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NORM INEQUALITIES FOR SECTOR BLOCK
MATRICES INVOLVING CONCAVE FUNCTIONS

JUNJIAN YANG, CHUCHU TANG AND QI SONG

(Communicated by Y. Seo)

Abstract. In this note, we present several unitarily invariant norm inequalities for sector block
matrices involving concave functions which extend some results due to Lee [Linear Algebra
Appl. 712 (2025) 49-68]. At the same time, an application to sectorial partial transpose matrices
will be given.

1. Introduction

The set of all n x n complex matrices is denoted by M,,. For A € M,,, we write by
A >0 if A is positive semidefinite and A > 0 if A is positive definite. For two Hermitian
matrices A,B € M,, we denote A > B if A— B > 0. For A € M],, the singular values
and eigenvalues of A are denoted by s;(A) and A;(A), respectively, j = 1,...,n. If
the eigenvalues A;(A),...,A,(A) of A are all real, we arrange them in nonincreasing
order Aj(A) > --- > A,(A). The singular values of A are the eigenvalues of |A| and
are arranged in nonincreasing order s1(A) > --- > s,(A). For A,B € M, the weak
majorization relation s(A) <,, s(B) means

k k
Y si(A) < Y si(B), k=12,....n.
j=1 j=1

Recall that a norm || - || on M, is unitarily invariant if ||[UAV|| = ||A|| for any A € M,

and all unitary U,V € M), For 1 < g < e, the Schatten g-norm is defined as [|A|[, =
1

n q
Y. s%(A) | and the Ky Fan k-norm, k = 1,2,...,n, written as || - || 4, is defined by
=1
k
1Al %) = Y sj(A). These two classes of norms are unitarily invariant. By Cartesian
J=1
decomposition of A € M, , we write

A =ReA+ilmA,
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where

1 . 1 "
ReA := E(A—f—A ), ImA := 2 (A—A").

2i
The numerical range of A € M], is the set in the complex plane
W(A)={x"Ax | xe C", x"'x =1},

which is a compact convex set; see [6, Chapter 1] for basic properties.
For o € [0,%), let Sy be the sector in the complex plane given by

S¢ ={z€ C|Rez>0,|Imz| < (Rez)tana} = {re’® € C|r > 0,]0| < a}.

A sector matrix A € M, is a matrix whose numerical range is contained in Sy, for some
o €0, %) . In addition, it is clear that if A € M, is a sector matrix, then ReA is positive
definite. The interested readers can refer to [5], [8], [11], [12] and [13] for the recent
developments on sector matrices.

Consider A € M), partitioned as

A= [An A

- A21 A22:| ) Al/ € Mn; L,]= 1727 (1)

and its partial transpose of A is defined by

=[] ayem, ai=12

It is well-known that if both A and A7 are positive semidefinite matrices, then A is
called a positive partial transpose (i.e., PPT) matrix. Now we extend the notion to
sector matrices. If W(A) C Sy and W(AT) C Sy for some o € [0,7F), then A is said
to be sectorial partial transpose (i.e., SPT). The block diagonal matrix [Aél AO } is
22

denoted as A1 DA,

Lin and Wolkowicz [9, Lemma 3.1] gave a norm inequality for 2 x 2 block PPT
matrix: If A € My, is a PPT matrix, then for any unitarily invariant norm,

Al < [|A11 + A 2)

A strip . denotes a closed region between two parallel lines of the complex
plane. The width of .7 is the distance between the two lines of its boundary. Bourin
and Mhanna [4, Theorem 2.1] presented an analogous of (2) for 2 x 2 block positive
semidefinite matrix A € M, partitioned as in (1): If W(A1;) lies in a strip . of width
w, for any unitarily invariant norm,

||AH < HA11+A22+(UIH. 3)

Recently, Lee [7, Theorem 2.2] presented an extension of inequality (3): Let A =

Al A .. . . . .. . .
[ 1 12} be a positive semidefinite matrix partitioned into four blocks in M, let @
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be the width of W(A;), and let f(¢) be a nonnegative concave function on [0,c0).
Then for all unitarily invariant norms,

If (4 H f (W> H @

For the special case w =0 (i.e., A} is a Hermitian matrix), then inequality (4) reduces

to
If (A Hf (A—“ ;A”) H 5)

Actually, Lee [7, Theorem 1.2] showed that inequality (5) also holds under the assump-
tion Aj1A12 =ApAir, or ApAp =ApA2».

