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Abstract. This study explores the application of interpolation inequalities associated with the
weighted Hermite-Hadamard inequality to establish relations among the relative operator en-
tropy, Tsallis relative operator entropy, and generalized relative operator entropy. We also em-
ploy a reverse inequality for the Jensen-Mercer inequality to derive additional connections among
these operator entropies. Additionally, we propose an alternative interpolation method for the
weighted Hermite-Hadamard inequality using double integrals, leading to further relations among
the relative operator entropies. As a result, we present new and expanded bounds for the central
term Cf ,v(a,b) of the weighted Hermite-Hadamard inequality.

1. Introduction

In recent two decades, the study of operator entropy has become increasingly im-
portant in quantum information theory and statistical mechanics. The relative operator
entropy, Tsallis relative operator entropy, and generalized relative operator entropy are
key measures used to quantify the difference between quantum states and assess uncer-
tainty in quantum systems. In quantum information theory [16], the channel coding the-
orem was proven in [10, 22] by Holevo bound which is represented by the difference of
von Neumann entropy [14] S(ρ) := −Tr(ρ logρ) for density operator (positive opera-
tor with unit trace) ρ . For two density operators ρ and σ , the quantum relative entropy
[24] was also introduced as D(ρ |σ) := Tr(ρ logρ − ρ logσ) if supp(ρ) � supp(σ) ,
otherwise it is defined as +∞ . Here supp(X) for positive operator X on the finite–
dimensional Hilbert space represents the support of X . Since S(ρ) = −D(ρ |I) , where
I is an identity operator, the mathematical studies on D(ρ |σ) are important. In quna-
tum information theory, the mathematical studies on the quantum relative entropy have
been done by many researchers (See [18, 20] for examples). Recently sandwiched rel-
ative entropies have been studied by many researchers to obtain the error exponents.
See [13, 26] and references therein, for example. On the other hand, the studies on
relative operator entropies are much more general forms compared to relative entropy
since they do not take a trace. The studies on relative operator entropy are related to
only mathematical insight because they have not been related to coding theorem nor
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any results in quantum information science. However some researchers considered that
it was important to study them from a mathematical point of view. For more details,
we invite the reader to consult [7, Section 7.3] and the references therein, and its recent
advances [3, 17, 23].

Understanding the relations among these operator entropies is crucial for advanc-
ing our understanding of quantum information theory. In this study, we explore these
relations using interpolation inequalities related to well-known inequalities in the liter-
ature. Before starting our investigation, we need to recall several notations and facts
from the literature. In order to obtain new results on operator relative entropies, the
numerical inequalities are often important, in the first place, the fundamental inequal-
ity logx � x− 1, (x > 0) in information theory and its variants with parameters (See
[4, 5, 7] for examples). In this paper, we present new improved Hermite-Hadamard
inequalities and their reverses and using them we obtain new inequalities among three
relative operator entropies.

Let us start with the famous Hermite-Hadamard inequality:

f (a∇b) � 1
b−a

∫ b

a
f (t)dt � f (a)∇ f (b)

which is often written by

f (a∇b) �
∫ 1

0
f (a∇xb)dx � f (a)∇ f (b), (1)

for a convex function f : [a,b] → R where a,b > 0 and a∇vb := (1− v)a+ vb, (0 �
v � 1) is the weighted arithmetic mean where we use a∇b := a∇ 1

2
b for simplicity.

It is known that weighted version of the Hermite-Hadamard inequality (see [19,
Theorem 2.1]) is given by:

f (a∇vb)

� (1− v)
1∫

0

f (vx(b−a)+a)dx+ v

1∫
0

f ((1− v)x(b−a)+ vb+(1− v)a)dx

� f (a)∇v f (b) .

(2)

where f : [a,b] → R is a convex, Riemann integrable function, and a,b > 0 with v ∈
[0,1] . One can readily deduce equation (1) from (2) by setting v = 1

2 .
Recently, improvements of Hermite-Hadamard inequalities, incorporating the log-

arithmic mean and the identric mean, have been investigated, based on the inequalities
presented in (2). For more details, see [1, 6, 8].

In [21, Theorem 3.5], the authors derived reverse inequalities for (2) based on the
Jensen–Mercer inequality [12]:

f

(
m+M−

n

∑
j=1

p jx j

)
� f (m)+ f (M)−

n

∑
j=1

p j f (x j),
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which holds for a convex function f : [m,M] −→ R , m � x j � M , p j � 0 for j =

1, . . . ,n and
n
∑
j=1

p j = 1.

Now, we redirect your attention to the concept of relative operator entropy, which
was initially defined in [2] as follows:

S(A|B) := A
1
2

(
logA− 1

2 BA− 1
2

)
A

1
2

for positive operators A and B . Here, we define a self-adjoint operator X as positive
if 〈Xx,x〉 � 0 for all vectors x in a Hilbert space. The notation X � Y signifies that
Y −X is a positive operator. When a positive operator X is invertible, it is referred to
as strictly positive and denoted as X > 0. Two distinct approaches were employed to
introduce parametric generalizations.

