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Abstract. We study the boundedness of commutators of fractional integral operators with homo-
geneous kernels on generalized weighted Lorentz-Morrey spaces. Specifically, we first estab-
lish the norm inequality of commutators of fractional integral operators on generalized Lorentz
spaces. Then, we apply this result to obtain the necessary and sufficient conditions for the bound-
edness of such commutators on generalized weighted Lorentz-Morrey spaces.

1. Introduction

In 1961, John and Nirenberg (see [22]) introduced the space of functions of boun-
ded mean oscillation BMO(Rn) , which is defined as the set of all locally integrable
functions f on R

n such that

‖ f‖BMO = sup
B

1
|B|

ˆ
B
| f (y)− fB|dy < ,

where the supremum is taken over all balls B in Rn and fB = 1
|B|
´
B f (y)dy. In 1976,

Coifman, Rochberg and Weiss published a celebrated result related to the bounded-
ness of commutators generated by Calderón-Zygmund singular integral operators in
[9], that is, b ∈ BMO(Rn) if and only if the commutator [b,T ] = bT −Tb is bounded
on Lp(Rn) , where T is a Calderón-Zygmund operator and p > 1.

For I being the fractional integral operator of order  ∈ (0,n) , Chanillo initially
proved in [8] that if b∈BMO(Rn) then the commutator [b, I ] is bounded from Lp(Rn)
to Lq(Rn) via the following estimate

‖[b, I ] f‖Lq = ‖bI f − I(b f )‖Lq � C‖b‖BMO‖ f‖Lp ,

where 1 < p < n
 , 1

p = 1
q + 

n ,

I f (x) =
ˆ

Rn

f (y)
|x− y|n− dy,
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and C is a positive constant independent of b and f . He also showed that if n− is an
even integer and [b, I ] is bounded from Lp(Rn) to Lq(Rn) , then b∈BMO(Rn) . Since
the pioneering work of Chanillo, the study of the boundedness of the commutator of
singular integral operators on function spaces has attracted considerably a large number
of mathematicians.

In addition, the classical Morrey spaces were introduced by Morrey in [28] to
investigate the local behavior of solutions to second-order elliptic partial differential
equations. For further applications of Morrey spaces to partial differential equations,
we refer the reader to [33, 34]. Over the past decades, the topic about the boundedness
of singular integral operators and their commutators on various types of Morrey spaces
has been extensively researched. In particular, Di Fazio and Ragusa [12] studied the
boundedness of the commutator of a Calderón-Zygmund operator and the Riesz po-
tential on classical Morrey spaces. After that, Nakai [30] obtained the boundedness of
the Hardy-Littlewood maximal operator and the Riesz potential on generalized Mor-
rey spaces. Then the results above were extended to weighted setting by Komori and
Shirai [23], Nakamura and Sawano [32]. For further extensions, we refer the reader to
[2, 13, 20, 27, 36, 37, 40] and the references therein.

On the other hand, Muckenhoupt and Wheeden in [29] introduced the fractional
integral operators with homogeneous kernels, which are naturally generalized versions
of the usual fractional integral operators, and obtained their boundedness on Lebesgue
spaces. Later, Ding and Lu in [10] established the weighted norm inequalities for frac-
tional integral operators with homogeneous kernels on weighted Lebesgue spaces. By
applying extrapolation theory, in [17] Ho established the boundedness of such oper-
ators on Lebesgue spaces with variable exponents and on variable exponent Morrey
spaces. These results have been extended to generalized Lorentz spaces, and gener-
alized Lorentz-Morrey spaces, see [18, 35, 43] and references therein. It should be
pointed out that the Morrey type spaces mentioned above have found applications in
the theory of partial differential equations; for instance, they are closely related to the
regularity results of weak solutions of various nonlinear equations, see [1, 4, 26, 44] for
details. Concerning the boundedness of commutators of fractional integral operators
with homogeneous kernels, we list here some remarkable works. In [41], Tan and Zhao
proved the boundedness of the commutator on variable exponent Morrey spaces. Then,
in [42] Wang established the boundedness of the commutator on Morrey-Herz spaces
with variable exponents. Recently, the boundedness of the commutator on vanishing
generalized Morrey spaces with variable exponents has been obtained by Shao and Tao
in [38], as well as by Mo, Wang and Han in [19].

Motivated by the aforementioned works, our aim in this paper is to establish the
boundedness of commutators of fractional integral operators with homogeneous kernels
on generalized weighted Lorentz-Morrey spaces. More precisely, we first establish
the norm inequalities of commutators of fractional integral operators on generalized
Lorentz spaces (see Definition 2.2 in Section 2). Then we apply these estimates to
obtain the necessary and sufficient conditions for the boundedness of such commutators
on generalized weighted Lorentz-Morrey spaces (see Definition 2.5 in Section 2).

The organization of this paper is as follows. Section 2 is devoted to recalling the
important definitions and results on generalized Lorentz spaces, generalized weighted
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Lorentz-Morrey spaces, and to formulating our main theorems. In Section 3, we present
key lemmas and establish the pointwise estimate for the sharp maximal operator, as well
as the boundedness of the fractional maximal operator on generalized Lorentz spaces.
These lemmas will be exploited to prove the main results in Section 4.

Throughout this paper, we always use C to denote a positive constant that is inde-
pendent of the main parameters involved but whose value may differ from line to line.
If f �Cg , then we write f � g or g � f ; and if f � g � f , then we write f ∼ g . Also,
given  > 0 and a ball B = B(x,r) , we write B for the ball B(x, r) . For p ∈ (1,) ,
we denote by p′ the Hölder conjugate exponent of p , defined by 1

p + 1
p′ = 1.

2. Main results

We denote by B(x,r) the open ball centered at x ∈ Rn and of radius r , that is,

B(x,r) = {y ∈ R
n : |y− x|< r},

and set B = {B(x,r) : x ∈ Rn,r > 0}. For a measurable set G ⊂ Rn , we denote by |G|
and G the Lebesgue measure of G and the characteristic function of G , respectively.
For a function f ∈ L1

loc(R
n) and a ball B , let

fB =
 

B
f =

 
B

f (y)dy =
1
|B|

ˆ
B

f (y)dy.

Given a function  : Rn × (0,) → (0,) .

•  satisfies the doubling condition if there exists a positive constant C such that

(x,2r) � C(x,r), for all x ∈ R
n,r ∈ (0,). (2.1)

•  is almost increasing (resp. almost decreasing) if there exists a positive constant
C such that for all x ∈ R

n , r,s ∈ (0,) and r < s ,

(x,r) � C(x,s) (resp. (x,s) � C(x,r)).

•  satisfies the condition (A) if there exists a constant C > 0 such that for all
x,y ∈ Rn and r ∈ (0,) ,

1
C

� (x,r)
(y,r)

� C, if |x− y|� r. (2.2)

Let M and M (0,) be the sets of Lebesgue measurable functions on Rn and on
(0,) , respectively. We now give the definitions of the weighted Lebesgue spaces and
the generalized Lorentz spaces.

DEFINITION 2.1. (Weighted Lebesgue spaces) Let p ∈ (0,) and w : (0,) →
(0,) be a Lebesgue measurable function. The weighted Lebesgue space Lp

w consists
of all Lebesgue measurable functions f ∈ M (0,) satisfying

‖ f‖Lp
w

=
(ˆ 

0
| f (y)|pw(y)dy

)1/p

< .
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Given a Lebesgue measurable function f ∈ M , its decreasing rearrangement f ∗
is defined as

f ∗(t) = inf{ > 0 : d f ( ) � t}, t � 0,

where
d f ( ) = |{x ∈ R

n : | f (x)| � }| ,  > 0

is the distribution function of f .

DEFINITION 2.2. (Generalized Lorentz spaces) Let p ∈ (0,) and w : (0,) →
(0,) be a Lebesgue measurable function. The generalized Lorentz space p

w(Rn)
consists of all Lebesgue measurable functions f ∈ M satisfying

‖ f‖p
w

=
(ˆ 

0
( f ∗(t))pw(t) dt

)1/p

< .

REMARK 2.1.

(i) Note that if w(t) = t
p
q −1 for p, q ∈ (1,) , then p

w(Rn) recovers the classical
Lorentz spaces.

