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REMARK ON THE FORMULA FOR L7 NORM
CHARACTERIZED BY WEAK L? NORM

YUTO MIYADERA

(Communicated by Y. Sawano)

Abstract. Tn [5], the new formula for L”(R") norms was given by Gu and Yung which is char-
acterized by the standard weak- L (R?) norms. At first glance, it seems to be able to measure
the degree of fractional smoothness of functions. In this paper, our proof goes in parallel as in
[5], but gives another different representation which is obviously independent of the smoothness
of function.

1. Introduction

We start with the following fractional Sobolev norm, it is called Gagliardo semi-
norm in [3], thatis for N > 1

—u()|”
||u||Wsp RN /AN RN |.X y|N+\p dXdy (11)

where 1 < p <o, 0 <s < 1. The expression of this integrant tempts us to expect
u(x) — u(y) as x — y in some sense. For example, in the case p =2, we have the
well-known equivalent norm, that is the homogeneous Sobolev norm H*, for 0 < s < 1

i) ~ ol ey = [ 16108 Pt

where the hat is the Fourier transform (&) = [y e *u(x)dx, and so the index s
corresponds to the number of derivatives. Unfortunately, this equivalence formula does
not arrow the end-point cases s = 0,1. This is precisely the most important point in
this paper. We also introduce one another norm. For O <y < 1 this is a norm for the
homogeneous Holder space for degree v as follows

fuly = sup DU

x,yERN XAy |)C - y|)/

A function belonging to this space is called Holder continuous function of degree 7.
Even though the norm for A¥ will not appear again after this, anyway, these are exam-
ples of norms that measure the smoothness of a function.

We introduce the results shown by Gu and Yung [5] as follows.
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THEOREM 1.1. (Qingsond Gu and Po-Lam Yung 2021) For every N > 1, there
exists c1,ca > 0 such that for all 1 < p < oo and all u € LP(RN), the following two
inequalities hold,

g ZPCZHuHZP(RN) (12)

p
u(x) —u(y
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where LV is the weak-LP space equipped by the quasi-norm as

==

i can) = sup (A7.2% ({(x.3) € RY < RY: |f(,3)| > A1)
>
Moreover for the set
N N b
By i= () € RY <RV Ju(w) — ()| > Ak —fF

the following limit holds

: 2N _ P
Jim 7.2 (E;) = 26 ] g (1.3)

where Ky is the volume of the unit ball in RN .

Theorem 1.1 was shown in [5]. In the middle term in (1.2), we can find the same
integrant in the right-hand side in (1.1) with s = 0, although it is estimated in the level
set instead of taking integration. The result (1.2) holds for any u € LP(R") and which
gives the equivalency between the middle term characterized by weak L”(RN x RV)
and the standard L”(R") norm. Since L” space does not require those functions with
any smoothness, the weight function |x — y|V /7 in the denominator should be harmless.
Here we remark that the function |x| =V /P on x € RV is a typical example for which it
belongs to LP=(RV), not to LP(R"). We remark one more that, historically speaking,
the result by Gu and Yung is a natural continuation of the work of the surprising formula
for the homogeneous Sobolev norms with first-order derivative, that is the case s = 1
and using level sets, by Brezis, Van Schaftingen, and Yung [3]. And before them,
there are results on asymptotic research on W*” as s — 1 and s — 0 in [1] and [6]
respectively. They estimate the integral of the norm (1.1) itself, did not use level sets.
Especially the result on s — 1 in [1] is called BBM theorem and which is considered
the genesis of these studies.

Now we state our main result.

