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ON THE p–NUMERICAL RADII OF OPERATOR MATRICES

BASHAR MAYYAS ∗ AND MOHAMMAD SABABHEH

(Communicated by S. Furuichi)

Abstract. The main goal of this paper is to explore further properties of the so-called p -numerical
radius of Hilbert space operators. In particular, we show several bounds that complement those
known bounds from the literature, and present some sharper bounds in other occasions, for op-
erators and operator matrices.

1. Introduction

The Schatten p -class of a separable complex Hilbert space H is defined as the
class of all compact operators with finite p -norm. More precisely, if we denote by
K (H ) the class of all compact operators on H , viewed as a subset of the C∗ -algebra
B(H ) of all bounded operators on H , then the p -norm of A ∈ K (H ) is defined

as ‖A‖p = (tr |A|p) 1
p , where 1 � p �, |A| = (A∗A)

1
2 and tr(·) is the usual trace func-

tional. Then the Schatten p -class is defined as

Bp(H ) = {A ∈ K (H ) : ‖A‖p < }, p � 1.

For 0 < p < 1, the function ‖·‖p is a quasi-norm (it does not satisfy the triangle
inequality). Further, when p =  , ‖ · ‖p is just the usual operator norm, which is
defined for A ∈ B(H ) as ‖A‖ = sup‖x‖=1‖Ax‖.

The notion of the numerical radius is so keen in understanding the geometry of the
numerical range W (A) of A ∈ B(H ) , where

W (A) = {〈Ax,x〉 : x ∈ H ,‖x‖ = 1}.

Then the numerical radius of A ∈ B(H ) is defined as

(A) = sup
‖x‖=1

|〈Ax,x〉| = sup{|z| : z ∈W (A)}.
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The relation between (A) and ‖A‖ has been of great interest in the literature,
where numerous researchers have been trying to obtain sharper relations between the
two notions. Among the most basic relations is the equivalence relation [7, p. 8]

1
2
‖A‖ � (A) � ‖A‖, A ∈ B(H ). (1.1)

Thus, (·) and ‖ · ‖ are equivalent norms. It was noted by many researchers that the
numerical radius can also be computed using the identity (see [21] for example)

(A) = sup
∈R

∥∥∥(eiA
)∥∥∥= sup

∈R

∥∥∥(eiA
)∥∥∥ , (1.2)

where (·) and (·) refer to the real and imaginary parts of A , respectively.
Motivated by (1.2), the authors in [2] introduced a new generalization for the nu-

merical radius, in a way that connects the new notion with a corresponding norm; in the
same way (·) and ‖ · ‖ are related. More precisely, if N(·) is a norm defined on an
ideal JN(H ) ⊆ B(H ) , they defined the N -numerical radius by

N(A) = sup
∈R

N
(
(eiA)

)
, A ∈ JN(H ).

It is proved in [2] that N(·) defines a norm on B(H ) and N(·) is self-adjoint, in
the sense that N(A∗) = N(A) , where A∗ is the adjoint of A .

Furthermore, for every A ∈ JN(H ) , they proved

N(A) � 1
2
N(A) (1.3)

and, if N(A∗) = N(A) ,
N(A) � N(A). (1.4)

So, (1.3) and (1.4) are the corresponding generalizations of (1.1).
When N(·) is the Schatten p -norm ‖·‖p , the generalized numerical radius N(·)

is called the p -numerical radius, and is denoted by p(·) . If A ∈ Bp(H ) , this is
defined as

p(A) = sup
∈R

∥∥∥(eiA)
∥∥∥

p
= sup

∈R

∥∥∥(eiA)
∥∥∥

p
,

where 1 � p �  . For 0 < p < 1, p(·) can be defined on the quasi-norm ‖·‖p
similarly.

It is evident that the norm p(·) is weakly unitarily invariant. In other words, for
every unitary operator V ∈ B(H ) and for A ∈ Bp(H ) , the following identity holds

p(VAV ∗) = p(A).