Lee [7, Theorem 3.1] gave a companion result of inequality (5) by showing that if
A € M, is a 2 x 2 block positive semidefinite matrix partitioned as in (1) and Aj1Ap =
AppAjr, or ApAjy = A2Ay, then for all nonnegative convex function g(¢) on [0, o)

such that g(0) = 0, the inequality
Al A A +Ax
=2 —

holds for the Schatten g-norm || - ||, and 0 < ¢ < 1.

(6)

q

Lee [7, Corollary 3.2] presented the following result: Let [ )?* );] be positive

semidefinite matrix, where A,B,X € M. If g(¢) is a nonnegative convex function on
[0,00) such that g(0) =0 and X =0, then, for the Schatten g-norm ||-|; and 0 < ¢ <1,

A+B
+> )

lg(a) @ g(B)]|, >2 Hg <T

In this paper, we first extend inequalities (3), (4) and (5) to sector matrices and then
give an application to sectorial partial transpose matrices. Finally, we derive a Schatten
g-(quasi) norm inequality for sector matrices involving convex functions which is a
generalization of (6).

q

2. Unitarily invariant norms for sector matrices

The following lemmas are useful for our proofs.

LEMMA 2.1. [10, Theorem 2.7] Let f:[0,00) — [0,o0) be a concave function
and let A € M, with W(A) C Sq for o € [0,%) be partitioned as in (1). Then for all
unitarily invariant norms || - || on M,

£ (AD Hf([seC“ReA A DH If (secaReA)|.

sec *Re A
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LEMMA 2.2. [2,p. 74] Let A € M,. Then
Aj(ReA) <sj(A), j=1,...,n,
which implies that there exists a unitary matrix U € M, such that
ReA < UJA|U™.
By Lemma 2.2, we have the following result.

LEMMA 2.3. If f:[0,00) — [0,00) is nondecreasing on [0,) and 0 < A < B,
then there exists an unitary matrix U such that

f(A)<T f(B)T.

Proof. Since A and B are positive semidefinite matrices and A < B, by Weyl’s
Monotonicity Principle) we have

Note that f: [0,0) — [0,0) is nondecreasing. Therefore,
f(Aj(A)) <F(%j(B), j=1,...,n,
which implies that
Aj(f(A) <A;(f(B), j=1L,....n. (8)

Since A and B are positive semidefinite matrices, there exist two unitary matrices
U and V such that
U*AU = diag(A;(A),..., Ay (A))

and
V*AV = diag(A((B),...,An(B)).

So, by (8), we have

f(Ai(A)) -0 f(B)) -0
0 f(2a(A)) 0 [(4:(B))

which means that
fA)SUVIBVU=TUfBU,

where the unitary matrix is U = U*V. 0O
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LEMMA 2.4. [13,Lemma3.1] Let A € M, with W(A) C Sq for o0 €[0,%). Then
$(A) <, secas(ReA).
Equivalently, for all unitarily invariant norms || - || on M,

|A]] < seco|[ReA||.

LEMMA 2.5. [3, Corollary 2.1] Let € My, be positive semidefinite, where

A X
X* B
A,B,X € M,,. Then there exist unitary matrices U,V € My, such that

13-

A+B
%-ﬁ-ReXO

0 0

0 0

A+B

*
0——RX v

U +v

Actually, by the following unitary similarity

AX]_[ A ix
X*B|  |-ix* B’

the equivalent result [3, Corollary 2.2] follows:

A+B
[A X} _y,

T—FImX 0
0 0

0 0

A+B

Ui+ OT_I X

. vy, ©)

where Uy,V) € Mly,, are any two unitary matrices.

