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Abstract. This project’s primary goal is to present new novel bounds that work for the norm and
numerical radius. The results will be compared with the existing literature, and we will show
that the new findings can be better than some known results. The significance of this study lies in
the fact that renowned attention is being paid to this concern, where numerous researchers have
been researching sharp relations among certain operator quantities.

1. Introduction

Let H be a complex Hilbert space, endowed with an inner product (-,-), and
induced norm || - ||. The C*-algebra of all bounded linear operators on H is denoted by
B(H). The zero element of this C*-algebra will be denoted by O, while the identity
operator is denoted by /.

The operator norm || - || and the numerical radius @(-) are two norms defined on
B(H) by
1A[l = Sap [|Ax]| and &(A) = Sup [{Ax, x)|.
x||=1 x||=1

The fact that || - || and ®(-) are equivalent is well known, as we have [20, Theorem
1.3-1]

1

Sl < o(4) <A, A & B(H). (1.1)

Studying further relations among the operator norm and numerical radius of cer-
tain operator forms where tighter relations are desired has been of adequate interest
(see, e.g., [23, 27]).

In [26], it was shown that

1
w*(A) < 7 llATA+aat], (1.2)
as a sharper bound than the second inequality in (1.1). Earlier, it was shown in [25] that

1 *
o (4) < 5 1Al + A", (1.3)
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where A* is the adjoint operator of A, and |- | is the absolute value operator. Convexity
of the function f(¢) = ¢? implies that (1.3) is better than (1.2).

The arithmetic-geometric mean inequality for the operator norm states that when
A,BeB(H),

1
1AB| < 5 A"A+ BB . (1.4)

This inequality has been a keen result in operator theory, with a history that goes back
to [15, 16, 17].

The operator norm is special case of unitarily invariant norms, which are increas-
ing functions of singular values of A denoted by s5;(A). For recent studies about singu-
lar values, we advise readers of this paper to refer to [6]—[14].

The numerical radius does not satisfy the same form as (1.4). More precisely, the
inequality ®(AB) < w(A*A+ BB*) is not always true, as one can see in [31, 34].

Among the basic upper bounds for w(AB), we have [26, Ineq. (17)])

o (AB) < H|A*| + B H (1.5)

Related to this discussion, and in a wider approach, it was shown in [22] that when
S,T € B (H), one has

2 _ 2
a)(ST+TS)<2\/§S||\/w2(T)— 37 > IST] ‘, (1.6)

which was shown as a refinement of the celebrated inequality [18]
(ST +TS) < 2V2||S||(T),

where R(-) and 3(+) refer to the real and imaginary parts, respectively.

A more elaborated form that has some interesting special cases has been shown in
[29], where it was shown that if S;,7; € B(H) satisfy S;7; = T;S; and S}T; =T;S}, for
i,j=1,2,then

2

2
o(S1T1+8:1) < 2 (S7S;+S:S7) (1.7)

NI'—‘

i(T T+ TT})
i=1

We refer the reader to [1, 3, 4, 22, 25, 26, 27, 35] as a list of work that treated
numerical radius bounds, and to [2, 23, 30, 32, 33] for a discussion related to the nu-
merical radius of an operator matrix, which is a keen component of this paper. Our
goal in this paper is to present a general discussion that leads to several generalizations
and new extensions related to the above discussion. More precisely, we will show some
n-tuple versions for the operator norm and numerical radius, and then, as special cases,
we will deduce some of the celebrated known results. New consequences will follow,
too. The obtained results will be compared with the existing results, where we appeal
to numerical examples to show that some of the obtained results are independent of the
existing ones, in the sense that neither is always better. These numerical examples help
better digest the obtained bounds.




NORM AND NUMERICAL RADIUS BOUNDS FOR CERTAIN OPERATOR FORMS 477
We will need some lemmas from the literature in our proofs, as follows. First,

recall that any operator A € B(H) has a polar decomposition A = U|A|, where U is a
partial isometry.

LEMMA 1.1. [19,p.58] Let T =U |T| be the polar decomposition of T € B (H).
Then, for any positive number t,

|T*' =U|T|'U*.

We recall that an operator A € B(H) is said to be positive if it satisfies (Ax,x) >0
for all x € H. Such operator is usually referred to by writing A > O.

LEMMA 1.2. [24, Corollary 2] Ler A,B € B (H) be positive operators. Then

1
A+ Bl < max{[lA]l, |B]} +||a2 B}

LEMMA 1.3. Let A,B > O. Then
|A+B|* < 2||A%+B|. (1.8)

Equality holds iff A = B.