Also (1.3) and (1.4) can be written together for p(·) as follows

1
2
‖A‖p � p(A) � ‖A‖p . (1.5)
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The equality p(A) = ‖A‖p holds, whenever A is self-adjoint.
For p =  the p -numerical radius is denoted by (·) = (·) which is the usual

numerical radius. For p = 2 the p -numerical radius is the Hilbert-Schmidt numerical
radius. Indeed, in [2] it is shown that

2(A) =

√
1
2
‖A‖2

2 +
1
2
| trA2|,

where A ∈ B2(H ) , as an exact simple identity for 2(·).
A simple refinement of (1.5) has been proved in [9] as follows

2
−1
p ‖A‖p � p(A) � ‖A‖p for 1 � p � 2 (1.6)

and

2
1
p−1 ‖A‖p � p(A) � ‖A‖p for 2 � p � , (1.7)

where A ∈ Bp(H ) . Also, for 2 � p �  , they proved that

1
4
‖A∗A+AA∗‖ p

2
+

1
2

sup
∈R

∣∣∣∣
∥∥∥2(eiA)

∥∥∥ p
2

−
∥∥∥2(eiA)

∥∥∥ p
2

∣∣∣∣� 2
p(A). (1.8)

A complementary inequality of (1.6) for 0 < p � 1 has been given in [5, Proposi-
tion 4.1], which extends (1.6) to 0 < p � 2.

Very recently, the following lower bound for p(·) was shown in [11]

2−
2
p−1 ‖A∗A+AA∗‖ p

2
+

1
8

∣∣∣‖A+A∗‖2
p−‖A−A∗‖2

p

∣∣∣� 2
p(A) (1.9)

for A ∈ Bp(H ) and 0 < p � 2.
On the other hand, the bound

1
2

max
{
‖A+A∗‖p ,‖A−A∗‖p

}
� p(A) (1.10)

was shown in [5] for A ∈ Bp(H ) and 1 < p �  .

In this context, when A,B,C,D ∈ B(H ) , the form

[
A B
C D

]
is called an operator

matrix, and it is an element of B(H ⊕H ). Operator matrices played a key role in
studying the usual numerical radius, as we shall see in our discussion in relation with
the literature.

Continuing with this advancement, in [10], it is proved that for A ∈ Bp(H ) and
2 � p �  , one has

1
4

∥∥|A∗|2 + |A|2∥∥ p
2
+

1
2

∣∣∣‖(A)‖2
p−‖(A)‖2

p

∣∣∣� 2
p(A). (1.11)

In the same reference, it is proved that for 0 < p �  ,

p

([
A A
−A −A

])
= 2

1
p ‖A‖p (1.12)
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and

p

([
O A
B O

])
� 2

1
p−1 (p(A+B)+p(A−B)) , (1.13)

where O is the zero operator in B(H ). For more details on the numerical radius and
its generalizations, the reader is referred to [17, 18, 19], and references therein.

In section 2, we give some new power-type inequalities for the p -numerical radius
of operators in Bp(H ) . In section 3, we establish new upper and lower bounds for
the p -numerical radius of 2×2 operator matrices, which refine and generalize existing
results in the literature.

Before proceeding to the main results of this work, we list some needed lemmas.
The first lemma follows immediately from the definitions.

LEMMA 1.1. Let A,B ∈ Bp(H ) and let 0 < p �  . Then

(a) ‖A‖r
rp = ‖|A|r‖p = ‖|A∗|r‖p for r > 0.

(b) ‖A∗A‖p = ‖AA∗‖p = ‖A‖2
2p .

(c)

∥∥∥∥
[
A O
O B

]∥∥∥∥
p
=
∥∥∥∥
[
O A
B O

]∥∥∥∥
p
=
(
‖A‖p

p +‖B‖p
p

) 1
p

for 0 < p < .

(d)

∥∥∥∥
[
A O
O B

]∥∥∥∥=
∥∥∥∥
[
O A
B O

]∥∥∥∥= max{‖A‖ ,‖B‖}.

The power inequality for the numerical radius asserts that (A2) � 2(A) for all
A ∈ B(H ) . This celebrated inequality was reversed in terms of p(·) in [9], as stated
in the following lemma.

LEMMA 1.2. Let A ∈ Bp(H ) and let 2 � p �  . Then

2
p(A) � 1

2
 p

2
(A2)+

1
4

∥∥|A|2 + |A∗|2∥∥ p
2
.

The following lemma can be found in [7, p. 298].

LEMMA 1.3. Let A,B ∈ Bp(H ) and let 0 < p < 1 . Then

‖A+B‖p � 2
1
p−1
(
‖A‖p +‖B‖p

)
.

The following lemma can be found in [16].

LEMMA 1.4. Let A,B ∈ Bp(H ) and let 0 < p � 1 . Then

‖A+B‖p
p � ‖A‖p

p +‖B‖p
p .

The following lemma can be found in [15].
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LEMMA 1.5. Let A,B ∈ Bp(H ) be positive and let 1 � p �  . Then

∥∥AvB1−v
∥∥

p � ‖A‖v
p‖B‖1−v

p

for 0 � v � 1 .