(ii) It is easy to see that ‖ f‖p
w

= ‖ f ∗‖Lp
w
. Furthermore, since (| f |q)∗ = ( f ∗)q for

0 < q < , we have

‖| f |q‖p
w

=
(ˆ 

0
( f ∗(t))pqw(t)dt

)1/p

= ‖ f‖q
pq

w
. (2.3)

(iii) The concept of generalized Lorentz spaces was initially introduced by Lorentz
[24] and subsequently developed in [6, 7], among other works. In [24], Lorentz
showed that when p � 1, ‖·‖p

w(Rn) is a norm if and only if w is non-increasing.
As shown in [6, 7, 11], ‖·‖p

w(Rn) is a quasi-norm if and only if the fundamental
function

W (t) =
ˆ t

0
w(s)ds,t > 0

satisfies the 2 condition, that is, there exists a constant C > 1 such that for any
t > 0, one has

W (2t) � CW (t).

(iv) For any Lebesgue measurable set G ⊂ Rn with |G| <  , it is clear that

‖G‖p
p

w
=
ˆ 

0
([0,|G|](t))pw(t)dt = W (|G|).

The following lemma makes use of the concept of a rearrangement-invariantquasi-
Banach function space (for the precise definition of this space, we refer the reader to
[16, Definition 2.1]).
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LEMMA 2.1. ([43, Lemma 2.2]) Let p∈ (0,) and w : [0,)→ [0,) . If W (t)=´ t
0 w(s)ds is finite a.e. and satisfies the 2 condition then p

w(Rn) is a rearrangement-
invariant quasi-Banach function space.

Next, we recall the definition of Boyd’s indices for p
w(Rn) . For any s > 0 and

f ∈ M (0,) , define (Ds f )(t) = f (st) .

DEFINITION 2.3. ([43, Definition 3.1]) Let p ∈ (0,) and w : (0,) → (0,) .
The lower Boyd index pp

w
and the upper Boyd index qp

w
of p

w(Rn) are defined by

pp
w

= sup
{

r > 0 : ∃C > 0 such that ‖Ds‖Lp
w→Lp

w
� Cs−1/r,∀s ∈ (0,1)

}
,

qp
w

= inf
{

r > 0 : ∃C > 0 such that ‖Ds‖Lp
w→Lp

w
� Cs−1/r,∀s � 1

}
,

where ‖·‖Lp
w→Lp

w
stands for the operator norm on Lp

w .

REMARK 2.2. For r ∈ (0,) , we have (see [43])

1
ppr

w

= lim
s→

logW
1/pr(s)

logs
= lim

s→

logW
1/p(s)

r logs
=

1
rpp

w

, (2.4)

1
qpr

w

= lim
s→0

logW
1/pr(s)

logs
= lim

s→0

logW
1/p(s)

r logs
=

1
rqp

w

, (2.5)

where

W (s) = sup
t>0

W (st)
W (t)

, s > 0.

The following space will also be needed to establish our main results.

DEFINITION 2.4. ([43, Definition 3.3]) Let  ∈ [0,) , p∈ (0,) and w : (0,)
→ (0,) . The space p,

w (Rn) consists of all f ∈ M satisfying

‖ f‖p,
w

=
(ˆ 

0

(
t−


n f ∗(t)

)p
w(t)dt

)1/p

< .

REMARK 2.3.

(i) Note that p,
w (Rn) is a generalized Lorentz space associated with the weight

w (t) = t−
 p
n w(t) . When  = 0, p,

w (Rn) reduces to p
w(Rn) .

(ii) As shown in [16, Proposition 3.1], if W (t) =
´ t
0 w(s)ds is finite a.e. and satis-

fies the 2 condition, then p,
w (Rn) is a rearrangement-invariant quasi-Banach

function space. Furthermore, if w is non-increasing, then p,
w (Rn) is a Banach

space.
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LEMMA 2.2. ([43, Lemma 3.1]) Let  ∈ [0,) , p ∈ (0,) and w : (0,) →
(0,). If W is finite a.e., satisfies the 2 condition and 0 < pp

w
� qp

w
< n

 , then

W(t) =
ˆ t

0
y−

 p
n w(y)dy, t > 0

is finite a.e. and satisfies the 2 condition.

Proof. If W is finite a.e. and satisfies the 2 condition, then it follows from (ii) in
Remark 2.3 that p,

w (Rn) is a rearrangement-invariant quasi-Banach function space.
Moreover, for every Lebesgue measurable set G with |G| <  , one has

‖G‖p
p,

w
= W(|G|),

and hence W is finite a.e. Now for each t > 0, let A,B ⊂ Rn be measurable sets such
that A∩B = ∅ and |A| = |B| = t . Since ‖·‖p,

w
is a quasi-norm and A + B = A∪B ,

we obtain

W(2t) = ‖A∪B‖p
p,

w
= ‖A + B‖p

p,
w

� C
(
‖A‖p

p,
w

+‖B‖p
p,

w

)
= 2CW(t).

Therefore, W satisfies the 2 condition. �

We now consider the following generalized weighted Lorentz-Morrey spaces.

DEFINITION 2.5. ([43, Definition 4.1])

(i) Let p∈ (0,) , w : (0,)→ (0,) and u : R
n×(0,)→ (0,) such that W (t) =´ t

0 w(y)dy is finite a.e. and satisfies the 2 condition. The generalized weighted
Lorentz-Morrey space M

p
w,u(Rn) consists of all Lebesgue measurable functions

f satisfying

‖ f‖M
p
w,u

= sup
B=B(x,r)∈B

1
u(x,r)

‖B f‖p
w

<,

where the supremum is taken over all balls B(x,r) in Rn .

(ii) Let  ∈ [0,) , p∈ (0,) , w : (0,)→ (0,) and u : Rn×(0,)→ (0,) such
that W(t) =

´ t
0 y−

 p
n w(y)dy is finite a.e. and satisfies the 2 condition. The

generalized weighted Lorentz-Morrey space M
p,
w,u (Rn) consists of all Lebesgue

measurable functions f satisfying

‖ f‖M
p,
w,u

= sup
B=B(x,r)∈B

1
u(x,r)

‖B f‖p,
w

< ,

where the supremum is taken over all balls B(x,r) in Rn .
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REMARK 2.4.

(i) If w(t) = t
p
q−1 , with p,q∈ (1,) , then M

p
w,u(Rn) reduces to the Lorentz-Morrey

space introduced in [35].

(ii) If W (t) =
´ t
0 w(y)dy is finite a.e. and satisfies the 2 condition then p

w(Rn) is
a quasi-Banach space; therefore, M

p
w,u(Rn) is also a quasi-Banach space.

Next, we present the fractional integral operator with a homogeneous kernel (see
[25, 29]). Let  ∈ (0,n) and  be a homogeneous function on Rn with degree zero,
that is, for any x ∈ Sn−1 and  > 0

(x) = (x), (2.6)

where Sn−1 := {x ∈ Rn : |x| = 1} represents the unit sphere in Rn . The fractional
integral operator with a homogeneous kernel  is defined by

T, f (x) =
ˆ

Rn

(x− y)
|x− y|n− f (y)dy.

Notice that T, is precisely the fractional integral operator I when  ≡ 1. In the
sequel, we need the following result of T, on Lebesgue spaces.

THEOREM 2.1. ([25, Theorem 3.3.1]) Let  ∈ (0,n) and  ∈ L
n

n− (Sn−1) sat-
isfy (2.6). Suppose that p∈ (1, n


)

and 1
p = 1

q + 
n . Then there exists a constant C > 0 ,

independent of f ∈ Lp(Rn) , such that

‖T, f‖Lq � C‖ f‖Lp .

Recently, Yee and Ho [43] proved the boundedness of the operator T, from
p

w(Rn) to p,
w (Rn) , as well as from M

p
w,u(Rn) to M

p,
w,u (Rn) .

THEOREM 2.2. ([43, Theorem 3.3]) Let p ∈ (0,) ,  ∈ (0,n) and w : [0,) →
[0,) . Suppose that  ∈ L

n
n− (Sn−1) satisfies (2.6). If 1 < pp

w
� qp

w
< n

 , then there
exists a constant C > 0 , independent of f ∈ p

w(Rn) , such that

‖T, f‖p,
w

� C‖ f‖p
w
.

THEOREM 2.3. ([43, Theorem 4.2]) Let p ∈ (0,) ,  ∈ (0,n) , w : [0,) →
[0,) and u : Rn × [0,) → (0,) . Suppose that 1 < pp

w
� qp

w
< n

 , W (t) is fi-
nite a.e. and satisfies the 2 condition.

If there is a constant C > 0 such that for any x ∈ Rn and r > 0 ,




j=0

(
W(|B(x,r)|)

W(|B(x,2 j+1r)|)
)1/p

u(x,2 j+1r) < Cu(x,r),

and  ∈ L (Sn−1) for some  ′ < pp
w
, then there exists a constant C > 0 , independent

of f ∈ M
p
w,u(Rn) , such that

‖T, f‖M
p,
w,u

� C‖ f‖M
p
w,u

.
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Next, we recall the definition of Ariño-Muckenhoupt weights, which is first intro-
duced in [3].

