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Abstract. The concept of relative operator entropy was introduced by Fujii and Kamei, and Fu-
ruta later extended it to a one-parameter family as a natural generalization. In this paper, we
study the two-parameter relative operator entropy and the two-parameter Tsallis relative oper-
ator entropy. Some upper and lower bounds for these two-parameter entropies are established.
As special cases, our results recover the corresponding bounds for the one-parameter relative
operator entropy and the one-parameter Tsallis relative operator entropy.

1. Introduction

Quantum relative entropy is a very important quantity in quantum information
theory and appears in many important relations, such as the monotonicity of relative
entropy under quantum channels. In information theory, more than thirty generaliza-
tions of Shannon entropy have been introduced, including parametric, trigonometric,
and weighted entropies. Shannon entropy represents the expected amount of infor-
mation contained in a random variable and quantifies the uncertainty or information
loss associated with it. In statistical physics, Tsallis entropy has become an essential
quantity in generalized (non-extensive) statistical mechanics. However, the notion of
entropy is essential not only in thermodynamical physics and statistical physics but also
in information theory and analytical mathematics such as operator theory and probabil-
ity theory. Mainly, the relative entropy is fundamental in the sense that it produces the
entropy and the mutual information as special cases.

Effros [6] introduced the perspective of a one-variable operator convex function
and proved its joint convexity in the commutative case. Suppose A and B are noncom-
mutative strictly positive operators. The noncommutative perspective of two variables
(depending on continuous function f ) was defined in [5, 25] by setting

P f (A,B) = B1/2 f (B−1/2AB−1/2)B1/2
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and it was shown that joint convexity holds whenever f is operator convex. Fuji and
Kami in [7, 8] defined the notion of the relative operator entropy of strictly positive
operators A and B by setting

S(A|B) = A1/2(logA−1/2BA−1/2)A1/2.

The notion of the generalized relative operator entropy depending on one-parameter
 ∈ R of strictly positive operators A and B was defined by Furuta [15] by setting

S(A|B) = A1/2(A−1/2BA−1/2) (logA−1/2BA−1/2)A1/2.

In the special case  = 0, one obtains the relative operator entropy. In other words

S0(A|B) = S(A|B).

Note that the relative operator entropy S(A|B) is the perspective of the function logt .
Indeed,

S(A|B) = Plogt(B,A).

The generalized relative operator entropy S(A|B) is the perspective of the function
t logt , in the sense that

S(A|B) = Pt logt(B,A).

The notion of the relative operator (, )-entropy (two-parameter relative operator en-
tropy) of strictly positive operators A and B and real numbers , was defined in [20]
by setting

S , (A|B) = A/2(A−/2BA−/2)(logA−/2BA−/2)A/2.

In the special case  = 1, one obtains the generalized relative operator entropy depends
on  ∈ R . In other words,

S ,1(A|B) = S(A|B)

and
S0,1(A|B) = S(A|B).

Some equivalent relations for the relative operator entropy have been investigated in
[24].

Marechal in [17, 18] defined generalized perspective for functions f : Rn −→
(−,) and h : Rm −→ (0,) on Rn+m by setting

P fh(t,s) = f

(
t

h(s)

)
h(s).

The notion of the noncommutative generalized perspective of two variables (associated
with f and h ) for strictly positive operators A and B was defined in [5, 25] by setting

P fh(A,B) = h(B)1/2 f (h(B)−1/2Ah(B)−1/2)h(B)1/2.
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The relative operator (, )-entropy is the noncommutative generalized perspective of
two variables associated with the functions f (t) = t logt and h(t) = t , in the sense
that

S , (A|B) = P fh(B,A).

Dragomir [4] achieved some bounds for the difference

S(A|B)− logm
M−m

(MA−B)− logM
M−m

(B−mA)

of strictly positive operators A and B and specified values of 0 < m < M such that
mB < A < MB . He used the fact that in general S(A|B) and S(B|A) are not equal and
obtained some bounds for the difference

m logm
M−m

(MA−B)+
M logM
M−m

(B−mA)+S(B|A)

with the same assumptions of the previous problem in [3].
In this paper, we obtain the upper and lower bounds of the relative operator entropy

depending on two real parameters  and  , as well as the upper and lower bounds of
the Tsallis relative operator entropy depending on two real parameters  and  for the
strictly positive operators A and B . Our results recover and generalize earlier results
in [3, 4] and they include the one-parameter and classical cases as special instances.