The following lemma can be found in [12].

LEMMA 1.6. Let A,B ∈ Bp(H ) and let 0 < p �  . Then

(a) p

([
O A
B O

])
= p

([
O B
A O

])
.

(b) p

([
O A

eiB O

])
= p

([
O A
B O

])
for  ∈ R.

Lemma 1.7 can be found in [13] which is an application of Jensen’s inequality,
and Lemma 1.8 can be found in [12].

LEMMA 1.7. Let a,b � 0 and let 0 �  � 1 . Then

(ar +(1−)br)
1
r � (as +(1−)bs)

1
s for 0 < r � s.

LEMMA 1.8. Let A,B ∈ Bp(H ) and let 0 < p �  . Then

p

([
O A
B O

])
= 2

1
p−1 sup

∈R

∥∥∥eiA± e−iB∗
∥∥∥

p
.

In particular,

p

([
O B
B O

])
= 2

1
pp(B).

We will also need the following lemma from [6].

LEMMA 1.9. Let A = [Ai j] , with Ai j ∈ Bp(H ) and i, j = 1,2 . Then

22−p‖A‖p
p �

2


i, j=1

∥∥Ai j
∥∥p

p � ‖A‖p
p for 2 � p <  (1.14)

and

‖A‖p
p �

2


i, j=1

∥∥Ai j
∥∥p

p � 22−p‖A‖p
p for 1 � p � 2. (1.15)

Furthermore, the following lemma can be found in [1].
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LEMMA 1.10. Let A,B ∈ Bp(H ) . Then

p

([
A B
B A

])
� 21− 2

p
(
 p

p (A+B)+ p
p(A−B)

) 1
p for 2 � p � 

and

p

([
A B
B A

])
�
(
 p

p (A+B)+ p
p(A−B)

) 1
p for 1 � p � 2.

2. Power-type inequalities for p(·)

In this section, we present our findings regarding the p -numerical radius of a sin-
gle operator. The obtained results are compared with the existing literature, whenever
this is possible.

We begin with the following mixture of (1.6) and (1.7), when 0 < p < 1.

THEOREM 2.1. Let A ∈ Bp(H ) and let 0 < p < 1 . Then

2
−1
p ‖A‖p +m � p(A) � 2

1
p−1 ‖A‖p ,

where

m =
1
2

∣∣∣‖(A)‖p−‖(A)‖p

∣∣∣ .

Proof. Let  = 2
1
p−1 . Then

p(A) = sup
∈R

∥∥∥(eiA)
∥∥∥

p
�
∥∥∥(eiA)

∥∥∥
p

for every  ∈ R . If we choose  = 0 and  = −
2 , then we have

p(A) � ‖(A)‖p and p(A) � ‖(A)‖p .

Using Lemma 1.3, we have

p(A) � max
{
‖(A)‖p ,‖(A)‖p

}
=

1
2

(
‖(A)‖p +‖(A)‖p

)
+

1
2

∣∣∣‖(A)‖p−‖(A)‖p

∣∣∣
� 1

2
‖(A)+ i(A)‖p +

1
2

∣∣∣‖(A)‖p−‖(A)‖p

∣∣∣
=

1
2

‖A‖p +
1
2

∣∣∣‖(A)‖p−‖(A)‖p

∣∣∣ .
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This proves the first inequality. To prove the second inequality, we have

2
∥∥∥(eiA

)∥∥∥
p
=
∥∥∥eiA+ e−iA∗

∥∥∥
p

�  ‖A‖p + ‖A∗‖p (by Lemma 1.3)

= 2 ‖A‖p

for all  ∈R. This completes the proof, upon taking the supremum over all real  . �

A power-type inequality for p(·) can be stated as follows. We point out for p = 1
this result is weaker than the well-known inequality 1(A) � ‖A‖1 and so, we do not
include the value p = 1 in our statement.

THEOREM 2.2. Let A ∈ Bp(H ) and let 1 < p � 2 . Then

2
p(A) � 2

2
p−2 p

2
(A2)+2

4
p−3 ‖A‖2

p .