THEOREM 1.2. Forevery N > 1, there exist constants cy,cy > 0 such that for all
1< p <o andall u,veLP(RV),

u@) +vy) |
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p
=5 (Nl + Vlem)” < (1.4)

LP= (RN xRN)

P
<er (Il + Wlpy) - (19)
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Moreover for the set

N
Er = {(y) € RY xR Ju() +v(y)| > A =7 }. (1.6)
then the following limit holds
2N _ 14
dim 2222 (E3) = ko (] w190 v ) (1.7)

We remark for this theorem that the two functions u and v are independent of
each other. However, we may set some relationship between « and v. As a corollary of
Theorem 1.2, we may derive Theorem 1.1 by setting u = u, v = —u. We also have the
other formulas for the equivalency with L” norm. We take u = |u|, v = £ |u| and use
the monotone property of L”® norm in its integrants, see Lemma 2.1 below, to obtain
the following.

COROLLARY 1.3. Forevery N > 1, there exist constants cy,cy > 0 such that for
all 1 < p <ooandall uc LP(RV),

p
u(x)| = |u(y)]
CIHMHLI’ (RN) < [x_iy’,! (RN xRN) -
X
p
. lM] <Perlulllmy (19
lx—y|» LP=(RN xRN)

Here we give one investigation, which is the case of v =0 in Theorem 1.2. The
calculation is easy but this is the heart of the series of discussions in the papers [5] and
this paper. If we take u = u, v =0, then the set (1.6) is the all (x,y) with |u(x)| >

Alx— y|%/ which is the ball centered at x € RY and radius (|u(x)|/A)?/N for y. Hence,

A,,gm(m:A,,/]RNXN B()@(WE{C)')%) N

= [ vlu(o1Pde = s ul

where Ky is denoted as .V (B(0,1)). Taking supremum in A, and also by the sym-
metry between x and y, we have

u() uy) |
l E] - l ﬂ] = vl - (110)
= Y7 | ppenmryy LI =7 ] oo )

In section 2 we will give a proof of Theorem 1.2. We follow the almost same
argument with the proof of Theorem 1.1 made by Gu and Yung. Our contribution in
this paper is giving some short cutting the argument by using known estimates, and
more, reducing the number of areas to estimate the level set which might make a proof
simpler.
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2. Proof of Theorem 1.2

Before going to proving Theorem 1.2, we introduce some tools in order to estimate
LP* norm. See for example the book by Grafakos [4].

LEMMA 2.1. Let N > 1,1 < p < oo. Then

(i) the following quasi-triangle inequality holds
[+ 8lirmay) <27 (M) + Blinmy)) 2.1)

(ii) two functions satisfying |f(x)| < |g(x)| almost everywhere x € RN follow the
monotonicity

[flireq@ny < 8oy - (2.2)

Now we prove our main theorem.

Proof of Theorem 1.2. In this proof, we abbreviate LP(RY) = L? and LP*(RN x
RN ) = L”* when there is no confusion. We will prove (1.5) and (1.4) in turns. For
(1.4), we will prove (1.7) since the supremum is bigger than or equal to the limit with
respect to A. For (1.7), we take two steps, both u and v are compactly supported
functions as the first step, and other cases as the second step. These are the same
strategy with the proofin [5], see also [3].

Proof for the upper bound. Here we prove (1.5). We apply (2.1) and (1.10) and

complete the proof just as
u(x) v(y)
Lpe |x—y|» Lpe lx—y|» LP

~ luller + [V[|zr- (2.3)

u(x) +v(y)

N
x —y|»

Prooffor the limit as A — 0+ under the case u and v are compactly supported. As
the first step, we assume u and v are compactly supported and satisfy

supp u,supp v C Bg (24)

with R > 0 where Bg = B} = B¥(0,R) is a N dimensional ball centered at the origin
and radius R. We divide the set £ into 4 parts mutually disjoint such as

E, = (E)L n (BR X BR))U (EA n (BR X B%))U (EA n (B% X BR))
U(E; N(B% x BY)) =: Ey UE; UE; UES.
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Here we remark that the division by diagonal |x| > |y| and |x| < |y| does not work,
which did work in [5]. We see that #V (Ef) =0 for any A > 0 since there we have
u(x) =v(y) = 0. We estimate each term in R.H.S. along the splitting

LN (E) = 2N (Ey) + 2V (E7) + 2 (E3) .
The area E }L is bounded and we estimate
2N (E}) < £ (Bg x Bg) = kyR™.