DEFINITION 2.6. (Ariño-Muckenhoupt weights, [3, 5]) For p ∈ (1,) , a func-
tion w : (0,) → (0,) is said to belong to the Ariño-Muckenhoupt class Bp if there
exists a constant C > 0 such that for any r > 0, one has

rp
ˆ 

0

w(s)
sp ds � C

ˆ r

0
w(s)ds.

DEFINITION 2.7. A function w : (0,) → (0,) is said to belong to the class B∗


if there exists a constant C > 0 such that for any r > 0, one has

ˆ r

0

W (s)
s

ds � CW (r).

REMARK 2.5. It is well known that the Ariño-Muckenhoupt Bp class has several
equivalent characterizations (see [3, 6]). This class has a noteworthy connection with
the classical Hardy-Littlewood maximal operator M , namely,

w ∈ Bp if and only if M is bounded on p
w(Rn). (2.7)

We refer the reader to [6, Theorem 3.3.5] for a detailed proof of (2.7).

Now for b ∈ L1
loc(R

n) , one of our main interests is the commutator generated by
T, and b , which is defined as follows

[b,T, ] f := bT, f −T,(b f ),

for suitable functions f .
In Section 3, we will show that the commutator [b,T, ] is well defined on M

p
w,u

under certain assumptions (see Lemma 3.10). At this stage, we are ready to formulate
the main results of this paper.

THEOREM 2.4. Let p ∈ (1,) ,  ∈ (0,n) and w : (0,) → (0,) . Assume that
 ∈ L (Sn−1) for some  ′ < pp

w
, satisfies (2.6) and is a Lipschitz function on S

n−1 ,
that is, there exists a constant C > 0 such that

|(x)−(y)| � C |x− y|, for all x,y ∈ S
n−1.

If 1 < pp
w

� qp
w

< n
 , W is finite a.e., satisfies the 2 condition and w belongs

to the class Bp∩B∗
 , then there exists a constant C1 > 0 , independent of b∈BMO(Rn)

and f ∈ p
w(Rn) , such that

‖[b,T, ] f‖p,
w

� C1‖b‖BMO‖ f‖p
w
.
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THEOREM 2.5. Let p ∈ (1,) ,  ∈ (0,n) , w : (0,) → (0,) and u : Rn ×
(0,) → (0,) . Assume that  ∈ L (Sn−1) for some  ′ < pp

w
, satisfies (2.6) and

is a Lipschitz function on Sn−1 . Assume in addition that 1 < pp
w

� qp
w

< n
 , W is

finite a.e., satisfies the 2 condition and w ∈ Bp∩B∗
 .

If there is a constant C > 0 such that for any x ∈ Rn , r > 0




j=0

(
W(|B(x,r)|)

W(|B(x,2 j+1r)|)
)1/p

u(x,2 j+1r) < Cu(x,r), (2.8)

then there exists a constant C1 > 0 , independent of b ∈ BMO(Rn) and f ∈ M
p
w,u(Rn) ,

such that
‖[b,T, ] f‖M

p,
w,u

� C1‖b‖BMO‖ f‖M
p
w,u

.

THEOREM 2.6. Let p ∈ (1,) ,  ∈ (0,n) , w : (0,) → (0,) and u : R
n ×

(0,) → (0,) . Assume that u satisfies (2.2), w ∈ Bp and (x,t) �→ W (|B(x,t)|)1/p

u(x,t) is

almost increasing. In addition, suppose that  satisfies (2.6),  ∈ C(Sn−1) , and
 �≡ 0 . If [b,T, ] is bounded from M

p
w,u(Rn) to M

p,
w,u (Rn) , then b ∈ BMO(Rn) and

there exists a positive constant C , independent of b , such that

‖b‖BMO � C‖[b,T, ]‖M
p
w,u→M

p,
w,u

,

where ‖[b,T, ]‖M
p
w,u→M

p,
w,u

stands for the operator norm of [b,T, ] from M
p
w,u(Rn)

to M
p,
w,u (Rn) .

3. Key lemmas

We need the following important lemmas which are the key ingredients in the
proofs of our main results.

LEMMA 3.1. ([21]) There exists a positive constant C(n) dependent only on n
such that for all f ∈ BMO(Rn) and for all x ∈ Rn , r,t ∈ (0,) ,∣∣ fB(x,r) − fB(x,t)

∣∣� C(n)‖ f‖BMO ln
t
r

if 2r < t.

The following lemma is a well-known corollary of the John-Nirenberg inequality.

LEMMA 3.2. ([39, p. 144]) Let p ∈ (0,). Then there exists a positive constant
C(n, p) such that for all balls B ∈ B and all functions f ∈ BMO(Rn) , one has( 

B
| f (x)− fB|pdx

)1/p

� C(n, p)‖ f‖BMO.

The next lemma is standard, following directly from Lemma 3.1 and Lemma 3.2,
but for the sake of convenience, we give its proof here.



558 T. D. TRAN AND Q. D. DOAN

LEMMA 3.3. Let p ∈ (1,). Then there exists a positive constant C depending
only on n and p such that for all f ∈ BMO(Rn) , for all x ∈ Rn and r,s ∈ (0,) ,( 

B(x,s)
| f (y)− fB(x,r)|p dy

)1/p

� C‖ f‖BMO

(
1+ ln

s
r

)
, if 2r < s.

Proof. By Lemma 3.1 and Lemma 3.2, we derive( 
B(x,s)

| f (y)− fB(x,r)|p dy

)1/p

�
( 

B(x,s)
| f (y)− fB(x,s)|p dy

)1/p

+ | fB(x,s)− fB(x,r)|

� ‖ f‖BMO +‖ f‖BMO ln
s
r

� ‖ f‖BMO

(
1+ ln

s
r

)
.

Hence, we get the conclusion. �

LEMMA 3.4. Let 1 < p < , 0< < n, w : (0,)→ (0,) . Assume that W (t)=´ t
0 w(s)ds is finite a.e. and satisfies the 2 condition. If 1 < pp

w
� qp

w
< n

 , then there
exists a constant C > 0 , independent of b ∈ BMO(Rn) and B ∈ B , such that

‖(b−bB)B‖p,
w

� C‖b‖BMO‖B‖p,
w

.

Proof. Note that by Lemma 2.2

W(t) =
ˆ t

0
y−

 p
n w(y)dy

is finite a.e. and satisfies the 2 condition. Therefore, it follows from Lemma 2.1
that p,

w is a rearrangement-invariant quasi-Banach function space. Consequently, by
applying [15, Theorem 3.6], we arrive at the desired result. �

LEMMA 3.5. ([30, Lemma 2], [31, Proposition 2.7]) Let  : (0,)→ (0,) . As-
sume that there exists a constant C > 0 such that




j=0

(2 jr) � C(r), ∀r > 0.

Then there exist a sufficiently small  > 0 and a constant C′ > 0 such that




j=0

2 j(2 jr) � C′(r), ∀r > 0.
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Let  ∈ (0,n) and f be a locally integrable function. The fractional maximal
operator M is defined by

M f (x) = sup
B�x

1

|B|1− 
n

ˆ
B
| f (y)|dy,

where the supremum is taken over all balls B containing x .
If  = 0, then M is just the Hardy-Littlewood maximal operator M . In addition,

it is the fact that there exists a constant C > 0 such that for every locally integrable
function f , the following estimate holds

M f (x) � CI | f |(x), x ∈ R
n.

The following lemma is a direct consequence of Theorem 2.2 with ≡ 1.

LEMMA 3.6. Let p ∈ (0,),  ∈ (0,n) and w : (0,) → (0,). If 1 < pp
w

�
qp

w
< n

 , then there exists a constant C > 0 such that for all f ∈ p
w(Rn) ,

‖M f‖p,
w

� C‖ f‖p
w
.

LEMMA 3.7. Let p ∈ (0,) ,  ∈ (0,n) and w : (0,) → (0,). Suppose that
1 < pp

w
� qp

w
< n

 . Then for each 1 <  < pp
w
, there is a constant C > 0 such that

for any g ∈ p
w(Rn) and ball B ∈ B , we have(ˆ

B
|g(y)|dy

) 1


� C
|B| 1

− 
n

‖B‖p,
w

‖g‖p
w
.

Proof. Under the assumptions on ,pp
w
, and qp

w
, it is clear to see that

1 <
pp

w


�

qp
w


<

n


.

Therefore, it follows from (2.4) and (2.5) that

1 < p
p/

w
� q

p/
w

<
n


.