Proof. From Lemma 1.3 and Lemma 1.4, we have

4
∥∥∥(eiA)

∥∥∥2

p
=
∥∥∥eiA+ e−iA∗

∥∥∥2

p

=
∥∥∥(eiA+ e−iA∗)2

∥∥∥ p
2

=
∥∥∥2(e2iA2)+ |A|2 + |A∗|2

∥∥∥ p
2

� 2
2
p

∥∥∥(e2iA2)
∥∥∥ p

2

+2
2
p−1∥∥|A|2 + |A∗|2∥∥ p

2

� 2
2
p

∥∥∥(e2iA2)
∥∥∥ p

2

+2
2
p−1
(∥∥|A|2∥∥ p

2
p
2
+
∥∥|A∗|2∥∥ p

2
p
2

) 2
p

= 2
2
p

∥∥∥(e2iA2)
∥∥∥ p

2

+2
2
p−1
(
‖A‖p

p +‖A∗‖p
p

) 2
p

= 2
2
p

∥∥∥(e2iA2)
∥∥∥ p

2

+2
4
p−1 ‖A‖2

p ,

which completes the proof by taking the supremum over real  . �

Manipulating
∥∥|A|2 + |A∗|2∥∥p differently implies the following two corollaries,

with weaker bounds than the one presented in Lemma 1.2. However, we present this
for comparison reasons with some results in [8] and [11].

COROLLARY 2.3. Let A ∈ Bp(H ) and let 2 � p �  . Then

2
p(A) � 1

2
 p

2
(A2)+

1
2

(
‖(A)‖2

p +‖(A)‖2
p

)
.
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Proof. From the identity 2
(|A|2 + |A∗|2)= |A+A∗|2 + |A−A∗|2 , we have

2
∥∥|A|2 + |A∗|2∥∥p =

∥∥|A+A∗|2 + |A−A∗|2∥∥p

�
∥∥|A+A∗|2∥∥p +

∥∥|A−A∗|2∥∥p

= ‖A+A∗‖2
2p +‖A−A∗‖2

2p

= 4‖(A)‖2
2p +4‖(A)‖2

2p .

Hence, ∥∥|A|2 + |A∗|2∥∥p � 2‖(A)‖2
2p +2‖(A)‖2

2p .

Note also that∥∥∥R(eiA)
∥∥∥2

p
=

1
4

∥∥∥eiA+ e−iA∗
∥∥∥2

p

=
1
4

∥∥∥(eiA+ e−iA∗)2
∥∥∥ p

2

=
1
4

∥∥∥2R(e2iA2)+ |A|2 + |A∗|2
∥∥∥ p

2

� 1
2

∥∥∥R(e2iA2)
∥∥∥ p

2

+
1
4

∥∥|A|2 + |A∗|2∥∥ p
2

� 1
2

∥∥∥R(e2iA2)
∥∥∥ p

2

+
1
2

(
‖(A)‖2

p +‖(A)‖2
p

)
.

This completes the proof. �
By a 2-nilpotent operator A we mean an operator A such that A2 = O. Nilpotent

operators have gained special treatment when dealing with the numerical radius, due
to the fact that the first inequality in (1.1) becomes an equality when A is 2-nilpotent.
The following inequality for p(·) of a 2-nipotent operator deserves noting. The proof
is immediate from Corollary 2.3.

COROLLARY 2.4. Let A ∈ Bp(H ) and let 2 � p �  . If A is 2 -nilpotent, then

2
p(A) � 1

2

(
‖(A)‖2

p +‖(A)‖2
p

)
.

REMARK 2.5. In [8], Bhatia and Zhan provided the following inequality

‖A‖2
p � ‖(A)‖2

p +‖(A)‖2
p ,

where A is an accretive-dissipative operator in Bp(H ) and 2 � p �  . Thus,

2
p(A) � ‖(A)‖2

p +‖(A)‖2
p . (2.1)

Now, if A is 2-nilpotent, then Corollary 2.4 is an improvement of (2.1).
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REMARK 2.6. For A ∈ Bp(H ) and 2 � p �  , Frakis et al. [11] provided that

2
p(A) � 1

2
 p

2
(A2)+

1
2

∥∥(A2)
∥∥ p

2
+min

{
‖(A)‖2

p ,‖(A)‖2
p

}
.

It can be seen that Corollary 2.3 is an improvement of the above inequality in some

cases. For example, take p = and A =
[
i 0
0 1

]
.

We conclude this section with the following observation.

PROPOSITION 2.7. Let A,B ∈ Bp(H ) be positive and let 0 < p < 1 . Then

∥∥ApB1−p
∥∥

1
p

�  1
p2

(Ap) 1
p(1−p)

(B1−p).