Proof. Tt is well known that ||(A + B)?|| = ||A+ B||?> (since A,B > O). To reach
inequality (1.8), it is enough to prove that (A + B)? < 2(A% + B?); in the sense that
2(A%2 4 B?)— (A+B)? > 0. We have

2A? +2B? — (A+ B)? = 2A® + 2B* — (A> + B>+ AB + BA)
= A+ B>~ AB—BA
= (A_B)2 2 07

where the last inequality follows from the fact that A — B is self-adjoint. This implies
that (A + B)? < 2(A% + B?), and completes the proof. [J

The subsequent sections will be organized as follows: first, we prove a multiplica-
tive n-tuple norm inequality and discuss some special cases to see how new bounds are
found. After that, numerical radius bounds in additive forms will be discussed. Several
remarks will be presented to show evidence of the significance of the obtained bounds.
‘While some new bounds are refinements or extensions, other bounds will add a new list
of independent results.

We emphasize that the numerical examples are not used to show that the obtained
results are better than the existing ones. However, they are used to show that the ob-
tained bounds are not trivial, as they can provide better estimates as explained by the
given examples.
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2. Norm bounds

In this section, we prove an n-tuple norm inequality. Some norm consequences
are discussed in this part.

THEOREM 2.1. Let A;,B; € B (H) for i=1,2,...,n, andlet 0 <t < 1. Then

1

n— 2

n—1 2
> By |Ai*B;+|A;] 1

1 n—1
AiBi+B,AL| < A7 P 4 B, |A, | B;
-1 = -1
2.1
In particular,
1 1
|[A1B1 £ BoA3 || < ‘BT|A1|2131+|A3|2(H) AP+ Byl By (22)

Proof. Let A; = U; |A;| be the polar decomposition of A; (i=1,2,...,n). Put

UilAL]"™ Ua|Ao|™ - Ui ]Au1 |V BalAy|

(0] (0] (0] 0]
K= : : : : >

0 o .. 0 0

(0] (0] (0] 0]

and

|Ai'Bi O---00

|A2'B, O---00

L= : Dt
|A,_1|'Bp1 O--- 00
A"ur 000

Uncomplicated calculations reveal that

i
[ % 2t * 2t * 2t 2(l—t) *
B|ALY By + B A" By + -+ B |Au1[¥Buy + UnA, U O -0 0
o 0---00
o 0O---00
I ) 0.-00
(Bj|A1[" By +Bj|A2 /"By + -+ B | Ay 1" By + 1A 0 00
o O---00
(0] 0O---00
I 0 0---00
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and
‘K*‘Z
(01 ALPYOUF + s A Y05 + -+ Ut |An 1 PYUS 4Bl AnP'By 0 - 0 0
0 O---00
0 0---00
L 0 0---00
|AT|2(14)+ |A§|2(1—1)_‘_.”+ Az 2(1’t)+Bn|An|2fB;§ 0---00
0 0---00
0 0---00
o 0---00

thanks to Lemma 1.1. We can write

>l AiBi+ByAL O - 0 O

|IZ0) Aibi+ B,

= [|KL7]|
<KL

1 1
= KPP

5t :
Y 147 PO By B,

i=1

n—1
3 BB+ 1Ay PO
i=1

)

as required for the first inequality. We obtain the second desired inequality if we set
n=2in(2.1). O

REMARK 2.1. Let

12 02 13 12
St A R B B

Then [|A;B| 4 B,A}|| ~ 10.5692,

Lt os il
[BT|A1|B1 + |A3][|2 [[|AT] + B2|A2| By [|> ~ 15.9695,

while X ,
||A1AT + BaB5|| 2 ||B]B1 +A24A5||2 = 18.0346.

This shows that (2.2) can provide a better estimate than [21]

L L
14181+ BoAs|| < [[A1AT + B2B3 |2 [|B1B1 + A2A3 |2 -
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COROLLARY 2.1. Let S,T € B (H) andlet 0 <t < 1. Then

(S

IST+ 78 < || T1SPT + |50 2T |57 P00

Proof. In (2.2),1et Ay =S, By =T, B, =T and A, =S*. [

COROLLARY 2.2. Let A,B € B(H). Then

1 * 1 * P
IAB]| < S l[1B|+B|A|BI|> [[|A™[ +A|B™|A™]]> . (2.3)

Proof. This follows from (2.2), by letting t = %, Ay =By =A and A, = B| =
B*. [

20 10
REMARK 2.2. Let A = [00] and B = {OO] . Then

1 1 1 1
|AB|| =2, EHA*A—i-BB*sz.S, §|HBH—B*\A\B||7H\A*|—|—A\B*|A*H7%2.12132.