For any g ∈ p
w and B ∈ B , we have

1

|B|1− 
n

(ˆ
B
|g(y)|dy

)
B(x) � M(|g|)(x), x ∈ R

n.

By applying Lemma 3.6 to M and p/
w (Rn) , and using (2.3), we obtain

1

|B|1− 
n

(ˆ
B
|g(y)|dy

)
‖B‖p/,

w
� ‖BM (|g|)‖p/,

w

� C‖|g|‖
p/

w

=C‖g‖p
w
.
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Moreover,

‖B‖p/,
w

=

(ˆ |B|

0

(
t−


n

)p/
w(t)dt

)/p

=

(ˆ |B|

0

(
t−


n

)p
w(t)dt

)/p

= ‖B‖p,
w

.

Therefore, we reach the desired estimate. �

LEMMA 3.8. Let p∈ (0,) ,  ∈ (0,n) , w : (0,)→ (0,) and u : Rn×(0,)→
(0,) . Assume that  ∈ L (Sn−1) for some  ′ < pp

w
and satisfies (2.6), 1 < pp

w
�

qp
w

< n
 , W is finite a.e. and satisfies the 2 condition. Then there exists a constant

C > 0 such that for all f ∈ M
p
w,u(Rn) , all balls B = B(z,r) and x ∈ B, we have

ˆ
Rn\2B

|(x− y)|
|x− y|n− | f (y)|dy � C




j=1

‖B(z,2 j+1r) f‖p
w

‖B(z,2 j+1r)‖p,
w

.

Proof. Notice that

ˆ
Rn\2B

|(x− y)|
|x− y|n− | f (y)|dy =




j=1

ˆ
2 j+1B\2 jB

|(x− y)|
|x− y|n− | f (y)|dy.

Applying Hölder’s inequality to each term of the series gives

ˆ
B(z,2 j+1r)\B(z,2 jr)

|(x− y)|
|x− y|n− | f (y)|dy

�
(ˆ

B(z,2 j+1r)\B(z,2 jr)

|(x− y)|
|x− y|(n−) dy

)1/

‖B(z,2 j+1r) f‖L ′ (Rn)

=

(ˆ
B(x−z,2 j+1r)\B(x−z,2 jr)

|(y)|
|y|(n−) dy

)1/

‖B(z,2 j+1r) f‖L ′ (Rn).

Since x ∈ B(z,r) and y ∈ B(x− z,2 j+1r)\B(x− z,2 jr) , we get

|y| � |y− (x− z)|+ |x− z|� 2 j+1r+ r � 2 j+2r,

|y| � |y− (x− z)|− |x− z|� 2 jr− r � 2 j−1r,

which imply

B(x− z,2 j+1r)\B(x− z,2 jr) ⊂ B(0,2 j+2r)\B(0,2 j−1r).
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This inclusion and the assumption  ∈ L (Sn−1) indicate that

ˆ
B(z,2 j+1r)\B(z,2 jr)

|(x− y)|
|x− y|n− | f (y)|dy

�
(ˆ

B(0,2 j+2r)\B(0,2 j−1r)

|(y)|
|y|(n−) dy

)1/

‖B(z,2 j+1r) f‖L ′ (Rn)

�
(ˆ 2 j+2r

2 j−1r

ˆ
Sn−1

|(s)| t−(n−)+n−1dsdt

)1/

‖B(z,2 j+1r) f‖L ′ (Rn)

� 1

(2 j+1r)n−− n

‖B(z,2 j+1r) f‖L ′ (Rn)

� 1

|B(z,2 j+1r)| 1
 ′ −


n

‖B(z,2 j+1r) f‖L ′ (Rn).

Furthermore, since  ′ < pp
w
, by applying Lemma 3.7 with  =  ′ and g = B(z,2 j+1r) f ,

we derive

‖B(z,2 j+1r) f‖L ′ (Rn) � 1
‖B(z,2 j+1r)‖p,

w

‖B(z,2 j+1r) f‖p
w
|B(z,2 j+1)| 1

 ′ −

n .

It follows that

ˆ
B(z,2 j+1r)\B(z,2 jr)

|(x− y)|
|x− y|n− | f (y)|dy �

‖B(z,2 j+1r) f‖p
w

‖B(z,2 j+1r)‖p,
w

.

Therefore, we reach the conclusion. �

LEMMA 3.9. Let p∈ (0,) ,  ∈ (0,n) , w : (0,)→ (0,) and u : Rn×(0,)→
(0,) . Assume that  ∈ L (Sn−1) for some  ′ < pp

w
and satisfies (2.6), 1 < pp

w
�

qp
w

< n
 , W is finite a.e. and satisfies the 2 condition. Then there exists a constant

C > 0 such that for all b ∈ BMO(Rn), f ∈ M
p
w,u(Rn) , all balls B = B(z,r) and x ∈ B,

we have
ˆ

Rn\2B
|b(y)−bB| |(x− y)|

|x− y|n− | f (y)|dy

� C‖b‖BMO




j=1

( j +1)
‖B(z,2 j+1r) f‖p

w

‖B(z,2 j+1r)‖p,
w

.

Proof. Note that

ˆ
Rn\2B

|b(y)−bB| |(x− y)|
|x− y|n− | f (y)|dy =




j=1

ˆ
2 j+1B\2 jB

|b(y)−bB| |(x− y)|
|x− y|n− | f (y)|dy.
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Then applying Hölder’s inequality to each term of the series yields

ˆ
B(z,2 j+1r)\B(z,2 jr)

|b(y)−bB| |(x− y)|
|x− y|n− | f (y)|dy

�
(ˆ

B(z,2 j+1r)\B(z,2 jr)

|(x− y)|
|x− y|(n−) dy

)1/

‖B(z,2 j+1r)(b−bB) f‖L ′ (Rn)

=

(ˆ
B(x−z,2 j+1r)\B(x−z,2 jr)

|(y)|
|y|(n−) dy

)1/

‖B(z,2 j+1r)(b−bB) f‖L ′ (Rn).

Since x ∈ B(z,r) and y ∈ B(x− z,2 j+1r)\B(x− z,2 jr) , we obtain

|y| � |y− (x− z)|+ |x− z|� 2 j+1r+ r � 2 j+2r,

|y| � |y− (x− z)|− |x− z|� 2 jr− r � 2 j−1r,

which lead to

B(x− z,2 j+1r)\B(x− z,2 jr) ⊂ B(0,2 j+2r)\B(0,2 j−1r).

This inclusion, combined with the assumption  ∈ L (Sn−1) , implies that

ˆ
B(z,2 j+1r)\B(z,2 jr)

|b(y)−bB| |(x− y)|
|x− y|n− | f (y)|dy

�
(ˆ

B(0,2 j+2r)\B(0,2 j−1r)

|(y)|
|y|(n−) dy

)1/

‖B(z,2 j+1r)(b−bB) f‖L ′ (Rn)

�
(ˆ 2 j+2r

2 j−1r

ˆ
Sn−1

|(s)| t−(n−)+n−1dsdt

)1/

‖B(z,2 j+1r)(b−bB) f‖L ′ (Rn)

� 1

(2 j+1r)n−− n

‖B(z,2 j+1r)(b−bB) f‖L ′ (Rn)

� 1

|B(z,2 j+1r)| 1
 ′ −


n

‖B(z,2 j+1r)(b−bB) f‖L ′ (Rn).

Choose  > 1 such that

1 <  <  ′ < pp
w

� qp
w

<
n


.

Then it follows from Hölder’s inequality that

‖B(z,2 j+1r)(b−bB) f‖L ′ (Rn)

� ‖B(z,2 j+1r)(b−bB)‖L′ ′ (Rn)‖B(z,2 j+1r) f‖L ′ (Rn).
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In addition, applying Lemma 3.3 gives

‖B(z,2 j+1r)(b−bB)‖L′ ′

= |B(z,2 j+1r)|
1

′ ′

( 
B(z,2 j+1r)

|b(y)−bB| ′ ′dy

) 1
′ ′

� ( j +1)|B(z,2 j+1r)|
1

′ ′ ‖b‖BMO.

Since  ′ < pp
w
, in light of Lemma 3.7 with  =  ′ and g = B(z,2 j+1r) f , we get

‖B(z,2 j+1r) f‖L ′ (Rn) � 1
‖B(z,2 j+1r)‖p,

w

‖B(z,2 j+1r) f‖p
w
|B(z,2 j+1)|

1
 ′ −


n .