One such approach is the generalized relative operator entropy, as defined by Fu-
ruta in [9]:

Sp(A|B) := A
1
2

(
A− 1

2 BA− 1
2

)p(
logA− 1

2 BA− 1
2

)
A

1
2 , (p ∈ R)

for positive operators A and B . The other is the Tsallis relative operator entropy [25]:

Tp(A|B) := A
1
2

(
lnp A− 1

2 BA− 1
2

)
A

1
2 =

A�pB−A
p

, (p �= 0)

where A�pB := A
1
2

(
A− 1

2 BA− 1
2

)p
A

1
2 is the operator geometric mean for positive op-

erators A and B with 0 � p � 1 and lnp x :=
xp−1

p
is p -logarithmic function for

x > 0 and 0 < p � 1. Note that lim
p→0

lnp x = logx . In this paper, we focus on the case

0 < p � 1. We establish connections among the relative operator entropy, Tsallis rel-
ative operator entropy, and generalized relative operator entropy by utilizing improve-
ments to the weighted Hermite–Hadamard inequality and certain inequalities applicable
to convex functions.

2. Main results

The Hermite–Hadamard inequality and its variants have been studied and they
gave the results. (See [15].) One of generalization of the Hermite–Hadamard inequality
is the result in [19]. To accomplish our first goal, we utilize a result from [8]. Before
stating the result, we introduce the following notation:

Cf ,v (a,b) =

⎛⎝ 1∫
0

f (a∇vtb)dt

⎞⎠∇v

⎛⎝ 1∫
0

f
(
b∇(1−v)t a

)
dt

⎞⎠ .

It is worth noting that

1∫
0

f
(
b∇(1−v)(1−t)a

)
dt =

1∫
0

f
(
b∇(1−v)sa

)
ds.
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Next, we review the following lemma from [8, Theorem 2.11, Theorem 2.17]:

LEMMA 2.1. Let f : [a,b] → R be a convex function, a,b > 0 and 0 � v � 1 .
Then inequalities (i) – (iv) hold:

(i)

f (a∇vb)+2r

1∫
0

{(
f (a∇vtb)∇ f

(
b∇(1−v)t a

))− f
(
a∇ 1+t(2v−1)

2
b
)}

dt �Cf ,v (a,b) ,

where r := min{v,1− v}
(ii)

Cf ,v (a,b)� f (a∇vb)+2R

1∫
0

{(
f (a∇vtb)∇ f

(
b∇(1−ν)ta

))− f
(
a∇ 1+t(2ν−1)

2
b
)}

dt,

where R := max{v,1− v} .

(iii)
Cf ,v (a,b) � f (a)∇v f (b)−2r̃(v)( f (a)∇ f (b)− f (a∇b)) ,

where r̃(v) :=
1∫

0

(r1∇vr2)dt , r1 = min{vt,1− vt} and

r2 = min{(1− v)t,1− (1− v)t}.
(iv)

f (a)∇v f (b)−2R̃(v)( f (a)∇ f (b)− f (a∇b)) � Cf ,v (a,b) ,

where R̃(v) :=
1∫

0

(R1∇vR2)dt , R1 = max{vt,1− vt} and

R2 = max{(1− v)t,1− (1− v)t}.

REMARK 2.2. Since function f is convex, it is easy to see

f (a∇vxb)∇ f
(
b∇(1−v)xa

)− f
(
a∇ 1+x(2v−1)

2
b
)

� 0 and f (a)∇ f (b)− f (a∇b) � 0.

We also see easily r̃(v) � 0 and R̃(v) � 0. Thus (i) and (iii) in Lemma 2.1 give im-
provements of the first and the second inequality in (2). The inequalities in (ii) and (iv)
also give the corresponding reverses for (i) and (iii).

By applying (i) and (ii) in Lemma 2.1, we establish relations among the relative
operator entropy S(A|B) , the Tsallis relative operator entropy Tp(A|B) , and the gener-
alized relative operator entropy Sp(A|B) for two positive operators A,B .
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THEOREM 2.3. Let p,v ∈ (0,1) , r := min{1−v,v} , R := max{1−v,v} and 0 <
A � B. Then we have

Spv(A|B) �
(

v− r
1− v

)
Tp(A|B)+

(
r

1−2v

)
Tp

2
(A|B)+ α(v,r)Tpv(A|B)

and (
v−R
1− v

)
Tp(A|B)+

(
R

1−2v

)
Tp

2
(A|B)+ α(v,R)Tpv(A|B) � Spv(A|B),

where

α(v,s) := 1− v− s+
v(s− v)
1− v

+
vs

v− 1
2

, (v �= 1
2
, 0 � s � 1).