Throughout this article B(H) indicates the C∗ -algebra of bounded linear opera-
tors on a Hilbert space H with inner product 〈·, ·〉 . If A is a self-adjoint operator in
B(H) , we say A is positive if 〈Ax,x〉 � 0 for all x ∈H and use the notation A � 0. In
addition, if A is invertible, we say A is strictly positive and write A > 0. For operators
A and B in B(H) , write A � B whenever A−B � 0 [1].

2. Relative operator entropy depending on two real parameters

Bounds of the relative operator entropy depending on one-parameter were ob-
tained in [21, 26]. In this section, we establish corresponding bounds for the two-
parameter relative operator entropy, recovering and extending the results in [3, 4]. For
convenience, we introduce the following notation:

R(u) := max

{
u−m
M−m

,
M−u
M−m

}
=

1
2

+

∣∣∣∣∣
u− M+m

2

M−m

∣∣∣∣∣ ,

r(u) := min

{
u−m
M−m

,
M−u
M−m

}
=

1
2
−

∣∣∣∣∣
u− M+m

2

M−m

∣∣∣∣∣ ,

C(m,M) :=
(

M +m
2

)
log

(
M +m

2

)
− m logm+M logM

2
,

where 0 < m < M . Throughout this section we assume 0 �  � 1 and consider

f (t) = t log t,
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where the function log t is the natural logarithm function. We define

D := {t > 0 : f ′′(t) � 0}.

In this case, it is clear that the function f is concave on D . A straightforward com-

putation shows D = [e
2−1
(1−) ,+) . Note that as  −→ 0 one has D0 = (0,+) ,

consistent with the well-known fact that the logarithm is concave on D0 .
We now recall several lemmas needed for our main results.

LEMMA 1. The function f (t) = t logt is concave on D = [e
2−1
(1−) ,+) .

LEMMA 2. [2] If g : C −→ R is a concave function on the convex set C ⊆ R ,
then

2

[
g(

x+ y
2

)− g(x)+g(y)
2

]
r

� g((1− )x+y)− ((1−)g(x)+g(y))

� 2

[
g(

x+ y
2

)− g(x)+g(y)
2

]
R

for any x,y ∈C and  ∈ [0,1] , where r = min{ ,1−} and R = max{ ,1−} .

LEMMA 3. [3] If g is a real valued and concave function on the interval J , then

0 � g((1− )x+y)− ((1− )g(x)+g(y))
�  (1− )(y− x)(g′−(x)−g′+(y))

for any x,y ∈ J with x < y and  ∈ [0,1] .

LEMMA 4. [3] Let g be a real valued and twice differentiable function on an
open interval J . If there exist the constants 1 and 2 such that 1 � g′′(t) � 2 for
any t ∈ J , then

1
2
 (1− )1(y− x)2 � (1− )g(x)+g(y)−g((1− )x+y)

� 1
2
 (1− )2(y− x)2

for any x,y ∈ J with x < y and  ∈ [0,1] .

LEMMA 5. [22] Let f1, f2, f3 and h be real valued functions on the closed in-
terval J such that h > 0 . If f1(t) � f2(t) � f3(t) for t ∈ J , then

P f1h(A,B) � P f2h(A,B) � P f3h(A,B)

for strictly positive operators A and B.



BOUNDS OF TWO-PARAMETERS OPERATOR ENTROPIES 519

We now present our main results.

THEOREM 1. Let A and B be strictly positive operators such that mA � B �
MA for some m,M ∈ D with 0 < m < M and  ∈ R . Then,

0 � S , (A|B)− m logm
M−m

(MA −B)− M logM
M−m

(B−mA )

� m−1(1+ logm)−M−1(1+ logM)
M−m

Pkh(B,A)

where k(t) = (t −m)(M− t) and h(t) = t .