Finally, we combine the estimates above to deduce thatˆ
B(z,2 j+1r)\B(z,2 jr)

|b(y)−bB| |(x− y)|
|x− y|n− | f (y)|dy

� ( j +1)‖b‖BMO
1

|B(z,2 j+1r)| 1
 ′ −


n

· |B(z,2 j+1r)|
1

′ ′ +
1

 ′ −

n
‖B(z,2 j+1r) f‖p

w

‖B(z,2 j+1r)‖p,
w

� ‖b‖BMO( j +1)
‖B(z,2 j+1r) f‖p

w

‖B(z,2 j+1r)‖p,
w

,

which completes the proof. �

LEMMA 3.10. Under the same assumptions as in Theorem 2.5, if b ∈ BMO(Rn)
then [b,T, ] is well defined on M

p
w,u . Moreover, for f ∈ M

p
w,u(Rn) , one has

[b,T, ] f (x) =
ˆ

Rn
(b(x)−b(y))

(x− y)
|x− y|n− f (y)dy, a.e. x ∈ R

n.

Proof. Let b ∈ BMO(Rn) and take any f ∈ M
p
w,u(Rn) . Then in view of Lemma

3.7, it follows that f ∈ Lloc(R
n) for some 1 <  < pp

w
. Consequently, b f ∈ L1

loc(R
n)

for any 1 < 1 < .
Since  is a Lipschitz function on Sn−1 , it is bounded on Sn−1 . As a result of

that, the function y �→ |(y)|
|y|n− = |(y/|y|)|

|y|n− is integrable near the origin with respect to y .

Take any B = B(z,r) , thenˆ
B
|T,( f 2B)(x)|dx �

ˆ
B

ˆ
2B

|(x− y)|
|x− y|n− | f (y)|dydx

=
ˆ

2B
| f (y)|

(ˆ
B

|(x− y)|
|x− y|n− dx

)
dy.

For y∈ 2B and x∈B , we have |x−y|� |x−z|+ |z−y|< 3r , and hence x−y∈B(0,3r) .
Therefore, ˆ

B

|(x− y)|
|x− y|n− dx �

ˆ
B(0,3r)

|(z)|
|z|n− dz < ,
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which, combined with f ∈ Lloc(R
n) , leads toˆ

B
|T,( f 2B)(x)|dx < .

By a similar argument, we also deduce thatˆ
B
|T, (b f 2B)(x)|dx < .

On the other hand, applying Lemma 3.8 and using (2.8), we obtain
ˆ

Rn\2B

|(x− y)|
|x− y|n− | f (y)|dy �




j=1

‖B(z,2 j+1r) f‖p
w

‖B(z,2 j+1r)‖p,
w

=



j=1

u(z,2 j+1r)
‖B‖p,

w

‖B‖p,
w

‖B(z,2 j+1r)‖p,
w

1
u(z,2 j+1r)

‖B(z,2 j+1r) f‖p
w

�
‖ f‖M

p
w,u

W(|B(z,r)|)1/p




j=1

(
W(|B(z,r)|)

W(|B(z,2 j+1r)|)
)1/p

u(z,2 j+1r)

� ‖ f‖M
p
w,u

u(z,r)
W(|B(z,r)|)1/p

< .

Also, applying Lemma 3.9 yieldsˆ
Rn\2B

|b(y)−bB| |(x− y)|
|x− y|n− | f (y)|dy

� ‖b‖BMO




j=1

( j +1)
‖B(z,2 j+1r) f‖p

w

‖B(z,2 j+1r)‖p,
w

= ‖b‖BMO




j=1

( j +1)
u(z,2 j+1r)
‖B‖p,

w

‖B‖p,
w

‖B(z,2 j+1r)‖p,
w

1
u(z,2 j+1r)

‖B(z,2 j+1r) f‖p
w

�
‖b‖BMO‖ f‖M

p
w,u

W(|B(z,r)|)1/p




j=1

( j +1)
(

W(|B(z,r)|)
W(|B(z,2 j+1r)|)

)1/p

u(z,2 j+1r). (3.1)

For X ∈ Rn and r > 0, define

(X ,r) :=
u(X ,r)

W(|B(X ,r)|)1/p
.

Then, by (2.8), we obtain




j=0

(X ,2 j+1r) � C(X ,r).

In light of Lemma 3.5, there exists  > 0 such that for every X ∈ Rn and r > 0,




j=0

2( j+1) (X ,2 j+1r) � C(X ,r).



COMMUTATORS OF FRACTIONAL INTEGRAL OPERATORS 565

Since j +1 � C2( j+1) for all j ∈ N (with C chosen sufficiently large), it follows that




j=0

( j +1)(X ,2 j+1r) � C(X ,r).

Equivalently,




j=0

( j +1)
(

W(|B(X ,r)|)
W(|B(X ,2 j+1r)|)

)1/p

u(X ,2 j+1r) � Cu(X ,r). (3.2)

By combining (3.1) and (3.2), we obtain

ˆ
Rn\2B

|b(y)−bB| |(x− y)|
|x− y|n− | f (y)|dy

�
‖b‖BMO‖ f‖M

p
w,u

W(|B(z,r)|)1/p




j=1

( j +1)
(

W(|B(z,r)|)
W(|B(z,2 j+1r)|)

)1/p

u(z,2 j+1r)

� ‖b‖BMO‖ f‖M
p
w,u

u(z,r)
W(|B(z,r)|)1/p

< .

Consequently, the two integrals

ˆ
Rn\2B

|(x− y)|
|x− y|n− | f (y)|dy and

ˆ
Rn\2B

|(x− y)|
|x− y|n− |b(y) f (y)|dy

converge. Therefore, the integrals

ˆ
Rn

(x− y)
|x− y|n− f (y)dy and

ˆ
Rn

(x− y)
|x− y|n− b(y) f (y)dy

converge absolutely a.e. x ∈ Rn , and

[b,T, ] f (x) =
ˆ

Rn
(b(x)−b(y))

(x− y)
|x− y|n− f (y)dy, a.e. x ∈ R

n. �

For f ∈ L1
loc(R

n) , the sharp maximal function M# f is defined by

M# f (x) = sup
B�x

 
B
| f (y)− fB|dy, x ∈ R

n,

where the supremum is taken over all balls B ∈ B containing x .
In order to prove Theorem 2.4, we need to establish the following pointwise esti-

mate involving the sharp maximal operator M# .

LEMMA 3.11. Let  ∈ (1,) , p ∈ (0,) , 0 <  < n and w : (0,) → (0,) .
Assume that ∈ L (Sn−1) for some  ′ < pp

w
, satisfies (2.6) and is a Lipschitz function
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on Sn−1 . Then there exists a positive constant C such that for all b ∈ BMO(Rn) , for
all bounded functions f with compact support and x ∈ Rn , one has

M#([b,T, ] f )(x)

� C‖b‖BMO

[
(M(|T, f | )(x))1/ +(M(| f | )(x))1/ +(M ′(| f |

′
)(x))1/ ′

]
.

Proof. It is straightforward to verify that both T, f and [b,T, ] f are well de-
fined whenever f is a bounded functionwith compact support. For any ball B =B(x,r) ,
let f = f1 + f2 with f1 = f 2B , f2 = f Rn\2B , and

F1(y) = (b(y)−b2B)T, f (y),
F2(y) = T,((b−b2B) f1)(y),
F3(y) = T,((b−b2B) f2)(y)−CB,

for y ∈ B , where CB = T,((b−b2B) f2)(x) and

T,((b−b2B) fi)(y) =
ˆ

Rn

(y− z)
|y− z|n− (b(z)−b2B) fi(z)dz, i = 1,2.

Notice that
[b,T, ] f +CB = F1−F2−F3.

It now suffices to show that for each i = 1,2,3, 
B
|Fi(y)|dy

� C‖b‖BMO

[
(M(|T, f | )(x))1/ +(M(| f | )(x))1/ +(M ′(| f |

′
)(x))1/ ′

]
.

(3.3)

Indeed, by Hölder’s inequality and Lemma 3.3, it is apparent that

 
B
|F1(y)|dy �

( 
B
|b(y)−b2B| ′

dy

)1/ ′( 
B
|T, f (y)| dy

)1/

� ‖b‖BMO (M(|T, f | )(x))1/
.