Proof. The function f (t) = xpt logx is convex on the interval t ∈ [0,1] when x � 1
and p �= 0 (as proven in [5, Theorem 2.2]). By setting 0 < p < 1, a = 0, b = 1, and
f (t) = xpt logx in Lemma 2.1, simple calculations lead to the following results:

f (0∇vt1) = xpvt logx,

f (1∇(1−v)t0) = xp(1−(1−v)t) logx,

f (0∇ 1+(2v−1)t
2

1) = x
p(1+(2v−1)t)

2 logx,∫ 1

0

{
f (0∇vt1)∇ f (1∇(1−v)t0)− f (0∇ 1+(2v−1)t

2
1)
}

dt =
xpv−1
2pv

+
xp−xpv

2p(1−v)
− x

p
2 −xpv

p(1−2v)
,

and

Cxpt logx,v (0,1) =
(1− v)(xpv−1)

pv
+

v(xp− xpv)
p(1− v)

.

From (i) in Lemma 2.1, we then have

xpv logx+ r

{
xvp−1

pv
+

xp− xpv

p(1− v)
− 2(x

p
2 − xpv)

p(1−2v)

}
� (1− v)(xpv−1)

pv
+

v(xp− xpv)
p(1− v)

which is transformed to

xpv logx+ r

{
xpv−1

pv
+

xp−1− (xpv−1)
p(1− v)

− (xpv −1− (x
p
2 −1))

p(v− 1
2 )

}

� (1− v)(xpv−1)
pv

+
v(xp−1− (xpv−1))

p(1− v)
.

This is equivalent to

xpv logx �
(

v− r
1− v

)
lnp x+

(
r

1−2v

)
ln p

2
x+ α(v,r) lnpv x.
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Putting x := A− 1
2 BA− 1

2 and multiplying both sides by A
1
2 , we then have the first result.

The second result can be demonstrated using a similar approach as described above,
employing (ii) from Lemma 2.1. �

We give the following corollary as a direct application of Theorem 2.3.

COROLLARY 2.4. If 0 < p � 1 , 0 � v � 2−√
2

2
and 0 < A � B, then we have

Spv(A|B) � (1− v)Tp
2
(A|B).

If 0 < p � 1 ,
1
2

� v � 1 and 0 < A � B, then we have

(1− v)Tpv(A|B) � Spv(A|B).

Proof. We see that a p -logarithmic function is monotone increasing with respect

to the parameter p �= 0 from the elementary calculation
d lnp x

dp
=

xp logxp− (xp−1)
p2 �

0. For 0 � v � 2−√
2

2
, r = v and α(v,r) � 0. Therefore Tpv(A|B) � Tp

2
(A|B) . Using

some simple calculations with the first inequality given in Theorem 2.3, we get the first
inequality of the present corollary.

The case v =
1
2

is obvious. For the case v >
1
2

, R = v and we also see that

α(v,R)� 1 using some simple calculations. Since
R

1−2v
� 0 and Tpv(A|B)� Tp

2
(A|B) ,

then we get the second inequality by the use of the second inequality in Theorem
2.3. �

Applying (iii) and (iv) in Lemma 2.1, we also establish relations for three relative
operator entropies.

THEOREM 2.5. Let v ∈ (0,1) . We set

r̃(v) :=
1∫

0

(r1∇vr2)dt and R̃(v) :=
1∫

0

(R1∇vR2)dt,

where r1 = min{vt,1− vt}, r2 = min{(1− v)t,1− (1− v)t}, R1 = max{vt,1− vt}
and R2 = max{(1− v)t,1− (1− v)t}. Then we have(

1−2v
1− v

)
Tpv(A|B)+

(
v

1− v

)
Tp(A|B)

� (1− v− r̃(v))S(A|B)+ (v− r̃(v))Sp(A|B)+2r̃(v)S p
2
(A|B) (3)

and (
1−2v
1− v

)
Tpv(A|B)+

(
v

1− v

)
Tp(A|B)

� (1− v− R̃(v))S(A|B)+
(
v− R̃(v)

)
Sp(A|B)+2R̃(v)S p

2
(A|B). (4)
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Proof. By setting a := 0, b := 1, and f (t) := xpt logx in Lemma 2.1 (iii) and
proceeding by the same manner to the proof in Theorem 2.3, we get the following
result:

(1− v)
(

xpv−1
pv

)
+

v(xp− xpv)
p(1− v)

� (1− v) logx+ vxp logx−2r̃(v)
{

logx+ xp logx
2

− x
p
2 logx

}
.

Further, by some simple calculations, we also get(
1−2v
1−v

)
lnpv x+

(
v

1−v

)
lnp x � (1−v−r̃(v)) logx+(v−r̃(v))xp logx+2r̃(v)x

p
2 logx.