To estimate E3 , we define Ei’x :={y€B%:(x,y) €E,} for x € Bg. We may write

P
Eix: {yEB§:|x—y|< (|u§c)|)”}7

and which is estimated by
%
) NBs=E},CB <x7 (uflxﬂ) )

()

Keeping in mind that By is not always contained in B <x7 <|"(x)‘>

Z=

in x € Bg to have

)24 2 p2N 2N (2 LP
Il oo g gy < ol
N AP _KN X ( /1) < Ky AP
From symmetry, we have
L 2 p2N 2N (-3 Lp
[IvI1z» — kRN < 2N (E)) < IIvIlE
AP N X 1) AN AP .

We add up the lower bounds and the upper bounds respectively for .Z>V <E/{> , j=
1,2,3 and multiple by A? to have

i ([[ulZy +IVI[L5) = 24Pk R?N < AP 22N (E;) (2.5)
< KN (H”HZ’ + ||VHZI’) +)LpK1%IR2N~ (2.6)

Therefore, under the condition the functions u and v are compactly supported, by let-
ting A — 0+ we obtain (1.7).

Proof for the limit as A — 0+ in general case. In this subsection, we completely
follow the argument Gu and Yung [5]. We repeat the proof here since it is not so long

and for readers’ convenience. We define

UR = XBrU, VR = XBRV
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where a cutoff function satisfies 4 (x) = 1,x €A and 0,x € A° with A C RV . Then ug
and vg satisfy the condition (2.4). We also define functions on the exterior of ball Bj

such as

ug = (l —){BR)I/L, VE = (1 —XBR)V,

we then have u = ug +ug, v=vg+vg. Let o € (0,1) and define

A Z{(x,y) ERY xRV :xy, MEODTVRON S () a)z},
X—=y|r

Azz{(x7y) eRVXRY:x+#y, 7|u5(x)+v5(y)\ > 0'/1}7
e—=yl7

A3={(x,y) ERY xRV :x 7y, RO FVRON (1+a)/1}
X—=y|r

For those, we have
A3\Ay CE; CAjUA;,
and so we have
AP LN (A3) = AP LN (A2) <AP LN (E;)
SAPLMN(A)) + AP 2N (A7),
From (2.3) which we have already proven, there exists c¢3 > 0 such that
Upkpgm(fh) < a3 ([fuellpy +vell)”

Since ur and vg are compactly supported, (2.5) and (2.6) gives respectively

(1— )P 222N (A1) <y (|lurllZy + [IvRl[5) + (1 — 0)PAPKFREY,

(14 0)PAP. LN (A3) =k (|[ur]|}s + |[v&||}») — 2(1 + 0)PAPKZR?N.
All together of (2.10), (2.11), (2.12) and (2.13) gives

KN (H”RHZ’ + HVRHEP) _oAPK2RAN _ c3 (HuEHLI’ + HVEHLI’)p
(14+0)P N oP

<SAPLN(Ey)
xn (Ilurl|7, + |vell7»)
(I1-o)r

3 (Juellpy +1vellp)”

+APIERN + =

S

We now apply R = A~ 4% and

\/ uellZe + [vellzy
Ly Muel 7y + lvellZ»

O =

2.7

2.8)

(2.9)

(2.10)

2.11)

(2.12)
(2.13)
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and then letting A — 0+ and so R — e, — 0+, we have

AE%+AP$2N(EA) =iy ([[ulfs +[[v][7»)

as desired. [

POSTSCRIPT. After the current paper was uploaded to the website of arXiv (that
is the paper [7]), Po-Lam contacted the author and introduced him to the paper [2]
where it is commented that the case (u(x),v(y)) = (u(x),u(y)) in Theorem 1.2 holds.
This result also implies that L? norm has no relation to the smoothness of the function.
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