Proof. According to Lemma 1 the function t logt is concave on D . Replacing

g(t) = t logt , x = m , y = M , and  =
z−m
M−m

for z ∈ [m,M] in Lemma 3 one gets

0 � z logz− m logm
M−m

(M− z)− M logM
M−m

(z−m)

� m−1(1+ logm)−M−1(1+ logM)
M−m

k(z). (1)

According to Lemma 5 and taking the noncommutative generalized perspective with
h(t) = t on both sides of the inequalities (1) one can reach the result. �

COROLLARY 1. Let A and B be strictly positive operators such that mA � B �
MA for some m,M ∈ D with 0 < m < M and  ∈ R . Then,

0 � S , (A|B)− m logm
M−m

(MA −B)− M logM
M−m

(B−mA )

� 1
4
(M−m)(m−1(1+ logm)−M−1(1+ logM))A .

Proof. The maximum value of the function k(t) defined in Theorem 1 occurs at

t =
M +m

2
and this maximum value is equal to

1
4
(M−m)2 . Replacing this maximum

value in (1) one can deduce

0 � z logz− m logm
M−m

(M− z)− M logM
M−m

(z−m)

� 1
4
(M−m)(m−1(1+ logm)−M−1(1+ logM)). (2)

In view of Lemma 5 and taking the noncommutative generalized perspective with
h(t) = t on both sides of the inequalities (2) one can obtain the result. �
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THEOREM 2. Let A and B be strictly positive operators such that mA � B �
MA for some m,M ∈ D with 0 < m < M and  ∈ R . Then,

2C(m,M)Prh(B,A)

� S , (A|B)− m logm
M−m

(MA −B)− M logM
M−m

(B−mA)

� 2C(m,M)PRh(B,A),

where h(t) = t .

Proof. Using Lemma 2 and putting g(t) = t logt for t ∈ D , we get

2

[(
x+ y

2

)
log

(
x+ y

2

)
− x logx+ y logy

2

]
r

� ((1− )x+y) log((1− )x+y)− ((1− )x logx+y logy)

� 2

[(
x+ y

2

)
log

(
x+ y

2

)
− x logx+ y logy

2

]
R (3)

where x,y ∈ D ,  ∈ [0,1] , r = min{ ,1−} and R = max{ ,1−} . Replacing

x = m , y = M , and  =
z−m
M−m

for z ∈ [m,M] in the inequalities (3), we have

2C(m,M)r(z)

� z logz− m logm
M−m

(M− z)− M logM
M−m

(z−m)

� 2C(m,M)R(z). (4)

Applying Lemma 5 with h(t) = t gives the desired operator inequalities. �

THEOREM 3. Let A and B be strictly positive operators such that mA � B �
MA for some m,M ∈ D with 0 < m < M and  ∈ R . Then,

1
2
m−2(2−1+(−1) logm)Pkh(B,A)

� m logm
M−m

(MA −B)+
M logM
M−m

(B−mA )−S , (A|B)

� 1
2
M−2(2−1+(−1) logM)Pkh(B,A),

where k(t) = (t −m)(M− t) and h(t) = t .

Proof. Using Lemma 4 and putting g(t) = t logt for t ∈ D , one has

1
2
 (1− )1(y− x)2

� (1− )x logx+y logy− ((1− )x+y) log((1− )x+y)

� 1
2
 (1− )2(y− x)2 (5)
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where x,y∈D ,  ∈ [0,1] , 1 = m−2(2−1+(−1) logm) , and 2 = M−2(2−
1+( −1) logM) . Replacing these values and x = m , y = M , and  =

z−m
M−m

for

z ∈ [m,M] in the inequalities (5) we reach

1
2
m−2(2−1+(−1) logm)k(z)

� m logm
M−m

(M− z)+
M logM
M−m

(z−m)− z logz

� 1
2
M−2(2−1+(−1) logM)k(z). (6)

Taking the generalized perspective with h(t) = t yields the result, by Lemma 5. �

REMARK 1. In Theorem 1 and Corollary 1, setting  → 1, one can obtain the
bounds of the generalized relative operator entropy depending on the parameter  .
Moreover, in Theorems 2 and 3, letting  → 1, one deduces the bounds of the gen-
eralized relative operator entropy depending on the parameter  . In Theorem 1 and
Corollary 1, as  → 0 and  → 1, one can reach the bounds of the relative operator
entropy. In addition, in Theorems 2 and 3, when  → 0 and  → 1, we get the bounds
of the relative operator entropy, which recover the results presented in [3, 4].