Thus we obtain the inequality (3). By employing (iv) in Lemma 2.1, we can derive
inequality (4). �

COROLLARY 2.6. Let p ∈ (0,1] , v ∈ [0,1] and 0 < A � B. Then we have

Tpv(A|B) � Sp(A|B).

We also have for 0 < v < 1 ,

Tpv(A|B)∇̂ v
1−v

Tp(A|B) � max
{

S(A|B)∇̂v−R̃(v)Sp(A|B),Sp(A|B)∇̂2R̃(v)S p
2
(A|B)

}
,

where X∇̂αY := (1−α)X + αY for two self–adjoint operators X ,Y with parameter
α ∈ R .

Proof. According to [8, Corollary 2.18], we have

r̃(v) =
(2v−1)2|2v−1|+6v(1− v)−1

8v(1− v)

and

R̃(v) =
−(2v−1)2|2v−1|+2v(1− v)+1

8v(1− v)
.

By some simple calculations, we have

0 � r̃(v) � min{1− v,v} and max{1− v,v}� R̃(v) � 1.

Since
dxp logx

dp
= xp(logx)2 � 0 for x > 0, the function xp logx is monotone increasing

with respect to p ∈ (0,1] . Thus we have

S(A|B) = lim
p→0

Sp(A|B) � S p
2
(A|B) � Sp(A|B).
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In addition, we have Tpv(A|B) � Tp(A|B) . Thus we get the first inequality of this corol-
lary.

Since R̃(v) � 0 and S p
2
(A|B) � S(A|B) , we also get the following from the second

inequality in Theorem 2.5:(
1−2v
1− v

)
Tpv(A|B)+

(
v

1− v

)
Tp(A|B) � (1− v+ R̃(v))S(A|B)+ (v− R̃(v))Sp(A|B).

Since 1− v− R̃(v) � 0 and Sp(A|B) � S(A|B) , we also have(
1−2v
1− v

)
Tpv(A|B)+

(
v

1− v

)
Tp(A|B) � (1−2R̃(v))Sp(A|B)+2R̃(v)S p

2
(A|B).

Thus we get the second inequality of this corollary. �

REMARK 2.7.

(1) If we take v = 1 as a special case in the first inequality of Corollary 2.6, then we
obtain the known inequality Tp(A|B) � Sp(A|B) for p ∈ (0,1] and 0 < A � B .
See [7, Remark 7.3.5] for example. Since we have lnp x � xp logx for p > 0 and
x > 0, we have Tp(A|B) � Sp(A|B) for A,B > 0 and p > 0.

(2) Since it is known from [8, Corollary 2.18] that we have min
0<v<1

R̃(v) =
3
4

, when

v =
1
2

, we deduce the relation from the second inequality of Corollary 2.6:

Tp(A|B) � max

{
5
4
S(A|B)− 1

4
Sp(A|B), −1

2
Sp(A|B)+

3
2
S p

2
(A|B)

}

for the special case v =
1
2

.

In order to establish our next result, we state the following lemma from [21, The-
orem 3.5].

LEMMA 2.8. Let f : [m,M] −→ R be a convex function, a,b ∈ [m,M] and 0 �
v � 1 . Then,

(1− v) f (a)+ v f (b)−2

(
f (m)+ f (M)

2
− f

(
m+M

2

))
� Cf ,v(a,b)

� f ((1− v)a+ vb)+2

(
f (m)+ f (M)

2
− f

(
m+M

2

))
.

By applying Lemma 2.8, we can establish the relations between the relative oper-
ator entropy, the Tsallis relative operator entropy, and the generalized relative operator
entropy.
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THEOREM 2.9. Let 0 < A � B, p �= 0 and 0 � v < 1 . Then,

2S p
2
(A|B)− vS(A|B)− (1− v)Sp(A|B) �

(
1−2v
1− v

)
Tpv(A|B)+

(
v

1− v

)
Tp(A|B)

� Svp(A|B)+S(A|B)+Sp(A|B)−2S p
2
(A|B).

Consequently,

2S p
2
(A|B)− S(A|B)+Sp(A|B)

2
� Tp(A|B) � S(A|B)+Sp(A|B)−S p

2
(A|B).

We also have for v ∈ [0,1] with v �= 1
2 ,

(1− v)Spv(A|B)+ vSp(1−v)(A|B)−
(
S(A|B)+Sp(A|B)−2S p

2
(A|B)

)
� 2T2p(1−v)(A|B)+

(
v

1−2v

)
Tp(1−v)(A|B)−

(
1− v
1−2v

)
Tpv(A|B)

� S2pv(1−v)(A|B)+
(
S(A|B)+Sp(A|B)−2S p

2
(A|B)

)
.