Choose 1 < v < min( n
 ,) , s > 1 such that 1

v = 1
s + 

n . Then in light of Hölder’s
inequality and Theorem 2.1, it is obvious that

 
B
|F2(y)|dy �

(
1
|B|

ˆ
B

∣∣T,((b−b2B) f1)(y)
∣∣s dy

) 1
s

� 1

|B| 1
s

(ˆ
B
|b−b2B|v| f1(y)|vdy

) 1
v

� 1

|B| 1
v − 

n

(ˆ
2B
|b−b2B|v| f (y)|vdy

) 1
v

.
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Next, choose  > 1 such that 1
v = 1

 + 1
 and apply Hölder’s inequality, we derive

 
B
|F2(y)|dy � 1

|B| 1
v − 

n

(ˆ
2B
|b−b2B|v| f (y)|vdy

) 1
v

� 1

|B| 1
v − 

n

(ˆ
2B
|b−b2B|dy

) 1

(ˆ

2B
| f (y)|dy

) 1


�
( 

2B
|b−b2B|dy

) 1

(

1

|2B|1− 
n

ˆ
2B
| f (y)|dy

) 1


� ‖b‖BMO (M (| f | )(x))1/
.

Finally, for y ∈ B , observe that

|F3(y)| = |T,((b−b2B) f2)(y)−T,((b−b2B) f2)(x)|

=
∣∣∣∣ˆ

Rn

(
(y− z)
|y− z|n− − (x− z)

|x− z|n−
)

(b(z)−b2B) f2(z)dz

∣∣∣∣
�
ˆ

Rn\2B
|(y− z)|

∣∣∣∣ 1
|y− z|n− − 1

|x− z|n−
∣∣∣∣ |b(z)−b2B|| f (z)|dz

+
ˆ

Rn\2B

1
|x− z|n−

∣∣∣∣( y− z
|y− z|

)
−

(
x− z
|x− z|

)∣∣∣∣ |b(z)−b2B|| f (z)|dz

= I1 + I2.

We now estimate I1. Notice that y ∈ B , z /∈ 2B imply 1
2 |x− z| � |y− z| � 3

2 |x− z|, or
|y− z| ∼ |x− z|. Also, for any r,s > 0, there exists  ∈ (0,1) such that

∣∣∣∣ 1
rn− − 1

sn−

∣∣∣∣� |r− s|
∣∣∣∣ d
dt

(
1

tn−

)∣∣∣∣
t=(1− )r+ s

� |r− s|
rn+1− , if

1
2

� r
s

� 2.

Therefore, we deduce that

I1 =
ˆ

Rn\2B
|(y− z)|

∣∣∣∣ 1
|y− z|n− − 1

|x− z|n−
∣∣∣∣ |b(z)−b2B|| f (z)|dz

�
ˆ

Rn\2B
|(y− z)| |x− y|

|y− z|n+1− |b(z)−b2B|| f (z)|dz

=



j=1

ˆ
2 j+2B\2 j+1B

|(y− z)| |x− y|
|y− z|n+1− |b(z)−b2B|| f (z)|dz.
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On the other hand, it is clear that

ˆ
2 j+2B\2 j+1B

|(y− z)| |x− y|
|y− z|n+1− |b(z)−b2B|| f (z)|dz

� r

(ˆ
2 j+2B\2 j+1B

|(y− z)|
|y− z|(n+1−) dz

)1/

×
(ˆ

2 j+2B\2 j+1B
|b(z)−b2B| ′ | f (z)| ′dz

)1/ ′

= r

(ˆ
B(y−x,2 j+2r)\B(y−x,2 j+1r)

|(z)|
|z|(n+1−) dz

)1/

×
(ˆ

2 j+2B\2 j+1B
|b(z)−b2B| ′ | f (z)| ′dz

)1/ ′

Since y ∈ B(x,r) and z ∈ B(y− x,2 j+2r)\B(y− x,2 j+1r) , we obtain

|z| � |z− (y− x)|+ |y− x|� 2 j+2r+ r � 2 j+3r,

|z| � |z− (y− x)|− |y− x|� 2 j+1r− r � 2 jr,

which lead to

B(y− x,2 j+2r)\B(y− x,2 j+1r) ⊂ B(0,2 j+3r)\B(0,2 jr).

Combining the preceding result with the assumption  ∈ L (Sn−1) yields

ˆ
2 j+2B\2 j+1B

|(y− z)| |x− y|
|y− z|n+1− |b(z)−b2B|| f (z)|dz

� r

(ˆ
B(0,2 j+3r)\B(0,2 jr)

|(z)|
|z|(n+1−) dz

)1/

×
(ˆ

2 j+2B\2 j+1B
|b(z)−b2B| ′ | f (z)| ′dz

)1/ ′

= r

(ˆ 2 j+3r

2 j r

ˆ
Sn−1

|(s)| t−(n+1−)+n−1dsdt

)1/

×
(ˆ

2 j+2B\2 j+1B
|b(z)−b2B| ′ | f (z)| ′dz

)1/ ′
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� r

(2 j+2r)n+1−− n

· (2 j+2r)

n
 ′
( 

2 j+2B
|b(z)−b2B| ′ ′dz

) 1
′ ′

×
( 

2 j+2B
| f (z)| ′dz

) 1
 ′

� (2 j+2r)

2 j+2

( 
2 j+2B

|b(z)−b2B| ′ ′dz

) 1
′ ′
( 

2 j+2B
| f (z)| ′dz

) 1
 ′

.

Note that, by Lemma 3.3,

( 
2 j+2B

|b(z)−b2B| ′ ′dz

) 1
′ ′

� ( j +1)‖b‖BMO.

Therefore, we get

ˆ
2 j+2B\2 j+1B

|(y− z)| |x− y|
|y− z|n+1− |b(z)−b2B|| f (z)|dz

� ‖b‖BMO( j +1)
(2 j+2r)

2 j+2

( 
2 j+2B

| f (z)| ′dz

) 1
 ′

,

which together with the above estimates leads to

I1 � ‖b‖BMO




j=1

( j +1)
(2 j+2r)

2 j+2

( 
2 j+2B

| f (z)| ′dz

) 1
 ′

. (3.4)

Next, we estimate I2 . Since  is a Lipschitz function, it is clear that

I2 =
ˆ

Rn\2B

1
|x− z|n−

∣∣∣∣( y− z
|y− z|

)
−

(
x− z
|x− z|

)∣∣∣∣ |b(z)−b2B|| f (z)|dz

�
ˆ

Rn\2B

|x− y|
|x− z|n+1− |b(z)−b2B|| f (z)|dz

=



j=0

ˆ
2 j+2B\2 j+1B

|x− y|
|x− z|n+1− |b(z)−b2B|| f (z)|dz.

By a similar argument, we also have

ˆ
2 j+2B\2 j+1B

|x− y|
|x− z|n+1− |b(z)−b2B|| f (z)|dz

� r

(2 j+2r)n+1−− n


(ˆ
2 j+2B

|b(z)−b2B| ′ | f (z)| ′ dz

) 1
 ′
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� r

(2 j+2r)n+1−− n

· (2 j+2r)

n
 ′
( 

2 j+2B
|b(z)−b2B| ′ ′dz

) 1
′ ′

×
( 

2 j+2B
| f (z)| ′dz

) 1
 ′

� ‖b‖BMO( j +1)
(2 j+2r)

2 j+2

( 
2 j+2B

| f (z)| ′dz

) 1
 ′

,

which implies

I2 � ‖b‖BMO




j=1

( j +1)
(2 j+2r)

2 j+2

( 
2 j+2B

| f (z)| ′dz

) 1
 ′

. (3.5)

At this stage, combining (3.4) and (3.5) gives

|F3(y)| � ‖b‖BMO




j=1

( j +1)
(2 j+2r)

2 j+2

( 
2 j+2B

| f (z)| ′dz

) 1
 ′

� ‖b‖BMO




j=1

( j +1)
(2 j+2r)

2 j+2 · 1

|2 j+2B| n
(
|2 j+2B| 

′
n

 
2 j+2B

| f (z)| ′dz

) 1
 ′

� ‖b‖BMO(M ′(| f |
′
))

1
 ′




j=0

j +1
2 j+2

� ‖b‖BMO(M ′(| f |
′
))

1
 ′ .

Hence,  
B
|F3(y)|dy � ‖b‖BMO (M(| f | )(x))1/

.

Then we have (3.3) and the conclusion. �
We need the following result, which is a slight variant of Lemma 2.6 in [5] since

the proof in there is still valid for p ∈ (0,) .

LEMMA 3.12. Let p ∈ (0,) , w ∈ B∗
 , and let W satisfy the 2 condition. Then

‖M f‖p
w

� ‖M# f‖p
w
,

provided that ‖M f‖p
w

<  .

Lastly, we recall the following classical result regarding the Poisson summation
formula.

LEMMA 3.13. ([14, Theorem 3.1.17]) Let f be an integrable function on Rn

and let f̂ denote its Fourier transform. Suppose that f , f̂ ∈ L1(Rn) satisfy

| f (x)|+ | f̂ (x)| � C(1+ |x|)−n−
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for some C, > 0 . Then f and f̂ are both continuous, and for all x ∈ Rn we have


m∈Zn

f̂ (m)e2 im·x = 
m∈Zn

f (x+m).