3. Relative operator entropy depending on two general real parameters

In this section, we show that we can escape from the first domain D considered
in the previous section and look at the domain a little freely. We need the following
notation

(z) = 1+
2

M−z
M−m (M− z)(z−m)

(m+M)
2M−m−z

M−m M
z−m
M−m

,

(z) = 1+
(M− z)(z−m)

2m
2M−m−z

M−m M
z−m
M−m

.

The operator (, )-geometric mean was introduced by Nikoufar et al. [23] for
0 � , � 1 as follows:

A�( , )B := A

2 (A− 

2 BA− 
2 )A


2

for every strictly positive operators A and B . This is a generalization of the operator  -
geometric mean, i.e., every operator  -geometric mean is an operator (,1)-geometric
mean. The generalized perspective of the functions f (t) = t ,h(t) = t is the (, )-
geometric mean of two strictly positive operators [22]. This notion can be extended for
, ∈ R as follows:

A�( , )B := A

2 (A− 

2 BA− 
2 )A


2 .

We now provide the main result of this section.



522 I. NIKOUFAR, M. FAZLOLAHI AND S. FURUICHI

THEOREM 4. Let A and B be strictly positive operators such that mA � B �
MA with 0 < m < M and , ∈ R . Then,

P fh(B,A) � S , (A|B)+
m logM−M logm

M−m
A�( , )B− logM− logm

M−m
A�(+1, )B

� Pgh(B,A),

where f (t) = t log(t) , g(t) = t log(t) , and h(t) = t .

Proof. Let 0 < x � y and  ∈ [0,1] . In view of (2.6) in [10] and replacing x
y with

x , we find that

m

(x
y

)
x y1− � x+(1− )y � M

(x
y

)
x y1− , (7)

where

m

(x
y

)
= 1+

2 (1− )(x− y)2

(x+ y)+1y1− ,

M

(x
y

)
= 1+

 (1− )(x− y)2

2x+1y1− .

Replacing x = m , y = M , and  =
M− z
M−m

for z ∈ [m,M] in (7), we see that

(z)m
M−z
M−m M

z−m
M−m � z � (z)m

M−z
M−m M

z−m
M−m .

Taking logarithms gives

log(z)+
logm
M−m

(M− z)+
logM
M−m

(z−m)

� logz

� log(z)+
logm
M−m

(M− z)+
logM
M−m

(z−m).

So, multiplying both sides of these inequalities with z one can realize that

z log(z) � z logz− logm
M−m

(Mz − z+1)− logM
M−m

(z+1 −mz)

� z log(z).

A simplification indicates that

z log(z) � z logz+
m logM−M logm

M−m
z − logM− logm

M−m
z+1

� z log(z). (8)
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According to Lemma 5 and calculating the noncommutative generalized perspective
with h(t) = t on both sides of the inequalities (8), one can obtain the result. �

In particular, when we consider  ∈ R ,  = 1 and  = 0,  = 1 respectively,
we reach the lower and upper bounds for the generalized relative operator entropy and
relative operator entropy as follows.

COROLLARY 2. Let A and B be strictly positive operators such that mA � B �
MA with 0 < m < M and  ∈ R . Then,

P f (B,A) � S(A|B)+
m logM−M logm

M−m
A�B− logM− logm

M−m
A�+1B

� Pg(B,A),

where f (t) = t log(t) and g(t) = t log(t) .

COROLLARY 3. Let A and B be strictly positive operators such that mA � B �
MA with 0 < m < M and  ∈ R . Then,

P f0(B,A) � S(A|B)+
m logM−M logm

M−m
A− logM− logm

M−m
B

� Pg0(B,A),

where f0(t) = log(t) and g0(t) = log(t) .