Proof. By using Lemma 2.8 with f (t) := xpt logx, (x � 1, p �= 0) , and m = a =
0,M = b = 1, we get the first result. We also see easily the second result by taking
v := 1

2 in the first inequality.
Since we have

Cxpt logx,v(v,1− v) = 2ln2pv(1−v) x+
(

v
1−2v

)
lnp(1−v) x−

(
1− v
1−2v

)
lnpv x

when we set m = 0,M = 1,a = v,b = 1− v and f (t) := xpt logx, (x � 1, p �= 0) in
Lemma 2.8, we get the result. �

The term Cf ,v (a,b) can also be characterized by more than one techniques. The
following equality (see [8]) holds.

(x∇αy)∇v (x∇λ y) = x∇(1−v)α+vλ y = x∇α∇vλ y. (5)

For α = 0 we deduce the following equality:

x∇v (x∇λ y) = x∇vλ y,

which implies the following by replacing v by
v
λ

for λ �= 0,

x∇ v
λ

(x∇λ y) = x∇vy. (6)

If we take α = vλ in (5) and we replace λ by (1− v)λ , then we deduce

x∇vy = (x∇vλ y)∇v
(
x∇(1−v)λ y

)
.
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LEMMA 2.10. Let λ ∈ (0,1) , v ∈ [0,1] and x,y � 0 . Then,

min

{
v
λ

,
1− v
1−λ

}
x∇λ y � x∇vy � max

{
v
λ

,
1− v
1−λ

}
x∇λ y. (7)

Proof. For v ∈ {0,1} the inequality of the statement is true. Now, we take v ∈
(0,1) . We firstly assume v � λ . Then the inequalities (7) become

v
λ

x∇λ y � x∇vy � 1− v
1−λ

x∇λ y.

In consideration of the equality (6), we deduce

v
λ

x∇λ y � x∇ v
λ

(x∇λ y) � 1− v
1−λ

x∇λ y,

which gives
v
λ

x∇λ y �
(
1− v

λ

)
x+

v
λ

x∇λ y � 1− v
1−λ

x∇λ y.

The first inequality holds since
(
1− v

λ
)
x � 0. The second inequality is transformed as(

1− v
λ

)
x �

(
1− v
1−λ

− v
λ

)
x∇λ y =

λ − v
λ (1−λ )

((1−λ )x+ λy) =
(
1− v

λ

)
x+

λ − v
1−λ

y,

so that the second inequality holds, because 1− v
λ

� 0 and
λ − v
1−λ

� 0.

The case when v > λ is treated similarly to the previous case. Therefore, the
inequality of the statement is true. �

For λ =
1
2

in Lemma 2.10 with v ∈ [0,1] and x,y � 0, we deduce

2min{v,1− v}x∇y � x∇vy � 2max{v,1− v}x∇y.

THEOREM 2.11. Let λ ∈ (0,1) , v ∈ [0,1] and f : [a,b] → [0,∞) be a Riemann
integrable function. Then,

min

{
v
λ

,
1− v
1−λ

}⎛⎝ 1∫
0

f (a∇vtb)dt

⎞⎠∇λ

⎛⎝ 1∫
0

f
(
b∇(1−v)ta

)
dt

⎞⎠
� Cf ,v (a,b) � max

{
v
λ

,
1− v
1−λ

}⎛⎝ 1∫
0

f (a∇vtb)dt

⎞⎠∇λ

⎛⎝ 1∫
0

f
(
b∇(1−v)t a

)
dt

⎞⎠ .

Proof. Taking x =
1∫

0

f (a∇vtb)dt � 0 and y =
1∫

0

f
(
b∇(1−v)t a

)
dt � 0 in (7) , we

obtain the inequality of the statement. �
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COROLLARY 2.12. ([8, Theorem 2.3]) Let v∈ (0,1) and f : [0,1)∪(1,∞)→R+
be a Riemann integrable function. Then,

min

{
v

1− v
,
1− v

v

} ∫ 1

x
f (s)ds

1− x
� Cf ,v(x,1) � max

{
v

1− v
,
1− v

v

} ∫ 1

x
f (s)ds

1− x
.

Proof. Take λ := 1− v , a := x �= 1 and b := 1 in Theorem 2.11. Then we have⎛⎝ 1∫
0

f (x∇vt1)dt

⎞⎠∇1−v

⎛⎝ 1∫
0

f
(
1∇(1−v)t x

)
dt

⎞⎠
= v

1∫
0

f ((1− vt)x+ vt)dt +(1− v)
1∫

0

f ((1− (1− v)t)+ (1− v)tx)dt

=
v

v(1− x)

(1−v)x+v∫
x

f (s)ds+
1− v

(1− v)(x−1)

(1−v)x+v∫
1

f (s)ds =
1

1− x

1∫
x

f (s)ds.