This shows that (2.3) can provide better estimates than the arithmetic-geometric mean
inequality (1.4). This is not always the case, as (1.4) can also be better in other exam-
ples.

3. Numerical radius bounds

Now, we discuss several additive forms for n-tuple of operators. The notation ¢
will be used to denote the direct sum.

THEOREM 3.1. Let A;,B; € B(H) for i=1,2,...,n, andlet 0 <t < 1. Then

1
<2AB +BA> <5 2|A 200 +2B*|A Bi+B,A.*B||.  (3.1)
i=1 = =1
In particular,
#12(1—1) (1—1) * 2t 2t
o (A1B) + B2AY) < H|A1\ ) A5 B AP By + BolAs ¥ BY||. (3.2)
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Proof. Following the proof of Theorem 2.1 and using the arithmetic-geometric
mean inequality, we obtain for X = x@i.:ll 0ecol H,

> ABi+ByAL O - 00
0 0---00
< : Do X»X>
0 0000
0 0000
= [(KLx,x)|

< () (1)
<3 (P (1)

1 * *
= (L P+IKP)xx),

which implies the desired result by taking the supremum over all unit vectors x €
H. O

As a particular case of Theorem 3.1, we have the following corollary, which can
be considered as the generalization of [26, Ineq. (21)].

COROLLARY 3.1. Let S,T € B (H). Then

1
o(STLTS) < 3 H|S*|2(1*’) + |S|2(1*f) + T*‘S‘%T_’_T‘S*‘%T*

. (3.3)
Furthermore, this inequality is sharp.
Proof. In(3.2),let Ay =S,B,=T,B,=T and A, =S8*. O

REMARK 3.1. Inthis remark, we give a numerical example to show that Corollary
3.1 can provide better estimates than (1.6). In fact, we will give an example where (3.3)

is an equality rather than an inequality. Indeed, let S = [8 ” and T = [3 (1)] . Then
03

ST+TS = {02

1
], IS|[=Vv2, o(T)=2, and O(ST+TS) = 5 413+ 17.

Further,

RT2— ||ST?
IRT|=2, |ST|=0 and 2ﬁ||s\/w2(r)—|” H ZHS Pl _ 45,

On the other hand, if we let = 0.5 in (3.3), we obtain

P04 ISP TSP i = 9.
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This implies

1 1

SISO SO ISP Tt T | = S/ 4vIB 17,

which shows that (3.3) is sharp, and that (3.3) is sharper than (1.6) in this example.
We emphasize that (3.3) is not always better than (1.6), as one can check with the

. 20 21
matrices S = [1 1] and T = [1 2}

REMARK 3.2. Reading (1.7) by our analysis, we have

O(ALB1+ BaA) < % IATAL AL AL+ BiBs + BaB3|| S ||BIBy + BuB, + A3As + AsA3|12
3.4

providedthatA1B1 =BiA;,AlAy =AA,, BoBy =B 1By, BoAy) =A>B>, A’IFBI ZBIAT s

A’{Ag = AyAT, B;Bl = BIBE, B;Ag = A2B;. If we let

_10.41+40.2310.27 4-0.071

AL=1026+0.07i 0.3 +0.89i |

Ay =A}, By =A}, By=A}

then the commuting condition trivially holds. Numerical calculations show that @ (A B,
+ BA3) ~ 0.767137,

1 1 . 1
3 |ATA| + A 1A + B3By + BaB5||? ||BiB1 + B1B] + A3A + A»A% |2 = 1.63856,
and, for r = 0.5,

1 — * — * *
S|P AP B B+ Bala B3 | ~ 158296,

which shows that (3.1) is better than (3.4) for these matrices.
REMARK 3.3. Itis shown in [29] thatif S;,T; € B(H), then

Lo wnk
o(S1T1 +T1S1) < [|S{S1+S1S712 (| T T + T Ty |2
Reading this inequality in our context, we have
Lo, el
0(A1B1+B1A)) < HA’{Al +A1ATH 2 ||B1B1 +B1Bi]|? . 3.5)
Ifwelet Ay =B = |:8 8] , we find that (A;B1 + B1A;) =0,
1 1
|[ATA1 +A1AT[]? ||B{B1 + B1Bi||> =9,
and, for r = 0.5,

‘|AT PO 1A PO 1 Bi|AL P By + By AT B | = 15,

1

3|
showing that the bound we found in Theorem 3.1 can be better than that in (3.5). But
again, we point out that other numerical examples show the opposite conclusion.
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REMARK 3.4. Letting =0, in (3.2), we have

w(ABiBA*<1 A5+ |A512 4 B )? + |BS 3.6

151 22)\§|1\+\2\+\1\+\2\- (3.6)

Letting Ay = A, By =B, and B, = Ay = O, in (3.6), we get (1.5). Thus, (3.6) is an
extension of (1.5).