Proof. Using Lemma 1.1 and Lemma 1.5, we have

∥∥ApB1−p
∥∥

1
p

� ‖A‖p
1
p
‖B‖1−p

1
p

= ‖|A|p‖ 1
p2

∥∥|B|1−p
∥∥

1
p(1−p)

= ‖Ap‖ 1
p2

∥∥B1−p
∥∥

1
p(1−p)

=  1
p2

(Ap) 1
p(1−p)

(B1−p).

This completes the proof. �

3. The p -numerical radii of 2×2 operator matrices

In this section, we present our results regarding operator matrices. In the first re-
sult, we find a lower bound for the p -numerical radius of an off-diagonal 2×2 operator
matrix.

THEOREM 3.1. Let A,B ∈ Bp(H ) . Then

2
2
p−2 ‖A∗A+BB∗‖ p

2
+2

2
p−3
∣∣∣‖A+B∗‖2

p−‖A−B∗‖2
p

∣∣∣� 2
p

([
O A
B O

])
(3.1)

for 2 � p � 
and

1
2
‖A∗A+BB∗‖ p

2
+2

2
p−3
∣∣∣‖A+B∗‖2

p−‖A−B∗‖2
p

∣∣∣� 2
p

([
O A
B O

])
(3.2)

for 0 < p � 2 .
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Proof. Assume that 0 < p �  . Then from Lemma 1.8, one can deduce that

p

([
O A
B O

])
� 2

1
p−1 ‖A+B∗‖p and p

([
O A
B O

])
� 2

1
p−1‖A−B∗‖p . (3.3)

Now, for 0 < p � 2, we have

22− 2
p2

p

([
O A
B O

])
� max

{
‖A+B∗‖2

p ,‖A−B∗‖2
p

}
(by (3.3))

=
1
2

(
‖A+B∗‖2

p +‖A−B∗‖2
p +
∣∣∣‖A+B∗‖2

p−‖A−B∗‖2
p

∣∣∣)

�
(
‖A+B∗‖p

p +‖A−B∗‖p
p

2

) 2
p

+
1
2

∣∣∣‖A+B∗‖2
p−‖A−B∗‖2

p

∣∣∣
(by Lemma 1.7)

=

⎛
⎝
∥∥|A+B∗|2∥∥p/2

p/2 +
∥∥|A−B∗|2∥∥p/2

p/2

2

⎞
⎠

2
p

+
1
2

∣∣∣‖A+B∗‖2
p−‖A−B∗‖2

p

∣∣∣
� 21− 2

p ‖A∗A+BB∗‖p/2 +
1
2

∣∣∣‖A+B∗‖2
p−‖A−B∗‖2

p

∣∣∣
(by Lemma 1.4).

Therefore,

2
p

([
O A
B O

])
� 1

2
‖A∗A+BB∗‖ p

2
+2

2
p−3
∣∣∣‖A+B∗‖2

p−‖A−B∗‖2
p

∣∣∣ .
This proves (3.2). To prove (3.1), let 2 � p �  . Then

22− 2
p2

p

([
O A
B O

])

� max
{
‖A+B∗‖2

p ,‖A−B∗‖2
p

}
=

1
2

(
‖A+B∗‖2

p +‖A−B∗‖2
p +
∣∣∣‖A+B∗‖2

p−‖A−B∗‖2
p

∣∣∣)
=

1
2

(∥∥|A+B∗|2∥∥ p
2
+
∥∥|A−B∗|2∥∥ p

2
+
∣∣∣‖A+B∗‖2

p−‖A−B∗‖2
p

∣∣∣)
=

1
2

(
‖(A∗ +B)(A+B∗)‖ p

2
+‖(A∗ −B)(A−B∗)‖ p

2
+
∣∣∣‖A+B∗‖2

p−‖A−B∗‖2
p

∣∣∣)
� ‖A∗A+BB∗‖ p

2
+

1
2

∣∣∣‖A+B∗‖2
p−‖A−B∗‖2

p

∣∣∣ ,
where we have used (3.3) to obtain the first inequality, and Lemma 1.1(a) to obtain the
second equality in the above proof. �
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REMARK 3.2. If we take A = B in (3.2) and we use Lemma 1.8, we obtain (1.9).
Also, if we take A = B in (3.1) and use Lemma 1.8, we have (1.11).

REMARK 3.3. If we replace A by eiA and B by eiB in (3.1), we get

2
2
p−2 ‖A∗A+BB∗‖ p

2
+2

2
p−3
∣∣∣∣
∥∥∥eiA+ e−iB∗

∥∥∥2

p
−
∥∥∥eiA− e−iB∗

∥∥∥2

p

∣∣∣∣� 2
p

([
O A
B O

])
.