Thus we obtain the desired result. �
We find that Theorem 2.11 gives an extension of [8, Theorem 2.3] from Corollary

2.12. However, Theorem 2.11 does not show the ordering between its left (right, resp.)
hand side and f (a∇vb) ( f (a)∇v f (b) , resp.) which is the left (right, resp.) hand side
of the weighted Hermite–Hadamard inequality. In the following theorem, we give new
lower and upper bounds of Cf ,v(a,b) , where the lower bound is greater than or equal
to f (a∇vb) and the upper bound is less than or equal to f (a)∇v f (b) .

From (2), we have the inequality:

f (a∇vb) � Cf ,v (a,b) =

⎛⎝ 1∫
0

f (a∇vtb)dt

⎞⎠∇v

⎛⎝ 1∫
0

f
(
b∇(1−v)t a

)
dt

⎞⎠� f (a)∇v f (b) ,

which is equivalent to

f (a∇vb) � Cf ,v (a,b) =
1∫

0

f (a∇vtb)∇v f
(
b∇(1−v)t a

)
dt � f (a)∇v f (b) . (8)

We are interested in the term f (a∇vtb)∇v f
(
b∇(1−v)t a

)
which suggests that we should

study the argument (a∇vtb)∇v
(
b∇(1−v)t a

)
. By simple calculations, we get

(a∇vtb)∇v
(
b∇(1−v)t a

)
= a∇vb. (9)

In [6, Theorem 2.1], the third and the fourth author established that for a convex
function f : [a,b] → R and for any v ∈ [0,1] , we have

f (a∇vb) � R(1)
f ,v (a,b) � Cf ,v (a,b) � R(2)

f ,v (a,b) � f (a)∇v f (b) , (10)
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where
R(1)

f ,v (a,b) := f
(
a∇v/2b

)
∇v f

(
a∇(1+v)/2b

)
and

R(2)
f ,v (a,b) := ( f (a)∇v f (b))∇v ( f (a∇vb)) .

The following estimations are different from those in (10) and Lemma 2.1.

THEOREM 2.13. Let f : [a,b]→R be a convex function with a,b> 0 and v,t,λ ∈
[0,1] . Then we have

f (a∇vb) � Q(1)
f ,v (a,b) � Cf ,v (a,b) � Q(2)

f ,v (a,b) � f (a)∇v f (b) ,

where

Q(1)
f ,v (a,b) =

1∫
0

1∫
0

f
(
a∇v(λ+t−λ t)b

)
∇v f

(
a∇v+(1−v)(1−λ )(1−t)b

)
dλdt

and

Q(2)
f ,v (a,b)

=
1∫

0

1∫
0

( f (a∇vtλ b))∇vt f
(
b∇(1−vt)λ a

)
∇v
(
f
(
b∇(1−v)tλ a

))
∇(1−v)t f

(
a∇(1−t+vt)λ b

)
dλdt.

Proof. For a convex function f : [a,b]→ R with a,b > 0 and v,t ∈ [0,1] , it holds

f (a∇vb) = f
(
(a∇vtb)∇v

(
b∇(1−v)t a

)) (8)
� Cf ,v

(
a∇vtb,b∇(1−v)t a

)
� f (a∇vtb)∇v f

(
b∇(1−v)t a

)
�Cf ,vt (a,b)∇vCf ,(1−v)t (b,a)

� ( f (a)∇vt f (b))∇v
(
f (b)∇(1−v)t f (a)

) (9)= f (a)∇v f (b) . (11)

Integrating on [0,1] in relation (11), we obtain

f (a∇vb) �
1∫

0

Cf ,v
(
a∇vtb,b∇(1−v)t a

)
dt �

1∫
0

f (a∇vtb)∇v f
(
b∇(1−v)t a

)
dt

�
1∫

0

Cf ,vt (a,b)∇vCf ,(1−v)t (b,a)dt � f (a)∇v f (b) . (12)

From relation (5) and b∇va = a∇1−vb , we have

(a∇vtb)∇vλ
(
b∇(1−v)t a

)
= a∇v(λ+t−λ t)b (13)
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and (
b∇(1−v)ta

)
∇(1−v)λ (a∇vtb) = a∇v+(1−v)(1−λ )(1−t)b. (14)

Consequently, using relations (13) and (14), we find

Cf ,v
(
a∇vtb,b∇(1−v)t a

)
=

1∫
0

f
(
a∇v(λ+t−λ t)b

)
∇v f

(
a∇v+(1−v)(1−λ )(1−t)b

)
dλ .

Therefore, by substituting the above relation into (12) and considering that

Cf ,vt (a,b)∇vCf ,(1−v)t (b,a)

=
1∫

0

( f (a∇vtλ b))∇vt f
(
b∇(1−vt)λ a

)
∇v
(
f
(
b∇(1−v)tλ a

))
∇(1−v)t f

(
a∇(1−t+vt)λ b

)
dλ ,

we obtain the inequalities stated. �

Applying the similar approach as outlined in Theorem 2.3, 2.5, 2.9 and 2.13, we
establish a set of inequalities for the relative operator entropies. In this context, we

denote the terms Q1 and Q2 to represent Q(1)
f ,v (a,b) and Q(2)

f ,v (a,b) , respectively, due
to the complexity of obtaining analytical expressions for the double integrals associated

with Q(1)
f ,v (a,b) and Q(2)

f ,v (a,b) .