4. Proof of main results

Note that for 0 < r <  , we have

‖| f |r‖p
w

= ‖ f‖pr
w

, ‖| f |r‖p,
w

= ‖ f‖r
pr,/r

w
. (4.1)

Proof of Theorem 2.4. First, let b be a bounded function and f be a bounded func-
tion with compact support. Note that from  ′ < pp

w
< n

 , we have n
n− =

(
n

)′

<  .

Hence ∈ L (Sn−1)⊂ L
n

n− (Sn−1). It follows from Theorem 2.2 that T, is bounded
from p

w(Rn) into p,
w (Rn) . It is clear that there exists  such that

1 <  <  ′ < pp
w

� qp
w

<
n


.

Since w ∈ Bp implies w ∈ Bp/ (see [6, Theorem 3.3.5]), it follows from (2.7) that

M is bounded on p/,
w (Rn) . Using this fact and (4.1), we derive

‖(M(|T, f | ))1/‖p,
w

= ‖M(|T, f | )‖
p/,

w
� ‖|T, f |‖

p/,
w

= ‖T, f‖p,
w

� ‖ f‖p
w
.

Moreover, observe that

1 <
pp

w


�

qp
w


� n


.

Therefore, it follows from (2.4) and (2.5) that

1 < p
p/

w
� q

p/
w

<
n


.

By applying Lemma 3.6 to M and p/
w (Rn) , we obtain the boundedness of M

from p/
w (Rn) into p/,

w (Rn) . Then using this boundedness and (4.1) yields

‖(M(| f | ))
1
 ‖p,

w
=
(
‖M(| f | )‖

p/,
w

)1/
�
(
‖| f |‖

p/
w

) 1


= ‖ f‖p
w
.

Similarly, we also have

1 <
pp

w

 ′ �
qp

w

 ′ <
n

 ′ .

Therefore, it follows from (2.4) and (2.5) that

1 < p
p/( ′)

w
� q

p/( ′)
w

� n
 ′ .
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Then we apply Lemma 3.6 to M ′(Rn) and p/( ′)
w (Rn) , and obtain the bound-

edness of M ′ from p/( ′)
w (Rn) into p/( ′), ′

w (Rn) . As a result, we deduce
that

‖(M ′(| f |
′
))

1
 ′ ‖p,

w
=
(
‖M ′(| f | )‖

p/( ′), ′
w

)1/ ′

�
(
‖| f | ′ ‖

p/ ′
w

) 1
 ′ = ‖ f‖p

w
.

Then, in view of Lemma 3.11, we conclude that

‖M#([b,T, ] f )‖p,
w

� ‖b‖BMO‖ f‖p
w
. (4.2)

Note that from Theorem 2.2, we obtain

‖T, f‖p,
w

� ‖ f‖p
w

< ,

that is, T, f ∈ p,
w (Rn). This implies that bT, f ∈ p,

w (Rn) as well. Likewise,
T,(b f ) ∈ p,

w (Rn) . Hence,

‖[b,T, ] f‖p,
w

<  and thus ‖M([b,T, ] f )‖p,
w

< ,

by (2.7) and the assumption w ∈ Bp . Therefore, it follows from Lemma 3.12 and (4.2)
that

‖[b,T, ] f‖p,
w

� ‖M([b,T, ] f )‖p,
w

� ‖M#([b,T, ] f )‖p,
w

� ‖b‖BMO‖ f‖p
w
.

In general, if b is a function in BMO(Rn) , define

bk(x) =

⎧⎨⎩
k, if b(x) > k,
b(x), if − k � b(x) � k,
−k, if b(x) < −k.

It is apparent that bk → b pointwise and ‖bk‖BMO � 9
4‖b‖BMO .

Choose s > 1 and 1 < r < 
n such that 1

r = 1
s + 

n . Since f has compact support,
we take some B∈B such that supp f ⊂ B . Now applying the John-Nirenberg inequality
gives

ˆ
B
|b(x)−bB|rdx = r

ˆ 

0
tr−1|{x ∈ B : |b(x)−bB| > t}|dt

�
ˆ 

0
tr−1|B|exp

(
− Ct
‖b‖BMO

)
dt

�
ˆ 

0
ur−1 exp(−u)du < .
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This implies that b−bB ∈ Lr(B) , hence b−bB ∈ Lr(supp f ) and b ∈ Lr(supp f ) . Note
that

|bk(x)−b(x)|r � (|bk(x)|+ |b(x)|)r � |b(x)|r.
Thus, the Lebesgue dominated convergence theorem implies that bk → b in Lr(supp f )
and that bk f → b f in Lr(Rn) . In light of Theorem 2.1, since T, is bounded from
Lr(Rn) into Ls(Rn) , we deduce that

‖T,(bk f )−T,(b f )‖Ls � ‖bk f −b f‖Lr .

Hence T,(bk f ) → T,(b f ) in Ls(Rn) . Then, there exists a subsequence {bkj} of
{bk} such that T,(bkj f ) → T,(b f ) a.e. Thus [bkj ,T, ] f → [b,T, ] f a.e. Note
that

‖[bkj ,T, ] f‖p,
w

� ‖bkj‖BMO‖ f‖p
w

� ‖b‖BMO‖ f‖p
w
.

Finally, by letting j →  and using Fatou’s lemma, we conclude that

‖[b,T, ] f‖p,
w

� ‖b‖BMO‖ f‖p
w
.

Since the class of all bounded functions with compact support is dense in p
w(Rn) (see

[5, 6]), the above estimate completes the proof. �

Proof of Theorem 2.5. For any ball B =B(z,r) , let f = f1+ f2 with f1 = B(z,2r) f .
Then it is easy to verify that

‖B[b,T, ] f‖p,
w

� ‖B[b,T, ] f1‖p,
w

+‖B[b,T, ] f2‖p,
w

.

In view of Theorem 2.4, observe that

‖B[b,T, ] f1‖p,
w

� ‖[b,T, ] f1‖p,
w

� ‖b‖BMO‖ f1‖p
w

= ‖b‖BMO‖B(z,2r) f‖p
w
. (4.3)

Next, we prove that u satisfies the doubling condition (2.1). Indeed, it follows from
(2.8) that(

W(B(z,r))
W(B(z,2r))

)1/p

u(z,2r) �



j=0

(
W(B(z,r))

W(B(z,2 j+1r))

)1/p

u(z,2 j+1r)

� Cu(z,r).

As W fulfills the 2 condition, we deduce that

u(z,2r) � C

(
W(B(z,2r))
W(B(z,r))

)1/p

u(z,r) � Cu(z,r). (4.4)

Now (4.3) and (4.4) lead to

1
u(z,r)

‖B[b,T, ] f1‖p,
w

� 1
u(z,2r)

‖b‖BMO‖B(z,2r) f‖p
w

� ‖b‖BMO‖ f‖M
p
w,u

. (4.5)
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On the other hand, observe that

B(x)|[b,T, ] f2(x)| � B(x)
ˆ

Rn
|b(x)−b(y)| |(x− y)|

|x− y|n− | f2(y)|dy

� B(x)
ˆ

Rn\2B
|b(x)−b(y)| |(x− y)|

|x− y|n− | f (y)|dy

� B(x)|b(x)−bB|
ˆ

Rn\2B

|(x− y)|
|x− y|n− | f (y)|dy

+ B(x)
ˆ

Rn\2B
|b(y)−bB| |(x− y)|

|x− y|n− | f (y)|dy

= J1 +J2.

By Lemma 3.8, it follows that

J1 = B(x)|b(x)−bB|
ˆ

Rn\2B

|(x− y)|
|x− y|n− | f (y)|dy

� B(x)|b(x)−bB|



j=1

‖B(z,2 j+1r) f‖p
w

‖B(z,2 j+1r)‖p,
w

,

which leads to

1
u(z,r)

‖J1‖p,
w

� ‖B(b−bB)‖p,
w




j=1

‖B(z,2 j+1r) f‖p
w

‖B(z,2 j+1r)‖p,
w

.