If we choose B = A in the above inequality, then by taking the supremum of the both
sides over  ∈ R and using Lemmas 1.1 and 1.8, we reobtain (1.8).

Now we prove the following identity for the p -numerical radius of a certain 2×2
operator matrix.

THEOREM 3.4. Let A,B ∈ Bp(H ) and let 0 < p �  . Then

p

([
A B
−B −A

])
= 2

1
p−1 sup

∈R

∥∥∥ei (A+B)+ e−i(A−B)∗
∥∥∥

p
.

Proof. Let U = 1√
2

[
I I
−I I

]
. Then U is unitary and

p

([
A B
−B −A

])
= p

(
U

[
A B
−B −A

]
U∗
)

= p

([
O A+B

A−B O

])
(by Lemma 1.6(a))

= 2
1
p−1 sup

∈R

∥∥∥ei (A+B)+ e−i(A−B)∗
∥∥∥

p
(by Lemma 1.8).

This completes the proof. �

REMARK 3.5. Letting B = A in Theorem 3.4, yields (1.12).

REMARK 3.6. Taking p =  and p = 2 in Theorem 3.4, respectively, we have


([

A B
−B −A

])
=

1
2

sup
∈R

∥∥∥ei (A+B)+ e−i(A−B)∗
∥∥∥

� (A)+(B) (3.4)

and

2

([
A B
−B −A

])
=

1√
2

sup
∈R

∥∥∥ei (A+B)+ e−i(A−B)∗
∥∥∥

2

�
√

2(2(A)+2(B)). (3.5)

Note that (3.4) has been given in [14], whereas (3.5) has already appeared in [4, 20].
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In the next theorem we give new upper bounds for p

([
A B
−B −A

])
.

THEOREM 3.7. Let A,B ∈ Bp(H ) . Then

p

([
A B
−B −A

])
� 1

2
1
p−1

(
 p

p (A)+ p
p(B)

) 1
p for 2 � p <  (3.6)

and

p

([
A B
−B −A

])
� 2

1
p
(
 p

p (A)+ p
p(B)

) 1
p for 1 � p � 2. (3.7)

Proof. For 2 � p < , we have∥∥∥∥
(

ei
[

A B
−B −A

])∥∥∥∥
p
=

1
2

∥∥∥∥
[

2(eiA) 2i(eiB)
−2i(eiB) −2(eiA)

]∥∥∥∥
p

=
∥∥∥∥
[

(eiA) i(eiB)
−i(eiB) −(eiA)

]∥∥∥∥
p

� 1

2
2
p−1

(
2
∥∥∥(eiA)

∥∥∥p

p
+2
∥∥∥(eiA)

∥∥∥p

p

) 1
p

(by (1.14) in Lemma 1.9))

=
2

1
p

2
2
p−1

(∥∥∥(eiA)
∥∥∥p

p
+
∥∥∥(eiA)

∥∥∥p

p

) 1
p

� 2
1
p

2
2
p−1

sup
∈R

(∥∥∥(eiA)
∥∥∥p

p
+
∥∥∥(eiA)

∥∥∥p

p

) 1
p

� 1

2
1
p−1

(
 p

p (A)+ p
p(B)

) 1
p .

By taking the supremum over  ∈ R , we get (3.6). To prove (3.7), we follow a similar
argument as above, but we use (1.15) in Lemma 1.9. �

REMARK 3.8. The authors of [4] obtained the following bound for the Hilbert-
Schmidt numerical radius

2

([
A B
−B −A

])
�
√

2(2(A)+2(B)) ; (3.8)

see also [20]. In particular, if we take p = 2 in Theorem 3.7, then we get the following
inequality

2

([
A B
−B −A

])
�
√

2
(
2

2 (A)+2
2 (B)

)
,

which is an improvement of (3.8).
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THEOREM 3.9. Let A,B ∈ Bp(H ) and let  ∈ R . Then

p

([
O A
B O

])
� 1

2
1
p

(
 p

p

(
e−iA+ eiB

)
+ p

p

(
e−iA− eiB

)) 1
p

for 2 � p < 

and

p

([
O A
B O

])
� 2

1
p−1
(
 p

p

(
e−iA+ eiB

)
+ p

p

(
e−iA− eiB

)) 1
p

for 1 � p � 2.