THEOREM 2.14. Let p ∈ (0,1] , v ∈ (0,1) and 0 < A � B. Then,

Spv(A|B) � A
1
2 Q1(A− 1

2 BA− 1
2 ,v)A

1
2 �

(
1−2v
1− v

)
Tpv(A|B)+

(
v

1− v

)
Tp(A|B)

� A
1
2 Q2(A− 1

2 BA− 1
2 ,v)A

1
2 � (1− v)S(A|B)+ vSp(A|B),

where

Q1(x,v) := logx

1∫
0

1∫
0

xpv(λ+t−λ t)∇vx
p(v+(1−v)(1−λ )(1−t))dλdt

and

Q2(x,v) := logx

1∫
0

1∫
0

(
xpvtλ ∇vt x

p(1−λ+vtλ )
)

∇v

(
xp(1−tλ+vtλ )∇(1−v)t x

p(λ−tλ+vtλ )
)

dλdt.

Proof. The function f (t) := xpt logx is convex on [0,1] when x � 1 and 0 < p �
1. So, we set a := 0, b := 1 and f (t) := xpt logx in Theorem 2.13. Thus, we deduce

f (v) � f (0∇v1) � Q(1)
f ,v (0,1) � Cf ,v (0,1) � Q(2)

f ,v (0,1) � f (0)∇v f (1) ,
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where

f (0)∇v f (1) = (1− v) logx+ vxp logx,

Cf ,v (0,1) = Cxpt logx,v (0,1) = (1− v)
(

xpv −1
pv

)
+ v

(
xp− xpv

p(1− v)

)
=
(

1−2v
1− v

)(
xpv−1

pv

)
+
(

v
1− v

)(
xp−1

p

)
,

Q(1)
f ,v (0,1) =

1∫
0

1∫
0

f
(
0∇v(λ+t−λ t)1

)
∇v f

(
0∇v+(1−v)(1−λ )(1−t)1

)
dλdt

=
1∫

0

1∫
0

f (v(λ + t−λ t)∇v f (v+(1− v)(1−λ )(1− t))dλdt

= logx

1∫
0

1∫
0

xpv(λ+t−λ t)∇vx
p(v+(1−v)(1−λ )(1−t))dλdt

and

Q(2)
f ,v (0,1)

=
1∫

0

1∫
0

( f (0∇vtλ 1))∇vt f
(
1∇(1−vt)λ 0

)
∇v
(
f
(
1∇(1−v)tλ 0

))
∇(1−v)t f

(
0∇(1−t+vt)λ 1

)
dλdt

=
1∫

0

1∫
0

( f (vtλ )∇vt f (1−λ+vtλ ))∇v
(
f (1−tλ+vtλ )∇(1−v)t f (λ−tλ+vtλ )

)
dλdt

= logx

1∫
0

1∫
0

(
xpvtλ ∇vt x

p(1−λ+vtλ )
)

∇v

(
xp(1−tλ+vtλ )∇(1−v)t x

p(λ−tλ+vtλ )
)

dλdt

By setting x := A− 1
2 BA− 1

2 and multiplying both sides by A
1
2 , we derive the desired

inequalities stated. �

3. Concluding remarks

As we have seen, we obtained some relations among three relative operator en-
tropies based on the improved Hermite–Hadamard inequalities and their reverses.

If we take f (x) := exp(x) , v := 1/2 and the replacement a := loga , b := logb in
(10), then

√
ab � a3/4b1/4 +a1/4b3/4

2
� a−b

loga− logb
� 1

2

(
a+b

2
+
√

ab

)
� a+b

2
. (15)
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See also [6, Corollary 2.2] with v := 1/2. As an application of the obtained in-
equalities, we give the improvement of the inequalities among geometric mean, loga-
rithmic mean and arithmetic mean in the following.