LEMMA 2.6. [1, Theorem 2.1] Let f be a monotone concave function on [0,c0)
with f(0) > 0 and let A,B € M, be positive semidefinite matrices. Then there exists
unitary matrices U and V such that

f(A+B)<Uf(A)U*+Vf(B)V*
The following theorem is a generalization of inequality (4).

THEOREM 2.7. Let f:[0,00) — [ o) be a nonnegative concave function and let
A € My, with W(A) C Sq for a € [0, ) be partitioned as

_ |An A N .
A_[AzlAzz}’ AijjeM,, i,j=1.2.

A —|—A§1

Suppose that W ( >

) lies in a strip . of width ®. Then for all unitarily

invariant norms,

LFGAD] Hf( ca (10)

Al +A»n+ wID H
— .
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Proof. Since f:[0,00) — [0,°0) is nondecreasing on [0,0), we have
0<A<B=[lfAI< /B (1D)

Note that A is a sector matrix. Therefore,

A A}
ReAq %
ReA =
A21—|—AT2
——= ReA
) €A

is a positive semidefinite matrix partitioned into four blocks in M, .
Suppose that a unitary matrix
v= |29
01

Thus, U(ReA)U* can be written as

oA+ A%
RAeAiA* ele 1 2 21
e 10 % ReAs
0 A A3 ; A A3
Since W (e’e%> =w %) , by choosing some suitable 6 and re-
. A A3 . 0 A A3 A A% ..
lacin M with e‘eu, we can ensure that W M lies in a
p g > 5

strip . = {x+iy:y e R,r <x<r+ o} of width @ which is parallel to the imaginary

axis.
A+ A3 A+ A
As ReW (%) =W (Re %) , the following inequality
Ap+A;
rI<Re% < (r+w)l (12)
holds.

Now by Lemma 2.5, we have

A+ Aj X

ReA;, 12‘; 21 Re (An —|—A22) 4 Re <A12 +A21> ol .

Ay +4}, =U 2 2 U

# ReAr 0 0 (13)
0 0

A A A A% *
+V ORe( 11-; 22)—Re< 1242- 21) 1%

for some unitaries U,V € My, .
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Observe that
A+ A3,
1 ReAn ——— 111 A +A A +A}
= 2 = au T AT
2[11] Agy + A% M Re( 3 )+Re< 5 )
—_— RCA22
2
and

are both positive semidefinite.
Using (12) and (13), we have

A +A4A5 A +A
ReAy; <y |Re <u>+(r+w)10 -

: 2 2
M ReAs
2
0 0
A A *,
+V 0Re< 11; 22)—;»1 74

Since Re A is a positive semidefinite matrix partitioned into four blocks in M,,, by
Lemma 2.6 and the above inequality, we infer

A —|—A31
2
R6A22

RGAU
f | seca Ax+AL
2

A1 +Axn
sec oRe <f+(r+w)l 0 U
0

<Uf|U
0

0 0
A A *
0 secaRe <M—ﬂ) v

’ )
A A i
sec oRe (M—F(H— w)l) 0 ) U
0

U (by Lemma 2.3)

2
0 0

0 0
A A
s 0 secaRe (% — rl)

< Uof

Vo (by Lemma 2.6)
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A +An 1
— Uy I (secaRe (f +(r+ a))I)) 0 U
0 fO)1
fo)1 0

A A *
Wl f(secaRe <%—ﬂ)) Vo

for some unitary matrices Uy, Vy € My, .
We first consider the case f(0) = 0. Then the above inequality shows that for the

Ky Fan k-norms, k =1,2,...,2n, we get

A A}
ReAll l2+ A12 ™A1

f|seca A A*
% ReAs,

N

2

+ f(sec(xRe (m —rI)) @®0
2 (®)

= H{f (secaRe (%4—04— w)l))
+f<sec(xRe (%—ﬂ))}@o

The Ky Fan dominance principle ensures that

(k)