Proof. Let  ∈ R , and set U = 1√
2

[
I ei I
I −ei I

]
. Then U is unitary, and so

p

([
O A
B O

])
= p

(
U

[
O A
B O

]
U∗
)

=
1
2
p

([
e−iA+ eiB −e−iA+ eiB
e−iA− eiB −e−iA− eiB

])
.

For 2 � p <  , we have

p

([
O A
B O

])
=

1
2
p

([
e−iA+ eiB −e−iA+ eiB
e−iA− eiB −e−iA− eiB

])

� 1

2
1
p

(
 p

p

(
e−iA+ eiB

)
+ p

p

(
e−iA− eiB

)) 1
p

(by (3.6)).

For 1 � p � 2, we have

p

([
O A
B O

])
=

1
2
p

([
e−iA+ eiB −e−iA+ eiB
e−iA− eiB −e−iA− eiB

])

� 2
1
p−1
(
 p

p

(
e−iA+ eiB

)
+ p

p

(
e−iA− eiB

)) 1
p

(by (3.7)).

This completes the proof. �
If we choose  = 0 in Theorem 3.9, we get the the following corollary.

COROLLARY 3.10. Let A,B ∈ Bp(H ) . Then

p

([
O A
B O

])
� 1

2
1
p

(
 p

p (A+B)+ p
p(A−B)

) 1
p for 2 � p <  (3.9)

and

p

([
O A
B O

])
� 2

1
p−1 ( p

p (A+B)+ p
p(A−B)

) 1
p for 1 � p � 2. (3.10)

REMARK 3.11. It is clear that (3.10) in Corollary 3.10 is an improvement of
(1.13) when 1 � p � 2.
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REMARK 3.12. For A,B ∈ B2(H ) , the following bound was shown in [3]

2

([
O A
B O

])
� 2(A+B)+2(A−B)√

2
. (3.11)

If we choose p = 2 in Corollary 3.10, we get

2

([
O A
B O

])
�

√
2

2 (A+B)+2
2(A−B)

2
. (3.12)

It is clear that (3.12) is an improvement of (3.11).

The following simple observation about the relation between the p -numerical ra-
dius of an operator, with the p -numerical radius of the operator matrix of its real and
imaginary parts being the off-diagonal entries is worth attention.

COROLLARY 3.13. Let T ∈ Bp(H ) be with the Cartesian decomposition T =
A+ iB. Then

p

([
O A
B O

])
� p(T ) for 2 � p < 

and

p

([
O A
B O

])
� 2

2
p−1p(T ) for 1 � p � 2.

Proof. For 2 � p < . Using Lemma 1.6(b) and (3.9), we have

p

([
O A
B O

])
= p

([
O A
iB O

])
� p(T ).

For 1 � p � 2. Using Lemma 1.6(b) and (3.10), yields

p

([
O A
B O

])
� 2

2
p−1p(T ) for 1 � p � 2,

as required. �

In the next theorem, we provide new upper bounds for the operator matrix

[
A B
C D

]
.

THEOREM 3.14. Let A,B,C,D ∈ Bp(H ) . Then

p

([
A B
C D

])
� 2

−1
p
(
 p

p (B+C)+ p
p(B−C)

) 1
p +21− 2

p
(
 p

p (A)+ p
p(D)

) 1
p

for 2 � p < 
and

p

([
A B
C D

])
� 2

1
p−1 ( p

p (B+C)+ p
p(B−C)

) 1
p +
(
 p

p (A)+ p
p(D)

) 1
p

for 1 � p � 2 .
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Proof. Let V = 1√
2

[
I −I
I I

]
. Then V is unitary and

p

([
A B
C D

])
= p

(
V ∗
[
A B
C D

]
V

)

=
1
2
p

([
A+B+C+D −A+B−C+D
−A−B+C+D A−B−C+D

])

� 1
2
p

([
B+C B−C

−(B−C) −(B+C)

])
+

1
2
p

([
A+D −(A−D)

−(A−D) A+D

])
.

For 1 � p � 2. Applying Theorem 3.7 and Lemma 1.10, we get

p

([
A B
C D

])
� 2

1
p−1 ( p

p (B+C)+ p
p(B−C)

) 1
p +
(
 p

p (A)+ p
p(D)

) 1
p .

Now, for 2 � p <  , Applying Theorem 3.7 and Lemma 1.10 implies

p

([
A B
C D

])
� 2

−1
p
(
 p

p (B+C)+ p
p(B−C)

) 1
p +21− 2

p
(
 p

p (A)+ p
p(D)

) 1
p .