REMARK 3.5. Let Ty = V|Ti| and T, = W|T;| be the polar decompositions of
T\,T; € B(H). Substituting A;, Ay, B; and By, respectively, by V |Tj|"/%, |T5|'/2,
I7]'/% and W |T2| /% in (3.6) yields

1 .
o(li £1) < 3 T+ 1T [+ ||+ T (3.7

which is an extension of (1.3).
Squaring both sides in (3.7) implies

1 .
(T £ T5) < g IIT |+ 177+ [T+ 17511
Now, applying (1.8) gives

)

1 * *
(T £ 1) < 3 (T +1BI) + (77 + 751

which is an extension of (1.2).

REMARK 3.6. Put Ay =A, By =B, and B, =A; = O in (3.2), to obtain

1 * *
©(AB) < 3 [[|A"] +B"|A| B]|. (3.8)

1

In particular,

If T =V/|T| is the polar decomposition of T € 9B(H), substituting A and B by |T'| and
V* in (3.8), we obtain

o) <3 T+ 17,
which is (1.3).
Now we give an example to show that (3.8) can be better than (1.5), making (3.8)
a nontrivial bound. For this purpose, let A = [ :1; :g} and B = [ (l) (1)] . Then it can be
seen that w(AB) ~ 3.28634,

1 1
5 [||A*[>+ B[] ~ 13.8246, 5 [1A°|+B*|A| Bl| ~ 3.79473.
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Thus, (3.8) provides a much sharper bound than (1.5). On the other hand, if A =
[:; _11} and B = {:g _01} , then (AB) ~ 6.12311,
1 1
3 [||A*1* +|BP?|| ~ 14.765, 5 147+ B"|A| B]| ~ 16.8082
making (1.5) sharper than (3.8). Thus, in conclusion, (1.5) and (3.8) are independent.

COROLLARY 3.2. Let A,B € B (H) be such that A,B # O. Then

1Bl
Jlall

max{\/AHB T8l (|A||B* )}+HA (B1AB)? ],

141 . IA|B
1B]]

0(AB) < 3 A"+

where r(-) is the spectral radius.

Proof. 1f we replace A and B by HﬁHA and Hg} B, in (3.8), we infer that

o (AB)
1 B A

Y N TR [T I
2|\ 4] 5]

< max VUL e S0 g o142 s )
2™\ Tl ]

(by Lemma 1.2)

:—max{\/AnnB Tl R PRERE

: %max{MH Bl i |A|B>} |l 5 a1y

lIAll

:—max{\/w B (14118 )}+HA| (B*|A|B)?

where we have used the fact that r(-) is commutative to obtain the last equality. This
completes the proof. [

REMARK 3.7. In this remark, we give an example that shows that the two bounds

in Corollary 3.2 can be better than (1.5). If we let A = {(1) _33] and B = {_12 i] ,
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numerical calculations show that w(AB) =~ 4.14005,

I1BIl
1Al

1Al

~5.57945,
I1B]

||A*[?+ [B[?|| ~ 11.5249, |A*| 4+ [ 1= B* |A| B

2

and

All
—max{\/||A||B ”B r(1a1157] )}—i—H|A* (B*|A|B)? H~9zzsz4

However, if we let A = [_22 _12} and B = [8 _1 l} ,the above four numbers are, re-
spectively, 6.22015, 7.80278, 15.2409, 19.2093, which implies that Corollary 3.2 and
(1.5) are independent.

THEOREM 3.2. Let A;,B; € B(H) for i=1,2,...,n. Then

n—1 n—1
® <2A,-B,-+BnA:;> < 'ZIA*I D B; |Ail Bi+By|Aa|By||.  (3.9)
i=1 i=1 i=1
In particular,
o (A1B) £ ByA%) < \/|| |A7|+ A3 || ||B} |A1| By + B2 |A2| By . (3.10)

Proof. Tt follows from (3.1) that

n—1 n—1
1
w(ZA,-BH—BnAZ) <3 Z\A |+ Y B} |Ai| B+ B, |A4| B;
i=1 i=1 i=1
1 n—1
5 2|A* + || Y. Bf |Ai|Bi + By |A4| B} || | .
i=1