Corollary 3 is a revised version of [11, Theorem 2.1] and we have modified the
definitions of  and  .

4. Tsallis relative operator entropy depending on two real parameters

Yanagi et al. [30] introduced the notion of the Tsallis relative operator entropy, and
Furuichi [13] extended this notion as a parametric generalization of the relative operator
entropy, establishing several operator inequalities related to the Tsallis relative operator
entropy. For noncommutative strictly positive operators A and B and 0 <  � 1, the
one-parameter Tsallis relative operator entropy [8] is defined by

T(A|B) =
A

1
2 (A− 1

2 BA− 1
2 )A

1
2 −A


.

Equivalently, using the function ln X =
X −1


for the positive operator X , one may

express this as

T(A|B) = A
1
2 (ln A− 1

2 BA− 1
2 )A

1
2 .

The two-parameter Tsallis relative operator entropy introduced in [20] is given by

T , (A|B) = A

2 (ln A− 

2 BA− 
2 )A


2 = T(A ,B)
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for the strictly positive operators A and B and real numbers  	= 0, . In the special
case when  = 1 we have

T ,1(A|B) = T(A|B).

It is also clear
lim
→0

T , (A|B) = S0, (A|B).

This entropy can also be written as a generalized perspective:

T , (A|B) = Pln tt (B,A),

which links it naturally to the theory of noncommutative perspectives. Throughout this
section we set

U(m,M) = ln

(
m+M

2

)
− 1

2
ln m− 1

2
ln M.

LEMMA 6. [15] The function f (t) = ln t is concave on the interval (0,+) for
any  ∈ (0,1] .

Let f : J →R be a continuous function. The quasi-entropy (quantum f -divergence)
[27]

SX
f (A|B) = TrX∗P f (LA,RB)X , ∀X ∈ M(n,C)

is defined by perspective for A,B > 0 where LA(X) = AX , RB(X) = XB for any oper-
ator X . Another important quantity is the maximal f -divergence [16, 28],

Ŝ f (A|B) := TrB f
(
B−1/2AB−1/2

)
.

For operator convex functions f on (0,) , one has the fundamental inequality [16,19]:

SI
f (A|B) � Ŝ f (A|B). (9)

As an example of this inequality, take f (x) := x1− ln x =
x− x1−


for −1 �

 � 1 with  	= 0. Since this function f is operator convex on (0,) , we obtain

D(A ,B) � −Tr
[
A ln

(
A− 

2 BA− 
2

)]
= −TrT , (A,B),

for −1 �  � 1 with  	= 0 and  ∈ R . Where the Tsallis relative entropy is defined
by [14]

D(A,B) := Tr
[
A1− (ln A− ln(B))

]
=

Tr
[
A−A1−B]


, ( 	= 0).

However, the following inequality is known [9,29] for −1 � � 1,  	= 0 and  � || ,

D(A|B) � −Tr[A ln(A− 
2 BA− 

2 )
1
 ]. (10)
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This inequality can not be derived from the inequality (9) as an example of the operator
convex function. Replacing A by A , we get for −1 �  � 1,  	= 0,  � || and
 ∈ R ,

D(A |B) � −Tr[A ln(A− 
2 BA− 

2 )
1
 ].

Since T , (A,B) = T(A ,B) is a special case of the Tsallis relative operator entropy
T(A,B) , it is natural to consider the behavior of the right-hand side of (10). Lower
bounds for Tsallis relative entropy D(A|B) were also studied in [12].

THEOREM 5. Let A and B be strictly positive operators such that mA � B �
MA with 0 < m < M,  ∈ R , and  ∈ (0,1] . Then,

0 � T , (A|B)− ln m
M−m

(MA −B)− ln M
M−m

(B−mA)

� m−1−M−1

M−m
Pkh(B,A),

where k(t) = (t −m)(M− t) and h(t) = t .