This completes the proof. �

COROLLARY 3.15. Let A,B ∈ Bp(H ) . Then

max

{
p

([
A B
B A

])
,p

([
A B
−B −A

])}
� 21− 1

p (p(A)+p(B)) for 2 � p < 

and

max

{
p

([
A B
B A

])
,p

([
A B
−B −A

])}
� 2

1
p (p(A)+p(B)) for 1 � p � 2.

Proof. The proof follows directly from Theorem 3.14. �

THEOREM 3.16. Let A,B ∈ Bp(H ) . Then

p

([
O A
B O

])
�
(

(p(A)+p(B))p−
∣∣ p

p (A+B)− p
p(A−B)

∣∣
2

) 1
p

(3.13)

for 2 � p < 
and

p

([
O A
B O

])
� 1

21− 2
p

(
(p(A)+p(B))p−

∣∣ p
p (A+B)− p

p(A−B)
∣∣

2

) 1
p

(3.14)

for 1 � p � 2 .
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Proof. For 2 � p < , we have

 p
p

([
O A
B O

])
�  p

p (A+B)+ p
p(A−B)

2
(by (3.9))

= max
{
 p

p (A+B), p
p(A−B)

}−
∣∣ p

p (A+B)− p
p(A−B)

∣∣
2

� (p(A)+p(B))p−
∣∣ p

p (A+B)− p
p(A−B)

∣∣
2

.

This proves (3.13). A similar argument using (3.10), yields (3.14). This completes the
proof. �

REMARK 3.17. In [20], the following inequality

2

([
O A
B O

])
�
√

2(2(A)+2(B))− 1√
2
|2(A+B)−2(A−B)|

was shown. In fact, simple calculations show that Theorem 3.16 is sharper than this
bound, when p = 2. This can be seen immediately, noting that if a,b,c,d are non-
negative real numbers, then

(a+b)2− |c2−d2|
2

�
(√

2(a+b)− 1√
2
|c−d|

)2

.

In the following simple lemma, we provide a formula for p

([
A O
O A

])
.

LEMMA 3.18. Let A ∈ Bp(H ) and let 0 < p �  . Then

p

([
A O
O A

])
= 2

1
pp(A).

Proof. Using Lemma 1.1, we have

p

([
A O
O A

])
= sup

∈R

∥∥∥∥
(

ei
[
A O
O A

])∥∥∥∥
p
= sup

∈R

∥∥∥∥
[
(eiA) O

O (eiA)

]∥∥∥∥
p

= sup
∈R

(∥∥∥(eiA)
∥∥∥p

p
+
∥∥∥(eiA)

∥∥∥p

p

) 1
p

= 2
1
pp(A).

This completes the proof. �

The following two theorems give new upper bounds for some specific 2×2 oper-
ator matrices.
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THEOREM 3.19. Let A,B ∈ Bp(H ) . Then

p

([
A B
iB A

])
� 2

1
pp(A)+

(
 p

p (B+ iB)+ p
p(B− iB)

2

) 1
p

(3.15)

for 2 � p < 
and

p

([
A B
iB A

])
� 2

1
pp(A)+2

1
p−1 ( p

p (B+ iB)+ p
p(B− iB)

) 1
p (3.16)

for 1 � p � 2 .

Proof. Let U = 1√
2

[
I I
−I I

]
. Then U is unitary and

p

([
A B
iB A

])
= p

(
U

[
A B
iB A

]
U∗
)

=
1
2
p

([
2A+(iB+B) B− iB
−(B− iB) 2A− (iB+B)

])

� 1
2
p

([
2A 0
0 2A

])
+

1
2
p

([
iB+B B− iB

−(B− iB) −(iB+B)

])

� 2
1
pp(A)+

(
 p

p (B+ iB)+ p
p(B− iB)

2

) 1
p

,

where we have used Lemma 3.18 and (3.6) in Theorem 3.7 to obtain the last inequality.
This proves (3.15). On the other hand, (3.16) follows from the previous technique using
(3.7) in Theorem 3.7. This completes the proof. �

We conclude with the following simple observation.

THEOREM 3.20. Let A,B ∈ Bp(H ) and let 1 � p �  . If  ∈ R , then

p

([
A B

eiB A

])
� 2

1
p (p(A)+p(B)) .

Proof. By Lemma 1.8, Lemma 1.6(b), and Lemma 3.18, we have

p

([
A B

eiB A

])
= p

([
A O
O A

]
+
[

O B
eiB O

])

� p

([
A O
O A

])
+p

([
O B
B O

])

= 2
1
p (p(A)+p(B)) .

This completes the proof. �
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