EXAMPLE 3.1. If we take f (x) := exp(x) , v := 1/2 and the replacement a :=
loga , b := logb in Theorem 2.13, then we have

√
ab � l(a,b) � a−b

loga− logb
� u(a,b) � a+b

2
, (a,b > 0, a �= b). (16)

The lower bound l(a,b) is calculated for a,b > 0 by Mathematica [11] with Ln(z) =
log |z|+ iargz, (−π < argz � π) for z ∈ C\{0} :

l(a,b)

=

√
ab
(
Ln
( 1

log a
b

)−Ln
(
log a

b

)
+Ln

(
log b

a

)−Ln
( 1

log b
a

)
+Ei

(
log
√ a

b

)−Ei
(
log
√

b
a

))
loga− logb

=

√
ab
(

log
(| log b

a |
)− log

(| log a
b |
)
+Ei

(
log
√ a

b

)−Ei
(
log
√

b
a

))
loga− logb

,

with a �= b , where we used Ln(z)− Ln(1/z) = 2log |z| and Ei(z) :=
z∫

−∞
ex/xdx is

so-called exponential integral. We take l(a,a) = a . The upper bound u(a,b) is also
calculated as

u(a,b)=
(1−γ)(b−a)+bEi(loga/b)−aEi(logb/a)−b log(| loga/b|)+a log(| logb/a|)

loga− logb
,

with a �= b , where γ 	 0.57721 is Euler’s gamma constant and u(a,a) = a .

It is natural to compare (15) and (16). We give the numerical computations in the
following.

REMARK 3.2. For the case a := 1, b := 2,
a3/4b1/4 +a1/4b3/4

2
	 1.4355 and

l(1,2) 	 1.42368. For the case a := 104 , b := 10−3 ,
a3/4b1/4 +a1/4b3/4

2
	 88.9421

and l(104,10−3)	 90.8303. Therefore, there is no ordering between two lower bounds

of the logarithmic mean
a−b

loga− logb
, in general. However, in almost all cases we see

l(a,b) � a3/4b1/4 +a1/4b3/4

2
, (a,b > 0) from numerical computations.

For the case a := 1, b := 2, 1
2

(
a+b
2 +

√
ab
)
	 1.45711 and u(1,2) 	 1.46175.

For the case a := 1, b → 0,
1
2

(
a+b

2
+
√

ab

)
=

1
4

and lim
b→0

u(1,b) = 0. Therefore,
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there is no ordering between two upper bounds of the logarithmic mean
a−b

loga− logb
,

in general. However, we may expect that

u(a,b) � 1
2

(
a+b

2
+
√

ab

)
, (0 < a � b)

from numerical computations.

According to the results in Remark 3.2, we may use new bounds l(a,b) and u(a,b)

for the logarithmic mean
a−b

loga− logb
. Their expressions are quite complicated so that

the bounds (15) have advantages if we compare (15) and (16). However, if one will need
the precise computations of the bounds for the logarithmic mean and it is sufficient to
calculate them numerically, then our obtained bounds may be applicable.

As stated in Remark 2.2, from Lemma 2.1 (i) and (iii), we have

f (a∇vb) � f (a∇vb)+2r

1∫
0

{(
f (a∇vtb)∇ f

(
b∇(1−v)t a

))− f
(
a∇ 1+t(2v−1)

2
b
)}

dt

� Cf ,v (a,b) � f (a)∇v f (b)−2r̃(v)( f (a)∇ f (b)− f (a∇b)) � f (a)∇v f (b),
(17)

where r and r̃(v) are defined in Lemma 2.1. It may be of an interest to compare the
inequalities (17) and the inequalities (10).

EXAMPLE 3.3. If we take f (x) := exp(x) , v := 1/2 and the replacement a :=
loga , b := logb in the inequalities (17), we have for a,b > 0

√
ab � a−b

loga− logb
� 1

2

(
a+b

2
+
√

ab

)
� a+b

2
. (18)

REMARK 3.4. In comparison of the inequalities (18) with the inequalities (15),
both upper bounds are same. Also the lower bound in (18) gives the known result, but
the left hand side in the inequalities (15) gives a slightly precise one.

Finally, we give comments on the equalities for our obtained results, Theorem
2.3, 2.9 and 2.14. They are corresponding to the scalar inequalities in Lemma 2.1
(i), (ii), Lemma 2.8 and Theorem 2.13, respectively. When the function is given by
f (x) := αx+β , the equalities in the inequalities in Lemma 2.1 (i), (ii), Lemma 2.8 and
Theorem 2.13 hold, since

1∫
0

{(
f (a∇vtb)∇ f

(
b∇(1−v)ta

))− f
(
a∇ 1+t(2v−1)

2
b
)}

dt = 0,

Cf ,v(a,b) = Q(1)
f ,v(a,b) = C(2)

f ,v(a,b) = (1− v)a+ vb
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for f (x) := x . In our obtained results, Theorem 2.3, 2.9 and 2.14, we used the non-
linear function f (x) := xpt logx . So the conditions of the equalities in Theorem 2.3,
2.9 and 2.14 do not depend on the corresponding scalar inequalities in Lemma 2.1
(i), (ii), Lemma 2.8 and Theorem 2.13. However, we may state that the equalities for
all inequalities in Theorem 2.3, 2.5, 2.9 and 2.14 hold when A = B , since we have
S(A|B) = 0, Tp(A|B) = 0 and Sp(A|B) = 0 for A = B .
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Nicuşor Minculete
Transilvania University of Braşov
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