A A
f (secaRe (M—I—( +w)l 690

(k)

|| f(secaReA)|
f (secocRe (%—f— (r+ w)l)) +f (secaRe (% —rI)) H

for all unitarily invariant norms.
By Lemma 2.1 and the property of concave functions f(x+7r+ ®)+ f(x—r) <

2f (x+ %), we have

I £(ADI
< || f(secoaReA)|

< Hf (sec oRe <%+(r+w)l)> +f <secaRe (%—ﬂ)) H
(14)

2 (e (B0 )|

A A wl
2 (a2

{

> (by Lemma 2.2 and (11))
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Inequality (14) and Lemma 2.1 yield desired result for the case f(0) =

For the general case f(0) > 0, define g(x) := f(x) — f(0). Obviously, g(x) is a
nonnegative concave function satisfying g(0) = 0. Then for the Ky Fan k-norms,

0222522 - B (222 -

2
Inequality (14) yields

A A wl
el <2 e (secar| 152501 )|

s; (f (secoc

which is equivalent to

k
2 si(740) <m<2<

So, for k=1,2,...,n,

2222} ).

~.
M=~
L

k k
A A wl
z FUAD) <2 s; (f(seca‘% —kf(0)
Jj=1 j=1
k
A +An+ol
<2 . sl racv
lesj (f (secoc 5 )
=
Therefore,
A11 + Az + ol
A <2 )7 (seear|EERECL

The proof is completed. []

REMARK 1, Tf 4 — | A1 A12] 4 positive semidefinite (i.e., ot = 0), then
Azl Ap
App+A
W (%) W(Ap)

and inequality (10) in Theorem 2.7 becomes inequality (4).

e
Furthermore, if o« =0, then

If (A Hf (A—”A”)H. (16)

REMARK 2. If Ajp + A3, = Ay +Aj,, then

A +Axn

A <2 )7 (seear| 213
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REMARK 3. Inequality (3) is obtained by taking f(¢) =¢ and o = 0 in Theo-
rem 2.7. Thus, our result is a generalization of Bourin and Mhanna’s inequality (3).

The next corollary is a special case of Theorem 2.7.

COROLLARY 2.8. Let A € My, with W(A) C Sy for a € [0,7) be partitioned as

_ |An Az 3 .
A= |:A21 Axn|’ Aij €M, 0,7 =1,2,
Ap+ A3
and let w be the width of W (%) . Then for all unitarily invariant norms and
all0<g<1,
A Ap] | 1-
Al = <2 79 sec? x|A1 +Axp +ol|Y.
aieh = | (32 42 Isect o + Az + 1]

Proof. Note that f(r) =19 where 0 < ¢ < 1 is also a nonnegative concave func-
tion. The result follows by applying Theorem 2.7 on f(t) =19 (0 <g<1). O

REMARK 4. When A is positive semi-definite (i.e., &« = 0), Corollary 2.8 gives

[An A12]
Az A

which is due to Lee [7, Corollary 2.3].

q
H <219 (Ayy + Ava + 0T,

Applying Corollary 2.8 on the Schatten p-norms, we have the next result which is
an extension of [7, Corollary 2.4].

COROLLARY 2.9. Let A € My, with W(A) C Sy for a € [0,%) be partitioned as
_ A1 A - o
A= [A21 A |’ AZJGMVH i,j=1,2,
and let Ay + A5 = Ay +A7,. Then, forall p>12q>0,

tr (JA|P) < 2P(1=4) gocP4 it (JA11 + A P9).

A+ A3
Proof. Since Ajp + A%, = A1 +A},, the width © of W (%) is 0. Thus,
by Corollary 2.8, we have

tare = |[32 4]
21 A22

which implies that

< 21qu sec? a|Apy +A22\q||p7
P

1 1
(tr(|A[P))P <2179 (sec™ autr (JA11 +An|")) 7
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Taking the p-th power on both sides of the above inequality yields

tr (JA|P) < 2P(1=4) 4P oytr (A1 +AnlP?). O

Under alternative assumptions to those in Remark 2, we also obtain inequality (15)
which is also an extension of Lee’s result [7, Theorem 1.2].