Let A > 0. If we replace A; by AA; and B; by %B,- fori=1,2,...,n, we infer that

n—1
o (2 AiB; +BnAj;> ( )
i=1
We deduce the desired result by taking the infimum over A >0. O
Letting Ay =Ay=---=A,=Iand B;=T,; (i=1,2,...,n), in (3.9), we obtain
the following corollary. We emphasize that this corollary is an extension of (1.2). To
show this, it is enough, we set n =2, Ty = RT, and T» =i3T, in Corollary 3.3.

n—1

ZB* |Ai| Bi+ B, |A,| B;,
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COROLLARY 3.3. Let T; € B (H) for i =1,2,...,n. Then

w(gn)g

REMARK 3.8. Letting Ay =A, By =B, and B, =A; = 0, in (3.10), we obtain

o (AB) < /|A[[||B*|A|B|| < [|A]| ||B]|-
THEOREM 3.3. Let A;,B; € B(H) for i=1,2,...,n, andlet 0 <t < 1. Then
o . V2 & 2=t o [ 4 g2 2
o | Y AiBi+B,A; <50 Y A7 +i| Y Bi|Ail"Bi+B|A.|"B; | |-
i=1 i=1 i=1
In particular,

\/5 * — * — . *
© (A1B1 £ BoA3) < -0 <|A1\2(1 04 |azP0 ’)+1<B’f|A1|2’Bl+Bz|A2\2fBz))
(3.11)

Proof. Let x € H be a unit vector and let x = x @7, O € @7 H. Following the
proof of Theorem 2.1, we have

"' AiBi+B,AL O --- 0 0O

0 0O---00
< : R X’X>
0 0O0O0O0
0 0O0O0O0
n *(2(1-1) n—1 px 2t 2 s
l:l‘Ai| +Ei=lBi|Ai‘ Bl+Bn|An| B}’LOOO
1 0] 0O---00
<§< ; R X,X>
0 0000
0 0000
APt o 00
| 0 0O---00
-5 : R D & ¢
i Ty
o 0O0O0O0
0 OO0 O0O0
3= B|Ai[*Bi+ B,|A,)*B; 0 --- 0 O

(0] O---00

+< z S X7X>
0 0O0O0O0
0O0O0O0

o
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Ao 00

0 0---00
ﬁ< >
S : SRR RS
0 0000
0 0000
>~ B¥|Ai|*Bi + B,|A.[*B: O --- 0 O
0 0---00
+i< : SRR X»X>
0 0000
0 0000

(since |a+b| < V2|a+ib| for any a,b € R).

That is,
> L AiBi+B,AL O --- 0 O
(0] 0O---00
< z SN x7x>
(0] 0000
(0] 0000
2?:1 |A;<|2(lft)+ < n— lB*‘A |2IB +B |A ‘2IB*> 00
(0] 0O---00
2
<§< : S X7X>~
(0] 0000
(0] 0000

The first result follows by taking the supremum over all unit vectors x € H. The second
inequality follows from the first by letting n =2. [

REMARK 3.9. Letting t =0 in (3.11), we get

o V2 .
o (A1B1+B2A3) < -0 (|4 + s +i (1B +1B) ). Ga2)
The case B = A, = O, in (3.12), gives
2
® (AB) < %w <|A*\2+i|B|2> . (3.13)

Letting A = |T|Z and B = |T|2V*, in (3.13), we obtain (see [28, Corollary 2.2])

o (T) < gw(lTlﬂLilT*l),

where T = V|T| is the polar decomposition of 7 € 9B (H).
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REMARK 3.10. It has been shown in [26, Ineq. (21)] that

1
o (AB+BA) < 5 H|A*\2+ AP + B2 + \B|2H.

Moreover, in [1, Theorem 2.1] it is proved that

o (AB+BA) < \/H|A*2 v \A|2H H\B*|2+ |B\2H.

Letting Ay =A5 =A, By =B, =B,in (3.10) and (3.11), we get

o (AB+BA) < /|| |[A*| +|A[ [||B*|A| B+ B|A*| B,
and

V2

o (AB+ BA) < 72@ (\A*F(H) AP 4 <B* \A\2’B+B\A*|2tB>> :
In [26, Ineq. (23)] it was proved that
O (ABB'A) < 34| +1A] + B (4] +4°]) B
Letting Ay = A5 = A, By = B} = B, in (3.2), (3.10), and (3.11), we get

1
0 (ABEBA) < 3 H A% 200 4 |ARO-D 4 g (\A\zf v \A*\z’) B, (3.14)

o (AB£B*A) < /[ [A*]+[A[ [ [|B* (]A] + |A*) B,

and
o (AB+B'A) < gw (\A*|2(H) AP g <B* <|A*\2’ + \A|2f) B)) .

Of course if we put t = % in (3.14), we recapture [26, Ineq. (23)].
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