣∣> 
√

n logn

)
,

we may freely consider that ani > 0 for all 1 � i � n,n � 1 and turn to prove




n=1

nr−2P

(∣∣∣∣∣
n


i=1

aniXi

∣∣∣∣∣> 
√

n logn

)
<  (1)

instead of (2). It follows from Hölder’s inequality that for any 0 <  ′ <  ,

n


i=1

a
′

ni �
(

n


i=1

ani

) ′/( n


i=1

1

)1− ′/

= O(n). (2)

Denote for each 1 � i � n , n � 1 that

Xni = −
√

n lognI(aniXi < −
√

n logn)

+aniXiI(|aniXi| �
√

n logn)+
√

n lognI(aniXi >
√

n logn).

The array {Xni,1 � i � n,n � 1} maintains rowwise m-NOD structure via Lemma 3.1.
According to EX = 0, n

i=1 |ani| = O(n) , and noting that EX2 <  under the three
cases, we have

(n logn)−1/2

∣∣∣∣∣
n


i=1

EXni

∣∣∣∣∣ = (n logn)−1/2

∣∣∣∣∣
n


i=1

E(aniXi−Xni)

∣∣∣∣∣
� (n logn)−1/2

n


i=1

E|aniXi|I(|aniXi| >
√

n logn)

� (n logn)−1
n


i=1

a2
niEX2

� CEX2(logn)−1 → 0 as n → . (3)

From another perspective, for all  > m
√

2EX2 , there exist 1 > m
√

2EX2 and
2 > 0 such that  = 1 + 2 . Consequently, it follows from (3) that for all n large
enough, ∣∣∣∣∣

n


i=1

EXni

∣∣∣∣∣� 2
√

n logn,
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and hence




n=1

nr−2P

(∣∣∣∣∣
n


i=1

aniXi

∣∣∣∣∣> 
√

n logn

)

�



n=1

nr−1P

(
n⋃

i=1

{|aniXi| >
√

n logn}
)

+



n=1

nr−2P

(∣∣∣∣∣
n


i=1

(Xni −EXni)

∣∣∣∣∣> 1
√

n logn

)

=: J1 + J2.

It follows from Lemma 3.4 and (1) that

J1 �



n=1

nr−2
n


i=1

P(|aniXi| >
√

n logn) =



n=1

nr−2
n


i=1

P(|aniX | >
√

n logn) <.

For J2 , since 1 > m
√

2EX2 , by taking  > 0 small enough, we guarantee that
 =: 2

1/[(2+  )m2EX2] >  . Therefore, it follows from Lemmas 3.3–3.5, (2) and (1)
that for any s > max{,(r−1)} ,

J2 � C



n=1

nr−2 exp

{
− 2

1n logn

(2+  )m2n
i=1 EX2

ni

}
+C




n=1

nr−2
n


i=1

E|Xni|s
(n logn)s/2

� C



n=1

nr−2 exp

{
− 2

1n logn

(2+  )m2EX2n
i=1 a2

ni

}

+C



n=1

nr−2(n logn)−s/2
n


i=1

E|aniXi|sI(|aniXi| �
√

n logn)

+C



n=1

nr−2
n


i=1

P(|aniXi| >
√

n logn)

� C



n=1

nr−2 exp

{
− n logn

n
i=1 a2

ni

}
+C




n=1

nr−2(n logn)−s/2
n


i=1

|E|aniX |sI(|aniX | �
√

n logn)

+C



n=1

nr−2
n


i=1

P(|aniX | >
√

n logn)

< .

With these arguments, the proof is concluded. �

Proof of Theorem 2.2. The argument reduces to showing that for some
 > m

√
2EX2 and each 1 � j � d ,




n=1

P(n1/(logn)−1/2|̂n j− j|> 2)=



n=1

P

(∣∣∣∣∣
n


i=1

n1/2+1/b( j)
ni

b( j)
n

i

∣∣∣∣∣> 2
√

n logn

)
<.

(4)
Take ani = n1/2+1/b( j)

ni /b( j)
n in Corollary 2.1. Observe by Cr inequality that(

n


i=1

|b( j)
ni |

)2/

�
n


i=1

(b( j)
ni )2 = b( j)

n .
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It is easy to check by liminfn→ b( j)
n /n � c0 > 0 that

n


i=1

|ani| = n1+/2
n
i=1 |b( j)

ni |
(b( j)

n )
= n

(
n

b( j)
n

)/2

= O(n).

Consequently, (4) follows from Corollary 2.1 directly. No further justification being
required, the theorem stands proved. �
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