THEOREM 2.10. Let f be a nonnegative concave function on [0,00) and let A €
M, with W(A) C Sy for o € [0,%) be partitioned as

A= [ﬁ; ﬁ;ﬂ Aij €My, i,j=1,2.
If
(ReA) <A12;A31> _ (A”;Aa) (ReAy),
or
(ReAp) <A123A31> = <A12—£A§1) (ReAp),

then for all unitarily invariant norms,

it = ([ 42])|

A A
< 2Hf<seca %

i

A A}
Proof. By a limit argument we just prove that ( %) is invertible. Under

the assumption

A A} A A}
ReA11< 2+ 21):< 12+45;

ReA 17
> > )eu, (17)

App + A} A, +A
12+ 21>:‘ 12 421 V, in which V € M, is

2 2

we use its polar decomposition <

some unitary matrix.
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Compute

A2l +A>{2

RCAU )

1
A A} A AT\ 2
:RCAH < 12—; 21 X 21—; 12)

(by (17))

_JAp+AS Apl + AT
=ReAy; ((RCAM) I%RGAH(RGAH) I%R eArl

1
1 1 2
Ap+A5, AL, +A 2 (Ap+AL, AT +A 2
:RCAU ((R6A11)1< 2t 21>< 12+ 21) ( 12+ 21>< 12+ 21) ReA11>

2 2 2 2
1
A}, +A A}, +A 2
= RGAH ((ReAU)_l % RCAH(RCAH)_I M RCAU)
2\ 7
Al +A
= ReA; <<(RCA11)1 % ReA11> )
A}, +A
:RCAU(RCAu)_l % RGAU
A, +A
= 712—; 21 RGAU.
Thus, applying the polar decomposition
A +A%, _ Al + Ay Vv A +A%,
2 2 2
yields VReA;; =ReA 1V which means that
VReA|1V* =ReAy;.
By the unitarily similar transformation, we have
A+ A Al +Ay
|:V O:| ReAll M |:V* O:| RGAH 2
A Af = *
017 21 +Al, ReAa 017 ‘A12-2FA21 ReAys
So,
A}, +A
RCAH 12+ 21
If (secaReA)|| = ||f | seca A A
‘M ReAy
2
aReA aReA
< f<sec e ll—zksec e 22 H (by (16))
A A
=2 f(sec(xRe (%)) H
A A
<2 f(seca % )H (by Lemma 2.2).
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The desired result follows at once from Lemma 2.1. The assertion for the case

A +A5, B A+ A5,
2 - 2

R6A22 ( ) R6A22

is similarly proved. [J

The next corollary is a special case of Theorem 2.10.

COROLLARY 2.11. Let f be a nonegative concave function on [0,%0) and let
A € My, with W(A) C Sy for a € [0,%) be partitioned as

A A B —
A_[AzlAzz}’ AijeM,, i,j=12.

Suppose A1y = Az = 0. Then for all unitarily invariant norms,

‘f (sec(x

This section ends with an application to SPT matrices.

Ay +Axn

IF(An]) @ f(jAn])ll <2 5

i}

THEOREM 2.12. Let A € M, with W(A) C Sy, for o € [0,5) be a SPT matrix
partitioned as
A= [An Aqp

- A21 A22:| ’ AijeMna 17]:1727

and let f :[0,00) — [0,00) be a nonnegative concave function. Then for all unitarily
invariant norms,

A A A A
10D @ 7D <2 (seea A2 Y p (seear| 2722 )
Proof. Since A is a SPT matrix, then

A A3
ReA|| %
ReA =
A AT
721 + 12 R6A22
2
and A r
. ReAq; M
ReA” =
A A3
M ReAy
2
are both positive definite.
Observe that
A A3 A AT
Red; “12t45 Red;, 22174p
A A¥ A A3
721 + 12 R6A22 712 + 21 RCA22

2 2
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is unitarily equivalent to