Proof. In view of Lemma 6 the function ln t is concave on (0,+) . By putting

g(t)= ln t , x = m , y = M and  =
z−m
M−m

for z∈ [m,M] in Lemma 3 one can observe

that

0 � ln z− ln m
M−m

(M− z)− ln M
M−m

(z−m)

� m−1−M−1

M−m
k(z). (11)

We yield the result by Lemma 5 and calculating the noncommutative generalized per-
spective with h(t) = t on both sides of the inequalities (11). �

COROLLARY 4. Let A and B be strictly positive operators such that mA � B �
MA with 0 < m < M,  ∈ R , and  ∈ (0,1] . Then,

0 � T , (A|B)− ln m
M−m

(MA −B)− ln M
M−m

(B−mA)

� 1
4
(M−m)(m−1−M−1)A .

Proof. As mentioned in Corollary 1, the function k(t) attains its maximum value

at t =
M +m

2
and this maximum value is equal to

1
4
(M−m)2 . Replacing this maxi-

mum value in the inequalities (11) we get

0 � ln z− ln m
M−m

(M− z)− ln M
M−m

(z−m)

� 1
4
(M−m)(m−1−M−1).

Applying Lemma 5 with h(t) = t completes the proof. �
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THEOREM 6. Let A and B be strictly positive operators such that mA � B �
MA with 0 < m < M,  ∈ R , and  ∈ (0,1] . Then,

2U(m,M)Prh(B,A)

� T , (A|B)− ln m
M−m

(MA −B)− ln M
M−m

(B−mA )

� 2U(m,M)PRh(B,A),

where h(t) = t .

Proof. Using Lemma 2 and putting g(t) = ln t for t ∈ (0,+) , it follows that

2

[
ln

(
x+ y

2

)
− 1

2
ln x− 1

2
ln y

]
r

� ln ((1− )x+y)− (1− ) ln x− ln y

� 2

[
ln

(
x+ y

2

)
− 1

2
ln x− 1

2
ln y

]
R,

where x,y ∈ (0,+) and  ∈ [0,1] , r = min{ ,1− } , and R = max{ ,1− } .

Replacing x = m , y = M , and  =
z−m
M−m

for z ∈ [m,M] in the above inequalities, we

find that

2U(m,M)r(z)

� ln z− ln m
M−m

(M− z)− ln M
M−m

(z−m)

� 2U(m,M)R(z). (12)

Taking the noncommutative generalized perspective on both sides of the inequalities
(12) and using Lemma 5 with h(t) = t yields the desired bounds. �

THEOREM 7. Let A and B be strictly positive operators such that mA � B �
MA with 0 < m < M,  ∈ R , and  ∈ (0,1] . Then,

1
2
(−1)m−2Pkh(B,A)

� ln m
M−m

(MA −B)+
ln M
M−m

(B−mA )−T , (A|B)

� 1
2
(−1)M−2Pkh(B,A),

where k(t) = (t −m)(M− t) and h(t) = t .



BOUNDS OF TWO-PARAMETERS OPERATOR ENTROPIES 527

Proof. Due to Lemma 4 and putting g(t) = ln t for t ∈ (0,+) we have

1
2
 (1− )1(y− x)2

� (1− ) ln x+ ln y− ln((1− )x+y)

� 1
2
 (1− )2(y− x)2, (13)

where x,y ∈ (0,) ,  ∈ [0,1] , 1 = (−1)m−2 , and 2 = (−1)M−2 . Replacing

these values and x = m , y = M , and  =
z−m
M−m

for z∈ [m,M] in the inequalities (13),

we observe that

1
2
(−1)m−2k(z)

� ln m
M−m

(M− z)+
ln M
M−m

(z−m)− ln z

� 1
2
(−1)M−2k(z). (14)

The result follows by Lemma 5 and taking the noncommutative generalized perspective
with h(t) = t on both sides of the inequalities (14). �

REMARK 2. By setting  = 1, we get

lim
→0

T ,1(A|B) = S0,1(A|B) = S(A|B).

According to this equality and Theorems 5, 6, and 7 and Corollary 4, reproduce the
corresponding bounds for the relative operator entropy. Moreover, setting  = 1 in all
results of this section, gives the bounds for the one-parameter Tsallis relative operator
entropy.

REMARK 3. The function ln(t) is convex for  � 1. Consequently, when this
function is used in Theorems 5, 6, and 7, all of the corresponding inequalities are re-
versed.
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