Moreover, by applying Lemma 3.4, we obtain

1
u(z,r)

‖J1‖p,
w

� ‖B(b−bB)‖p,
w

1
u(z,r)




j=1

‖B(z,2 j+1r) f‖p
w

‖B(z,2 j+1r)‖p,
w

� ‖b‖BMO‖B‖p,
w

1
u(z,r)




j=1

‖B(z,2 j+1r) f‖p
w

‖B(z,2 j+1r)‖p,
w

� ‖b‖BMO




j=1

u(z,2 j+1r)
u(z,r)

‖B‖p,
w

‖B(z,2 j+1r)‖p,
w

1
u(z,2 j+1r)

‖B(z,2 j+1r) f‖p
w

� ‖b‖BMO‖ f‖M
p
w,u




j=1

u(z,2 j+1r)
u(z,r)

‖B‖p,
w

‖B(z,2 j+1r)‖p,
w

. (4.6)

To estimate J2 , we note that Lemma 3.9 yields

J2 = B(x)
ˆ

Rn\2B
|b(y)−bB| |(x− y)|

|x− y|n− | f (y)|dy

� ‖b‖BMOB(x)



j=1

( j +1)
‖B(z,2 j+1r) f‖p

w

‖B(z,2 j+1r)‖p,
w

.
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At this stage, one has

1
u(z,r)

‖J2‖p,
w

� ‖b‖BMO
1

u(z,r)
‖B‖p,

w




j=1

( j +1)
‖B(z,2 j+1r) f‖p

w

‖B(z,2 j+1r)‖p,
w

� ‖b‖BMO




j=1

( j +1)
u(z,2 j+1r)

u(z,r)

‖B‖p,
w

‖B(z,2 j+1r)‖p,
w

1
u(z,2 j+1r)

‖B(z,2 j+1r) f‖p
w

� ‖b‖BMO‖ f‖M
p
w,u




j=1

( j +1)
u(z,2 j+1r)

u(z,r)

‖B‖p,
w

‖B(z,2 j+1r)‖p,
w

. (4.7)

Combining (4.6) and (4.7) gives

1
u(z,r)

‖B[b,T, ] f2‖p,
w

� 1
u(z,r)

‖J1‖p,
w

+
1

u(z,r)
‖J2‖p,

w

� ‖b‖BMO‖ f‖M
p
w,u




j=1

( j +1)
u(z,2 j+1r)

u(z,r)

‖B‖p,
w

‖B(z,2 j+1r)‖p,
w

.

Observe that for every B∈B , we have ‖B‖p
p,

w
=W(|B|) . Therefore, it follows from

the above estimates and (3.2) that

1
u(z,r)

‖B[b,T, ] f2‖p,
w

� ‖b‖BMO‖ f‖M
p
w,u

. (4.8)

From (4.5) and (4.8), we obtain

1
u(z,r)

‖B[b,T, ] f‖p,
w

� ‖b‖BMO‖ f‖M
p
w,u

.

Taking the supremum over B ∈ B on both sides of the above inequality yields the
desired conclusion. �

Proof of Theorem 2.6. We use the method of Janson [21]. Let K(z) := (z/|z|)
|z|n− .

Since  ∈C(Sn−1) and  �≡ 0, there exist z0 �= 0 and 1 > 0 such that the mapping
z �→ 1/K(z) is defined and infinitely differentiable on the ball |z− z0| < 41 .

Choose 0 <  < 1 and  ∈C
c (Rn) satisfying

 ≡ 1 on B(z0,2 ), supp ⊂ B(z0,4 ).

Then, we define f : Rn → R as follows

f (z) :=

⎧⎨⎩
(z)
K(z) , z ∈ B(z0,41),

0, z /∈ B(z0,41).
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It is clear that f ∈C
c (Rn) . Hence, both f (x) and f̂ (x) are Schwartz functions. Con-

sequently, there exist constants C > 0 and 0 > 0 such that for all x ∈ Rn , one has

| f (x)|+ | f̂ (x)| � C(1+ |x|)−n−0 .

By applying Lemma 3.13, we deduce that for every z ∈ R
n ,


m∈Zn

f̂ (m)e2 im·z = 
m∈Zn

f (z+m).

Moreover, since | f̂ (m)| �C(1+ |m|)−n−0 , we have m∈Zn | f̂ (m)| <, and hence the
Fourier series m∈Zn f̂ (m)e2 im·z converges absolutely and uniformly in z .

By choosing  sufficiently small, then for every z ∈ B(z0,2 ) ,

z+m /∈ supp f , for all m ∈ Z
n \ {0}.

In particular, for every z ∈ B(z0,2 ) , we derive


m∈Zn

f (z+m) = f (z).

Since  ≡ 1 on B(z0,2 ) , it follows that f (z) = 1/K(z) on B(z0,2 ) , and thus

1
K(z)

= 
m∈Zn

f̂ (m)e2 im·z, z ∈ B(z0,2 ).

So far, we have shown that there exist z0 �= 0 and  > 0 such that for every z ∈
B(z0,2 ) , 1/K(z) can be expressed as an absolutely convergent Fourier series

1
K(z)

=a je
iv j ·z.

Set z1 = z0/ . If |z− z1| < 2, we have the expansion

1
K(z)

=
−n

K( z)
= −na je

iv j · z. (4.9)

Now take any ball B = B(x0,r) . Set y0 = x0 − rz1 and B′ = B(y0,r) . Then, if x ∈ B
and y ∈ B′ , ∣∣∣∣x− y

r
− z1

∣∣∣∣� ∣∣∣∣x− x0

r

∣∣∣∣+ ∣∣∣∣y− y0

r

∣∣∣∣� 2.

Denote sgn(b(x)−bB) by s(x) . Then, it follows from (4.9) that
ˆ

B
|b(x)−bB|dx =

ˆ
B
(b(x)−bB)s(x)dx =

1
|B′|

ˆ
B

ˆ
B′

(b(x)−b(y))s(x)dydx,

=
1
|B′|

ˆ
Rn

ˆ
Rn

(b(x)−b(y))
rn−K(x− y)

K
( x−y

r

) s(x)B(x)B′(y)dydx,

=
rn−−n

|B′|
ˆ

Rn

ˆ
Rn

(b(x)−b(y))K(x− y)a je
iv j · x−y

r s(x)B(x)B′(y)dydx.
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Here, we set C = −n|B(0,1)|−1 , and

g j(y) = e−iv j · y
r B′(y), h j(x) = eiv j · x

r s(x)B(x).

Then ˆ
B
|b(x)−bB|dx = Ca j

ˆ
Rn

ˆ
Rn

(b(x)−b(y))K(x− y)g j(y)h j(x)dydx,

= Cr−a j

ˆ
Rn

([b,T, ]g j)(x)h j(x)dx,

� Cr− |a j|
ˆ

Rn
|([b,T, ]g j)(x)| |h j(x)|dx,

= Cr− |a j|
ˆ

B
|([b,T, ]g j)(x)|dx.

Observe that for all B ∈ B , it holds that

1
|B|
(ˆ

B
|g(y)|dy

)
B(x) � M(|g|)(x), ∀x ∈ R

n.

In this case, it follows from (2.7) that

1
|B|
(ˆ

B
|g(y)|dy

)
‖B‖p,

w
� ‖M(|g|)‖p,

w
� ‖g‖p,

w
.

Thus,ˆ
B
|b(x)−bB|dx = Ca j

ˆ
Rn

ˆ
Rn

(b(x)−b(y))K(x− y)g j(y)h j(x)dydx,

� Cr− |a j| |B|
W(B)1/p

‖B[b,T, ]g j‖p,
w

,

� Cr− |a j| |B|u(B)
W(B)1/p

‖[b,T ]g j‖M
p,
w,u

,

� C‖[b,T, ]‖M
p
w,u→M

p,
w,u

|B|u(B)
W(B)1/p|B|/n  |a j|‖g j‖M

p
w,u

.

Moreover, under the assumptions that u and W satisfy (2.2) and (x,t) �→ W(|B(x,t)|)1/p

u(x,t)

is almost increasing, we deduce that ‖g j‖M
p
w,u

= ‖B′‖M
p
w,u

∼ W (|B′|)1/p

u(B′) . We also see

that W (|B′|)1/p

u(B′) ∼ W (|B|)1/p

u(B) , since |x0− y0| = r|z1| . Hence, we derive

1
|B|

ˆ
B
|b(x)−bB|dx � ‖[b,T ]‖M

p
w,u→M

p,
w,u

W (|B|)1/p

W(B)1/p|B|/n
.

Note that

W(|B|) =
ˆ |B|

0
t−

 p
n w(t)dt � |B|−  p

n

ˆ |B|

0
w(t)dt = |B|−  p

n W (|B|).



578 T. D. TRAN AND Q. D. DOAN

Therefore,
1
|B|

ˆ
B
|b(x)−bB|dx � ‖[b,T, ]‖M

p
w,u→M

p,
w,u

,

which leads to
‖b‖BMO � ‖[b,T, ]‖M

p
w,u→M

p,
w,u

and the proof is completed. �
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