- A A* -
ReA 0 o A2t
A A}
0 Red;, A2t4
T:
A AY
0 % ReAy 0
A A}
u 0 0 R6A22
L 2 u
A21+AT2
which is positive and the off-diagonal block Ap+A3 é is Hermitian.
2
Compute
LrdAD e (AT
A0
[ (3]
ReA 0
< Hf (seca [ 0 ReAT])H (by Lemma 2.1)
= ||/ (secaT)]
I A A
Re (%) 0
<2 by (16
f | seca . . <A11+A22 (by (16))
e -
i 2
_‘A11+A22 0
2
<2||f | seca . All+ A (by Lemma 2.2 and (11))
i 2
A A A A
=2 f(secoc % )@f(secoc % )H

This completes the proof. [

3. Schatten p-norm inequalities for sector matrices

Aujla and Bourin [1] proved the following inequality: Let g(z) be a nonnegative
convex function on [0,e) such that g(0) =0 and let A and B be two positive semidef-
inite matrices. Then there exist two unitary matrices U and V such that

g(A+B)>Ug(A)U"+Vg(B)V*. (18)
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L* B

If a 2 x2 block matrix [A L with a Hermitian off-diagonal block L is positive
semidefinite, by (9) and (18) we have

AL -[ﬂo 0 0
gl |+ > Upg 2 Us +Vog A+B| | Vg, (19)
L"B § o 0——

for some unitary matrices Uy, Vy € My, .
The condition g(0) = 0 and the superadditivity property on I\\/lern of the Schatten
g-norms for 0 < g < 1 yield an analogue of Theorem 2.10.

THEOREM 3.1. Let g(t) be an nonnegative convex function on [0,0) such that
2(0) =0 and let A € My, with W(A) C Sy for o € [0,5) be partitioned as

_ A A - L
A= [Am Azz} ; Ay €My, ij=1,2.
Suppose
A AZ A A*
RCAU 121 21 — 12+ 21 ReA117
2 2
or
A AX A A*
ReAjr 12441 = 12+ 45 ReAr.
2 2
Then
Ay +An
g<|A|>||L,>zHg(comf .
q

Proof. The proof is similar to that of Theorem 2.10. Suppose

A A% A A%
ReAM( 2t 21):( 12; 21)R6A11

2
A, +A
and apply (19) with L = '% to get
ReA|; % ( ReA;; +ReArn 0 )
8l a * = Uog 2 Uy
At A pedn 0 0

2 i

0 0

+Vog 0 ReA|; +ReAyp VO*'
2
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for some unitary matrices Uy, Vy € My, . Thus,

lg(|ADllg = llg(ReA)lly  (by Lemma 2.2)

ReA|; +ReAyp 0 0 0
Z ||Uog (2) 0 Ug + Vog 0 ReA;; +ReArn VO*
2

q
(20)

Next, use a basic property of majorization which entails that

X +v], > Hxi +YiH
q

forall X,Y € M, , where X!,Y! stands for the diagonal matrices with the correspond-
ing eigenvalues of XY listed in the decreasing order down to the diagonal. Applying
this property to

ReA;; +ReArn

0 *
X =Upg 2 ug,
0 0
0 0
Y =Wg 0 ReA|; +ReAyp VO*
2
in (20) leads to
ReAj; +ReAp 0
Is(1ADllq = |28 2
0 0
q
A A
et
2 q
A A
>2 Hg (cosa % ) (by Lemma 2.4). (]

q

REMARK 5. When o = 0 in Theorem 3.1, our result is inequality (6). Therefore,
our result is a generalization of Lee’s result (6).

COROLLARY 3.2. Ler g be an increasing convex function on [0,) such that
2(0) =0 and let A € My, with W(A) C S for o € [0,5) be partitioned as

A Ap N —
A—[A21A22 . Ay eM,, i,j=1.2.

Suppose A1y = Az = 0. Then for all Schatten q-norms, 0 < g < 1, we have

)

A1 +Ax

3 21

le(An]) @ g(Azl)l, > 2Hg (a
q



NORM INEQUALITIES FOR SECTOR BLOCK MATRICES 547

REMARK 6. When o = 0 in Corollary 3.2, our result is inequality (7). Therefore,
our result is a generalization of Lee’s result (7).
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